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PREFACE 


This book is the outgrowth of class notes developed for a course on antennas 
and radio-wave propagation that has been offered as an elective course for 
juniors and seniors at Case Institute of Technology, Case Western Reserve 
University, for a number of years. The objective of the course is to provide an 
introduction to the fundamental principles of antennas and propagation for 
communications-oriented electrical engineers. The book differs from currently 
available texts on ailtennas in that there is more emphasis on the com¬ 
munications aspects. For example, a whole chapter on the receiving properties 
of antennas and communication-link evaluations is included. 

In the lext fundamental principles are stressed. The treatment in detail of 
specific antenna types is based on the need to illustrate the application of basic 
principles and to introduce the properties of a reasonable variety of commonly 
used antennas. The text extends considerably beyond the needs of a single, 
specific, onc-semcster course. There are two compelling reasons for this—the 
fust being the need for flexibility in the structure of a course which might be 
based on this text, the second being the desire for a degree of completeness 
that makes the text a useful reference for practicing engineers who need 
occasionally lo refer to basic equations in the course of their work. The result is 
a text that should, in many ways, fulfill the needs for an introductory course on 
antennas alone, at either the senior-year or Rrst-ycar-graduate level, for a 
course with a mixture of antenna and propagation topics, or even for a short 
introductory course on radio-wave propagation. 

The first chapter is a brief introduction to antennas and propagation, with a 
number of illustrations of real antenna systems. The second chapter develops 
flie basic principles of radiation and introduces typical antenna concepts such 
as gain, directivity, and radiation patterns. The last part of the second chapter 
introduces the theory for impedance determination for cylindrical dipole 
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antennas based on the Hallcn integral equation and the method of moments. 

This subject has been treated with more care than usual in order to put into 
proper perspective the significance of various approximations that are com¬ 
monly made in the practical application of the theory. The fact that the usual 
approximate integral equation that many authors adopt does not have an exact i 

solution is not ignored. An explanation is given for the reason approximate 
solutions of a nonsolvable integral equation yield useful results for the antenna 
impedance. 

The application of transmission-line concepts to dipole and wire antennas 
provides a useful insight into how these antennas function. Chapter 3 exploits 
these concepts in order to develop an understanding of the behavior of short 
dipole antennas and of folded dipoles, the use of loading coils and of capacitive 
end loading, and the impedance properties of antennas. Many of the topics are 
classical and might be considered outdated in a modern text. However, it is the 
author’s experience that these topics precisely treat those antenna configura¬ 
tions with which many students have become acquainted through their in- ; 

volvemcnt in amateur radio work and which spark a considerable amount of 
interest on the part of many students. This chapter also develops the principles 
of array antcmias and treats several useful techniques and concepts for array 
synthesis. The chapter concludes with a discussion of long-wire antennas such 
as the rhombic and vec antennas. j 

Chapter 4 is devoted to a treatment of aperture-type antennas, among * 

which are open waveguides, horns, reflectors, rind slotted waveguide arrays and 
microstrip antennas. The planar aperture theory is based on Fourier transform 
theory and is also developed using field-equivalence principles. The parabolic 
reflector antenna is such a widely used and practical antenna, particularly in 
satellite communications, that the theory and properties of this type of antenna 
arc developed in more detail than that found in most texts. Aperture efficiency, 
cross-polarization properties, offset parabolic reflectors, and Cassegrain and 
gregorian systems are among the topics treated. New material on feeds with 
low cross-polarization properties is included. The practicing antenna engineer 
will find most of this material useful, since much of it is not available in 
convenient textbook form. The last part of Chap. 4 provides an introduction to 
slot antennas, slotted waveguide arrays, and microstrip antennas. 

flic receiving properties of antennas are treated in detail in Chap. 5 . The 
concepts of effective area, polarization mismatch, effective complex length, 
impedance mismatch, and antenna-noise temperature are all developed from 
fundamental principles. The evaluation of communication systems, taking into 
account antenna noise, lossy transmission-line noise, and receiver noise, is j 

carried out. Various examples of link evaluations are included to illustrate the j 

application of the theory to linc-of-sight microwave links, radar systems, and 
satellite communication systems. This material will be useful to the com¬ 
munications engineer whose interests relate to systems evaluation and plan¬ 
ning. . 

the last chapter is a rather long one that treats a broad spectrum of topics 


related to radio-wave propagation. The primary objective of this chapter is to 
introduce the communications engineer to most of the propagation phenomena 
likely to be encountered in practice and to present fundamental principles so 
that an appreciation of the underlying physical phenomena is obtained. I his 
chapter serves to introduce and orient the reader to those aspects of pro¬ 
pagation that must be considered in the planning and evaluation of a com¬ 
munication system of a given type and frequency of operation. 

The literature on radio-wave propagation is vast and highly specialized. It 
is not possible to give a detailed account of the many varied phenomena that 
affect the propagation of radio waves in a general introductory text. Neverthe¬ 
less an awareness, general overview, and understanding of propagation 
phenomena are necessary for communications engineers if they are to com¬ 
municate in an effective manner with the propagation specialist and be able to 
pursue specialized papers and books with an informed perspective. 

Fhe following topics arc covered: interference effects for antennas located 
over a flat earth and a spherical earth, low- and medium-frequency surface- 
wave propagation, ionospheric propagation phenomena, microwave attenua¬ 
tion and scattering by atmospheric constituents, tropospheric scatter pro¬ 
pagation, very low frequency propagation in the earth-ionosphere waveguide, 
and, briefly, ducting and propagation into seawater. A number of examples 
illustrating the application of the theory to the evaluation of communication 
links arc included. 

The treatment of scattering from rain and tropospheric scattering is based 
on an application of the reciprocity principle. This method gives an expression 
for the received open-circuit voltage caused by the scattered field in terms of 
the interaction of the antenna radiation field with the random currents induced 
in the scattering medium, f he advantage of this method is that the polarization 
properties of the scattered field are retained and the resultant polarization 
mismatch at the receiving antenna is accounted for. Theories based on scalar 
scattering cross section per unit volume do not account for the polarization 
properties of the scattered field. 

Any general text draws very heavily on the work of many engineers and 
scientists. It is not possible to include references to the whole body of 
published work in the field. For the most part only those books and papers that 
were consulted in the preparation of the manuscript arc referenced, along with 
selected references that are appropriate for the reader to obtain more detail 
and breadth. 

Several of the author’s colleagues have provided valuable comments and 
suggestions for improving the treatment of various topics. In particular, I would 
like to acknowledge the critical review of many parts of the manuscript by 
Georg Karawas. Subsequent discussions with him led to a clearer presentation 
of several topics. 

This book is dedicated to my w-ife, Kathleen, for her love, understanding, 
and patience. Her encouragement provided the necessary motivation to com¬ 
plete the project. 


I am also most grateful to Susan F. Sava who typed the manuscript; 
corrected my grammar and spelling errors, and assisted me with the proofread¬ 
ing and the preparation of the index. Her expertise, friendship, and good sense 
of humor made the overall task a pleasant one. 


Robert Fz. Collin 
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COMMUNICATION WITH RADIO WAVES 


Communication by electrical means began with the introduction of telegraphy 
in 1844, followed by telephony in 1878. In these systems electrical signals are 
sent over two-wire transmission lines that connect the sender and recipient. 
During the same time period that these systems were being developed the 
theoretical foundation for electromagnetic radiation was being laid by Maxwell 
and others. However, it was not until 1897 that Marconi first patented a 
complete wireless telegraphy system based on the use of electromagnetic 
radiation (radio waves) that had been predicted theoretically by Maxwell 43 
years earlier. The early transmitters were of the spark-gap variety and served 
the purpose of sending the on-off pulses characteristic of telegraphy. Ilie actual 
transmission of voice by means of electromagnetic radiation did not occur 
before the invention of the vacuum tube amplifier and oscillator in the period 
from 1904 to 1915. With these inventions all phases of communication began to 
develop at a much more rapid pace, a pace that seems to show no sign of 
slowing down. 

The engineer who wants to specialize in the communication field needs to 
have a basic understanding of the roles of electromagnetic radiation, antennas, 
and related propagation phenomena in modern communication systems, in 
addition to knowledge of communication systems utilizing various forms of 
transmission lines, such as twisted pairs and coaxial cable. The objective of this 
text is to provide this basic background. The intent is not to delve very deeply 
into the intricate details of a great variety of antenna types. The objective is to 
develop enough of the basic concepts to give a reasonable understanding of 
antenna fundamentals and of the basic limitations of antennas, of how antennas 
arc characterized and of how communication systems incorporating antennas 
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are evaluated, and finally to introduce the more common phenomena affecting 
the propagation of electromagnetic waves and the influence this elTect has on 
the performance of a communication system. 


1.1 TYPES OF COMMUNICATION SYSTEMS 

There are two broad categories of communication systems: those that utilize 
transmission lines in an interconnected network and those that rely on electro¬ 
magnetic radiation with an antenna at both the transmitting and receiving 
sites. In cities where the population density is high and in systems where the 
required signal bandwidth is small, as in voice communication, it is economic¬ 
ally viable to interconnect the many users with simple, low-cost, twisted-pair 
transmission lines. Such lines will introduce an attenuation of around 2 to 
3 dB/km at frequencies around 10 kHz. The twisted pair is not suitable for 
high-frequency use, so it is generally limited to the telephone service and 
low-data-ratc digital transmissions. 

In populated areas it is also fairly common to transmit television video 
signals over coaxial transmission lines, and the loss is around 4 to 5 dB/km. A 
fundamental characteristic of transmission lines is that the attenuation is 
exponential in its behavior. Thus a loss of 5 dB/km becomes a loss of 100 dB 
over a 20-km path. If the path is doubled to 40-km an additional loss of 100 dB 
is suffered. When it is recalled that a 100-dB loss is a reduction in received 
signal power by a factor of 10 ,n , it is readily appreciated that the exponential 
attenuation law ultimately places a severe restriction on the distance over 
which communication can take place without the use of repeater amplifiers. 

In communication systems using electromagnetic radiation, the signal 
power is radiated into a substantial angular region of space by the transmitting 
antenna and only a small fraction of this radiated power is intercepted by the 
receiving antenna. There is tints a very significant coupling loss between the 
transmitting and receiving antennas. On the other hand, the loss incurred 
versus distance is algebraic in behavior rather than exponential. The reason for 
this is as follows: For many communication links the radiated power per unit 
area incident on the receiving antenna decreases as the inverse square of the 
distance between the transmitting and receiving antennas. Every doubling of 
the distance decreases the received power by a factor of 4 or 6dB. If in a 
particular system the total loss is 100dB for a 20-km path, a doubling of this 
distance would add only an additional 6dB of loss instead of the 100-dB loss 
that occurs with a transmission line system as discussed above. It is apparent 
then that beyond a certain distance the loss in a communication system using 
electromagnetic radiation will become increasingly less than with transmission 
lines. The relative costs of the two systems depend in a complex way on the 
number of users, type of service, and distances involved. 

I he attenuation and cost factors are not the only ones that dictate the 
choice between transmission lines and electromagnetic radiation. In any mobile 
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communication service such as ship-to-shore, between aircraft and control 
centers, between mobile land vehicles, and in satellite systems, transmission 
lines obviously cannot be used. In many other cases as well it is not economic¬ 
ally feasible to install transmission lines because of the hostile terrain and 
environment. Antennas are clearly essential components in communication 
systems for many and varied reasons. Consequently, the communication 
engineer should have an appreciation and understanding of antenna fun¬ 
damentals and be able to evaluate the performance of a communication system 
utilizing this basic knowledge. 

I 

j 

I 


1.2 ANTENNA SYSTEMS 

• | 

I 

The commonly used “whip” antennas on cars, “rabbit ears” on | television 
receivers, single-turn loop antennas for UHF (ultrahigh frequency) television 
reception, roof-mounted log-periodic TV antennas, and satellite paraboloidal- 
reflector receiving antennas are so prevalent that most readers are clearly 
aware of the need for antennas in the support of our daily communication 
needs. These commonly occurring antennas represent only a small segment of 
the antenna systems that have been developed. For specialized land high- 
performance communication links, radar systems, navigational systems, and 
scientific studies, highly complex antenna systems are needed. In or<ler to give 
an impression of the physical characteristics of some of these complex antenna 
systems a number of photographs arc included in this section. ThPse should 
help the reader to appreciate the creativity of the antenna engineer in having 
developed the necessary theory, design methodology, and manufacturing 
techniques needed to put such complex systems into use. j 

Figure 1.1 shows a microwave relay tower on which arc mounted two 
inclined fiat-plate reflectors. T hese reflectors direct the incoming radiation to a 
ground-based amplifier which amplifies the signal and retransmits it! up to the 
second reflector. Hie latter redirects the signal on to the next rclfiy station. 
Figure 1.2 shows a microwave relay tower on which are mounted several 
paraboloidal-reflector antennas enclosed in plastic radome housings. Relay 
stations of this type are in widespread use by the telephone compaqics, public 
and private utility companies, and various private corporate communication 
links. 

The next series of five figures shows several antenna systcmjj and feed 
systems that are typical of those used for satellite communications. Figure 1.3 is 
an artist's rendition of a satellite and shows the large outlying solar panels and 
two dual-reflector antenna systems with multihorn feed systems. Figure 1.4 is 
an artist's rendition of a Cassegrain dual-reflector antenna used fpr satellite 
signal reception. In Fig. 1.5 a dual-mode conical horn is illustrated.! This horn 
w as designed to be used in an array of many horns (Fig. 1.6) with ia reflector 
system to provide “trunking” beams in a satellite communication system. The 
next two photographs. Figs. 1.6 and 1.7, show multibeam antenna (MBA) feed 





4 ANTENNAS 




Figure 1.1 A microwave relay system using 
two inclined flat reflectors. 


Figure 1.2 A microwave relay tower on which 
arc mounted several radome-cnclosed para¬ 
boloidal reflector antennas. 


systems consisting of arrays of conical or pyramidal horns. In order to provide 
multibeam capability very complex waveguide coupling arrangements are 
required, as is apparent from the photographs. These feed systems were 
designed by TRW, Inc., for NASA for use in a 20- to 30-GHz communication 
satellite. 

The last two photographs, Figs. 1.8 and 1.9, are of the antenna facilities at 
the M.I.T. Haystack Observatory. These antennas are used for scientific 
studies. A more detailed description is given in the figure captions. 


1.3 PROPAGATION OF ELECTROMAGNETIC WAVES 

The performance of a communication link depends not only on the antennas 
used but also on a variety of phenomena that affect the propagation of 
electromagnetic waves. In the standard AM broadcast band (0.55 to 1.6 MHz) 
ground-based vertical towers are generally used for the transmitting antennas. 
The reason for this is that an antenna cannot be much shorter than a quarter 
wavelength and radiate with high efficiency. Consequently, at the long 




Figure 1.3 Artist's rendition of a satellite showing two dual-reflcctor antenna systems with multihorn 
arrays used for primary illumination of the reflectors. ( Photo courtesy of J. Smetana, NASA-Lcwis 
Research Center, Cleveland, Ohio.) 



Figure 1.4 Artist's rendition of a Cassegrain dual-rcflector satellite receiving antenna. (Photo courtesy 
of J. Smetana, NASA-Lewis Research Center, Cleveland, Ohio.) 
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Figure 1.5 A dual-mode conical horn designed for use in a feed array such as shown in Fig. 1.6. ( Photo 
courtesy of J. Smetana, NASA-Lewis Research Center, Cleveland, Ohio.) 

wavelengths only simple antennas with low gain are used, and these antennas 
are located on the ground because of their large physical size. For ground- 
based antennas the ground has a strong influence on the propagation of the 
signal. The mode of propagation is called a surface wave , and it attenuates 
approximately as the inverse fourth power of the distance. In addition to the 



Figure 1.6 An array of conical dual-mode horns for use in a multibeam trunk-beam feed system to 
illuminate a reflector antenna for satellite communications. ( Photo courtesy of J. Smetana, NASA- 
Lewis Research Center, Cleveland , Ohio.) 
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Figure 1.7 An array of pyramidal horns for a multibeam antenna used to illuminate a reflector for 
satellite communications. ( Photo courtesy of J. Smetana, NASA-Lewis Research Center, Cleveland, 
Ohio.) 


attenuation there is a high level of atmospheric noise in the AM broadcast 
band as well as human-induced electrical interference that is picked up by the 
receiving antenna. Thus, in practice, large transmitter power must be used in 
order to provide an adequate signal-to-noise ratio. Transmitter powers of 
50 kW are quite common, and some stations operate with powers as large as 
500 kW. The useful coverage distance is typically only a few hundred miles 
because of the large attenuation and high noise level. 

The attenuation of the surface wave increases rapidly with an increase in 
frequency so that, above 20 MHz, communication is generally not by means of 
the surface wave. Fortunately above 10 MHz or so the wavelength is only 30 m 
or less, and it becomes practical to build larger antenna arrays with higher gain 
and to mount these on towers above the surface of the ground. Communication 
then takes place by means of direct line-of-sight propagation plus radiation 
reflected from the ground midway between the transmitting and receiving sites. 
In communication links of this type the antenna heights must be chosen with 
some care in order that the direct line-of-sight propagated field will add in 
phase with the wave reflected from the ground. Whenever there are two or 
more paths that waves can propagate along to reach the receiving antenna, 
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Figure 1.8 An aerial view of the antennas used for radio/radar astronomy and atmospheric research at 
M.I.T.'s Haystack Observatory, Westford, Mass. The geodesic radomc in the foreground houses a 
steerable 120-ft antenna that retains its paraboloidal shape to within a few millimeters. In the center 
are a fixed 220-ft dish and a steerable 150-ft dish that are used for probing the atmosphere and the 
ionosphere at 440 MHz. The smaller antenna near the right-hand top is an 84-ft dish used for 
deep-space probing at L band by the Lincoln Laboratory. The smaller radomc houses a facility for very 
long baseline interferometry. ( Photo by permission of Lincoln Laboratory. M.I.T.) 


interference effects occur. If the propagation path is not a stable one, fading 
will occur, and this manifests itself in large variations in signal power taking 
place over time intervals typically measured in seconds or minutes. The 
instability in the propagation path is caused by variations in the index of 
refraction of the atmosphere, which in turn are caused by temperature and 
humidity fluctuations. Variations in the index of refraction cause the phase 
angle of the signal arriving at the receiving site to vary in a random way. Thus 
signals arriving along different paths combine with more or less random phases 
and at times tend to cancel one another, which results in fading. In com¬ 
munication systems designed for very high reliability some form of diversity is 
generally incorporated to overcome the effects of fading. A typical system 
could consist of several spaced receiving antennas with the signals combined in 
such a fashion that a useful signal is received with high probability at all times. 
With spaced antennas it is unlikely that deep fades will occur at all sites 
simultaneously, and hence system reliability is improved by the use of space 
diversity. 





Figure 1.9 A closc-up view of the fixed 220-ft antenna (foreground) and the fully steerable 150-ft 
antenna used for incoherent-scatter radar studies of the ionosphere at 440 MHz. The steerable antenna 
is used for studying the morphology of the ionosphere over a very wide geographical region This radar 
is also used for monitoring motions in the stratosphere and troposphere. (Photo by permission of 
Lincoln iMboratory, M.I.T.) 


In the frequency range from a few megahertz up to 30 to 40 MHz, it is 
possible to achieve very long distance communication by ionospheric refraction 
of the radio wave back toward the ground. The resulting skip distance can be 
several thousand kilometers. The international shortwave broadcast service 
utilizes this mode of communication. The refractive properties of the ion¬ 
osphere are dependent on the electron density as produced by solar radiation. 
Electron density varies on a daily basis as well as throughout the year and in 
accordance with general solar activity, i.e., sun spots. The refractive properties 
are also frequency-dependent so that generally above 40 MHz the radiated 
wave will penetrate through the ionosphere and not be refracted back to earth 
at all. There is considerable fading associated with the ionospheric propagation 
path, so again some form of diversity, such as several spaced antennas or 
broadcasting on several frequencies simultaneously, is utilized in high-reli- 
ability links. 

At frequencies above 40 MHz, communication is essentially limited to 
line-of-sight paths. A typical line-of-sight link is that used for television 
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broadcasting. Another example is the line-of-sight microwave link used in the 
telephone service. 

In order for an antenna to radiate into a small angular region and thereby 
provide a higher concentration of power at the receiving site it must be 
physically large in terms of wavelength. In the microwave band where the 
wavelength is in the range of 3 to 30 cm, large reflector antennas with gains as 
large as 40 to 50 dB are quite common. With the large available antenna gain, 
the transmitter power can be reduced accordingly. It is not unusual to use 
transmitter powers of a few watts or even as low as a few hundred milliwatts in 
the microwave band. There is also much less atmospheric noise at the higher 
frequencies so smaller signal levels can be used. 

As one moves up into the millimeter wavelength region, atmospheric 
attenuation as well as attenuation by rain becomes a serious limiting factor in 
the separation between the transmitting and receiving antennas. This attenua¬ 
tion is exponential in character and is in addition to the inverse square of the 
distance attenuation. As such it can severely limit the useful propagation 
distance. 

The discussion above has briefly touched on a few of the factors that afTect 
wave propagation at difTcrcnt frequencies. It points out the necessity to 
consider propagation phenomena in the design of a communication link. 
Propagation effects arc generally analyzed by assuming average typical values 
for those physical parameters that characterize the propagation path. The 
results of the analysis serve to describe the effects that occur. However, in the 
real physical situation it must be remembered that the relevant physical 
parameters change with time in a generally unpredictable manner so that the 
design of a communication link should be carried out on a statistical basis. The 
level of reliability required, i.e., the percentage of time that a signal of 
sufficient strength will be received, will be dependent on the type of service 
involved. 

1.4 FREQUENCY BANDS 

In Table 1.1 we summarize the frequency band designations that arc in 
common use, along with the typical services provided on each band. 

The microwave and millimeter frequency bands cover the range from 
500 MHz to 40 GHz and up. This range of frequencies is broken down into 
several bands designated by letters. In Table 1.2 the band designations are 
listed. Note that the old letter designations do not coincide with the new 
lettering. The older designation was established during the mid-nineteen forties 

and is still in common use. in 

• 

'3 

1.5 OVERVIEW 1 

This text is divided into two major parts. Part I discusses antennas and 
radiation, and Part II covers propagation phenomena. Part I consists of four 
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Table 1.1 Frequency band designation 


Frequency 

[ hand 

— - — -- 

Designation 

Typical service 

I-; 3-30 kHz 

Very low frequency 
(VLF) 

Navigalion. sonar 

] 30-300 kHz 

I-ow frequency 

Radio beacons, navigational 


(IF) 

aids 

\\ 300-3000 kHz 

Medium frequency 

AM broadcasting, maritime 


(Mr) 

radio. Coast Guard commun¬ 

It 

* 


ication. direction finding 

3-30 MHz 

1 

1 ligh frequency 

Telephone, telegraph, and 

1 ; 

t 

r 

9 n 

(HF) 

facsimile; shortwave 
international broadcasting; 
amateur radio; citizen s 
hand; ship-to-coast and ship- 
to-aircraft communication j 

30-300 MHz 

Very high frequency 

Television, FM broadcast. 

1 

(VHF) 

air traffic control, police, 
taxicab mobile radio, 
navigational aids 

J 

i> 300-3000 MHz 

Ullrahigh frequency 

Television, satellite com¬ 

It 

1 

(UHF) 

munication, radiosonde, 
surveillance radar, 

' navigational aids 

3-30 GHz 

Supcrhigh frequency 

Airborne radar, microwave 

• 

(SHF) 

links, common-carrier land 
mobile communication, satellite 
communication 

30-300 GHz 

F.xlrcmcly high fre¬ 

Radar, experimental 


quency (EHF) 

i 


chapters covering radiation fundamentals, simple antennas, basic antenna 
characteristics, antenna arrays, long-wire antennas, aperture-type antennas 
such as horns and paraboloids, and finally the properties of an antenna when 
used to receive electromagnetic radiation. Chapter 5 on receiving antennas also 
deals with the evaluation of communication links, including the cfTccts of antenna 
and receiver noise. 

| Part II of the text provides an introduction to propagation phenomena. 

Among the topics covered are low-frequcncy surface-wave propagation, intcr- 
[I fcrcnce effects in line-of-sight communication links, coverage diagrams, the 

J influence of the ionosphere on shortwave broadcasting in the 1- to 30-MI Iz 

frequency range, atmospheric and rain attenuation in the microwave and 
millimeter hands, scattering by atmospheric constituents, and an introduction 
to tropospheric scatter communication systems. Propagation phenomena is a 
diverse and extensive subject that cannot be covered in great depth in an 


i t 
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Table 1.2 Microwave frequency band desig¬ 
nation 


Microwave hand designation 

Frequency 

Old 

New 

500-1000 MM? 

VI IF 

C 

1-2 0117 

L 

D 

2-3 GHz 

S 

E 

3-4 GHz 

S 

F 

4-6 GHz 

c 

G 

(V-8 GHz 

c 

II 

K-IOOHz 

X 

1 

10-12.4 GHz 

X 

i 

12.4-18 Gl-lz 

Ku 

J 

18-20 GHz 

K 

J 

20-26.5 GHz 

K 

K 

26.5-40 GHz 

Ka 

K 


introductory text. Thus wc arc limiting the discussion to those aspects that are 
broadly applicable to communication systems operating at frequencies of a 
megahertz or less up through the microwave band with frequencies as high as 
30 GHz or more. The problem of statistical evaluation of communication links 
and fading phenomena is not dealt with. 


* ■/ \ 

\ 

• i! 


CHAPTER 

__ TWO 

FUNDAMENTALS OF ELECTROMAGNETIC 
RADIATION, ANTENNAS, AND ANTENNA 

IMPEDANCE 


An antenna is a structure, usually made from a good conducting material, that 
has been designed to have a shape and size such that it will radiate electro¬ 
magnetic power in an efficient manner. It is a well-established fact that 
time-varying currents will radiate electromagnetic waves. Thus an antenna is a 
structure on which time-varying currents can be excited with a relatively large 
amplitude when the antenna is connected to a suitable source, usually by 
means of a transmission line or waveguide. There is an almost endless variety 
of structural shapes that can be used for an antenna. However, from a practical 
point of view those structures that are simple and economical to fabricate are 
the ones most commonly used. In order to radiate efficiently, the minimum size 
of the antenna must be comparable to the wavelength. A very common 
antenna is the half-wavelength dipole antenna, which consists of two conduc¬ 
ting rods. Each of the rods are one-quarter wavelength long and are placed end 
to end with a small spacing at the center at which point a transmission line is 
connected. The properties of this antenna are discussed in a later section of this 
chapter. 

If the current density J excited on the antenna structure is known, there is 
no great difficulty in calculating the radiated field. The difficult problem is the 
one of determining the current density J on the antenna such that the resultant 
field will satisfy the required boundary conditions on the antenna. Fortunately 
it is often possible to estimate the actual current distribution with sufficient 
accuracy to obtain an excellent approximation to the radiated field. However, 
in order to calculate the impedance properties of the antenna the cUrrent 


13 



14 ANTENNAS 


distribution must generally be known with greater accuracy. The boundary- 
value problem that must be solved is quite complex. 

Maxwell's equations are linear, so if the radiation from a short filament of 
current—say Idl —is known, then the principle of superposition may be used to 
find the radiated field from an arbitrary distribution of current by superimpos¬ 
ing the field produced by each differential clement of current. This is the 
approach that is generally used to determine the radiated field from an 
antenna. 

In this chapter, Maxwell's equations are reviewed, and the vector and 
scalar potentials, which form a convenient mathematical tool for solving 
Maxwell’s equations for a given set of sources, are introduced. The radiation 
from a short current filament is then found. 

Many of the fundamental characteristics of an antenna, such as the 
radiation pattern, beam width, directivity, and radiation resistance, can be 
introduced in connection with the radiation from a short filament of current. 
Hence, this is a basic problem that serves very well to introduce the subject of 
antennas and is exploited in this chapter. 

The last part of the chapter looks at the radiation from a small loop of wire 
with a current l flowing in it and the radiation from a half-wave dipole 
antenna. The latter problem illustrates the use of superposition as applied to 
the calculation of radiation fields. The chapter concludes with a discussion of 
antenna impedance. 

2.1 MAXWELL’S EQUATIONS AND BOUNDARY CONDITIONS 

Throughout this book we will deal primarily with sinusoidal time-varying fields. 
Thus, we follow the usual phasor type of analysis and generally will not show 
explicitly the time-dependent factor e'"’. The currents and fields arc expressed 
as vector functions of the spatial coordinates, and each component is, in 
general, a complex function with a real and imaginary part. For example, the 
electric field is expressed in the form 

E(r) = E,(r)a, + E„(r)a v 4 E,(r)a, (2.1) 

in rectangular coordinates. Each component, such as £,, is a complex function 
of the form E„ 4 ;E„ where E„ is the real part and E„ is the imaginary part. If 
the real physical electric field is required, it may be obtained by multiplying 


F,(r) by e H and taking the real part, that is, 

£(r, I) = Re E(r)e^ (2-2 a) 

W» 

which gives i,,,* 

• • 

Sf,(r, 0 = E„(r) cos a>t - E„(r) sin wi ( 2 - 2 ^) 

for the x component of the physical held. • m 


i 
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The four field quantities of interest are the electric field E(r), the magnetic 
intensity H(r), the electric displacement field D(r), and the magnetic flux field 
B(r). These fields, along with the source terms—current density J(r) and charge 


density p(r)—are related by Maxwell’s equations as follows: 

V x E = -jto B (Faraday’s law) (2 3a) 

V x II = /a>D F J (generalized Ampere’s law) (2.3 b) 

V * I> = p (Gauss’ law) (2.3c) 

V • B = 0 (continuity of magnetic 

n ux) (2.3d) 

V • .1 = —jtop (continuity law) (2.3c) 


In a frce-space environment (vacuum) the constitutive relations arc 


(2 Ad) 

B = m 0 H (2 Ab) 

where e 0 = 10 9 /36tt farad per meter is the permittivity of free space and 
Mo = 47r x 10 7 henry per meter is the permeability of free space. In a lossy 
dielectric medium with permittivity e and conductivity (J , a conduction current 
.! f given by .1, = crE will flow, and I) = «E. If wc include .! f in addition to the 
impressed current J. the relation (2.3 b) will become 

VxH-(yW + fr)E'U 

(2.5) 


Thus 6 4 a!jto may be viewed as a complex permittivity. In general, a dielectric 
material exhibits polarization damping losses in addition to a possible finite 
conductivity, so even though a may be zero, c is still complex and of the form 
€ - j(". When it is necessary to deal with a lossy dielectric medium wc will 
simply use a complex permittivity and include any conduction loss as part of 
the imaginary component e". 

It is often necessary to find solutions to Maxwell’s equations in noil- 
homogeneous regions, that is, in regions where there are boundaries separating 
media with different constitutive parameters. The following situations are of 
particular interest to us: the boundary at a perfect conductor, the boundary at 
an imperfect conductor, and the boundary between two different dielectric 
media. Wc will present the appropriate boundary conditions to apply for each 
of these situations without going through the detailed derivations which may be 
found in most texts covering electromagnetic theory.t 



f Tlie derivation of the boundary conditions given here may be found in R. E. Collin. 
Foundations for Microwave Engineering. McGraw-Hill Rook Company. New York. 1966. 
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Boundary of a Perfect Conductor 

Figure 2.1 shows a perfect conductor (rr = “) with a unit normal n at the 
surface In the conductor the electromagnetic field is zero. At the surface the 
tangential component of the electric field is continuous across the boundary 
and hence equals zero (Why?); thus * 

n x E = 0 (2.6a) 

Likewise, the normal component of H must be zero, since no magnetic flux 
penetrates into the conductor; hence 

n • H = 0 (2.6ft) 

On the conductor a surface current of density .1, A/m will flow and is given by 

.1, = n x H (2.6c) 

The current density equals the tangential magnetic field in magnitude but is 
oriented at right angles to it. The surface charge density p, on the conductor is 
given by 

p s = n • f) (2.6 d) 

The flux lines of I) terminate on the charge since there is no field within the 
conductor. 

Boundary of an Imperfect Conductor 

A perfectly conducting metal docs not exist, so it is only an approximation, and 
usually a very good one. to treat a metal as a perfect conductor. In an actual 
conductor, the electromagnetic field will penetrate, but its amplitude falls off 
exponentially according to the relation e !/ *', where z is the distance into the 
conductor, as shown in Fig. 2.2, and S, is the skin depth given by 
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1 


Figure 2.2 Boundary of an imperfect 
conductor showing the exponential 
decay law. 'Hie surface resistance 
equals the dc resistance of a squnre of 
metal of thickness 8,. 


For copper wilh rr = 5.8 x 10 7 S/m, the skin depth equals only 6.6 x 10 *'cm at 
I MHz and is extremely small at 1000 MHz, where it equals 2.1 x 10‘ 4 cm. For 
most practical purposes, the field can be considered as not penetrating into a 
good conductor such as metal. 

Ihe fact that a metal has a finite conductivity implies that there will he 
some dissipation or ohmic loss in the metal. When it is necessary to account for 
this loss, the following approximate procedure, which is widely used to find the 
attenuation of transmission lines, waveguides, etc., may he applied. First the 
electromagnetic field is found assuming perfect conductivity. From the mag¬ 
netic field II the surface current density J, is then found using Eq. (2.6c). Ihe 
actual electric field tangent to the surface is related to this current density by 
the relationship: 


where Z,, the surface impedance of the conductor, is given by 


7 I+ / , 

A = —— ohms per square 

( 70 . 


(2.9) 


I he resistive part 1 l<jb l is the equivalent static or dc resistance of a square 
sheet of metal of a thickness equal to the skin depth and with conductivity <r 
as shown in Fig. 2.2. There is an equal inductive component due to the 
magnetic field penetration. 

The power loss that occurs per unit area is given by the real part of the 
complex Poynting vector flux normal to the surface and is 

P = -1 Re n • Ex H* 

L i 

= - ,Renx E-H* 

= - j Re Z ,n x J, • H* •/ ■' 

= 5 Re Z,J, • n x II* 

= 5 Re Z,J ■ J* = }~r 


( 2 . 10 ) 
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The minus sign at the beginning is due to the normal n being directed 
outwards. The asterisk denotes the complex-conjugate value. 

As cr tends to infinity, the skin depth, surface impedance, and power loss 
vanish. A measure of how small the surface impedance is can be obtained by 
comparing it with the intrinsic impedance Z 0 = o) m = 377 H of free space. 
For copper at 1 MHz, Z, = 2.6 x 10 4 (1 + j)il. The small relative value of Z, 
means that copper is very nearly a short circuit or zero-impedance surface at 
1 MHz, and at other frequencies as well. 

The above relations may be applied to any good conductor, i.e., metal, as 
long as the radius of curvature at the surface is several skin depths or more. 
For a very thin wire of diameter only one or two skin depths in value or less, 
the results do not apply. 

Example 2.1 AC impedance of a wire Find the ac impedance per unit length 
for a copper wire of diameter 0.4 cm at l MHz, as shown in Fig. 2.3. 




Figure 2.3 A round conductor with an 
applied electric field. 


The diameter is more than 66 skin depths so the wire can be described by a 
surface impedance Z t . The current density on the wire will be 



where E is the axial electric field along the wire. The total current is / = 2naJ s 
and the voltage drop per unit length along the wire equals E in value. Hence, 
the ac impedance per unit length is EH or Z s l2ira. Numerically. 


2 . 6 x 10 4 (l+y ) 
2 tt x 2 x 10" 3 


= 0.0207(1 




Boundary between Two Dielectric Media 

Figure 2.4 shows the boundary between two dielectric media with permittivities 
e, and € 2 . At this boundary the tangential field components are equal on 
adjacent sides so that 

n x E, = n x E 2 


n x H, = n x II 2 


(2.11a) 
(2. life) 
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Figure 2.4 Boundary between two dielectric media. 


In addition, the normal electric (lux is continuous, so we also have the relation: 

n • D, = n • D 2 (2.11c) 


2.2 VECTOR AND SCALAR POTENTIALS 

Hy taking the curl of Eq. (2.3<i), using Eq. (23b) and the constitutive relations 
(2.4), it will be found that 

V x V x F, = ft *E = -/« M# J (2.12) 

where k n - to(j, L o e n)" 1 's the free-space wave number. This is the equation that 
must be solved to find the electric field directly in terms of the specified current 
source J. In practice a simpler equation to solve is obtained by introducing the 
vector potential A and scalar potential <!>. 

Since the divergence of B is identically zero, B can he expressed as 

B = VxA (2.13) 

because V • V x A » 0. A is called the vector potential. By using Eq. (2.13) in Eq. 
(2.3fl), we obtain 

V x (E + j<o\) » 0 

Any function with zero curl can be expressed as the gradient of a scalar 
function; thus we can assume that 

E + j<o\ = -V<1> (2.14) 

In order that Eq. (2.3/;) will hold, we require 

V x Mo II = V x V x A 

= ;«Mo«o E + Mo-I 

= /wA*o«o(-/« A - V<t>) + / ((| J 

We can now use the expansion V x V x A = VV • A - V 2 A to obtain, after a 
rearrangement of terms, 

V 2 A -F k 2 Q \ = J + V(V • A + j(ofi 0 € 0 <l>) 
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So far only the curl of A is fixed by the relation (2.13). Thus, we are still free to 
specify the divergence of A. In order to simplify the equation for A we choose 

V • A = -jcofM 0 € 0 <t> (2.15) 

which is known as the Lorenlz condition. Our equation for A now becomes the 
inhomogeneous Helmholtz equation: 

V 2 A + k 2 0 \ ~ —(216) 

If Eqs. (2.14) and (2.15) are used in Eq. (2.3c), it will be found that <l> 
satisfies a similar equation, namely, 

V 2 <1> + kl<t> = - — (2-17) 

€ 0 

However, the charge is not an independent source term for time-varying fields, 
since it is related to the current by the continuity equation (2.3e), and it is not 
necessary to solve for the scalar potential <!>. By using the Lorentz condition in 
Eq. (2.14), we can find the electric field in terms of the vector potential A alone 
by means of the relation: 

E = —j(i)\ + 7 - (2.18) 

/ w Mo f o 

The simplification obtained by introducing the vector potential A may be 
appreciated by considering the case of a z-directed current source J = /,a, in 
which case A = A, a, and A , is a solution of the scalar equation 

(V 2 4 kbA,--^, ( 2 - 19 ) 

The equation satisfied by the electric field is a vector equation even when the 
current has only a single component. 

2.3 RADIATION FROM A SHORT CURRENT FILAMENT 

Figure 2.5 shows a short, thin filament of current located at the origin and 
oriented along the z axis. For this source the vector potential has only a z 
component and is a solution of Eq. (2.19), that is, 

(v*+*SK--*A 

where J z = 1/dS and dS is the cross-sectional area of the current filament of 
length dl. The volume dV - dS dl occupied by the current is of infinitesimal 
size so the source term can be considered as located at a point. There is 
spherical symmetry in the source distribution, so A z will be a function only of 
the radial distance r away from the source. A z will not be a function of tfie 
polar angle 0 or the azimuth angle <f> shown in Fig. 2.5. For values of r not 
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Figure 2.5 The short current filament and the spherical coordinate system. 


equal to zero, A f satisfies the equation 


1 d 7 dA z , 

?7r r lT +k ^ 


( 2 . 20 ) 


as obtained by expressing the Laplace operator V 2 in spherical coordinates and 
dropping the derivatives with respect to 0 and <f>. If we make the substitution 

-A, = ' I'lr, then dAJdr = r 1 dtji/dr - r 2 i/», and the equation obtained from Eq. 
(2.20) for i// becomes 


dr 7 


r+*;</' = 0 


( 2 . 21 ) 


This is a simple harmonic-motion equation with solutions C, e~ >v and C 2 
where ( , and C 2 are constants. If we choose the first solution and restore the 
time factor we obtain 

t//(r, t ) = C, e-**'* 

Now k 0 = (ole , where c = (Mo c o) /? * s *he speed of light in free space, so 

t) = C, e*-** (2.22) 

This is a wave solution corresponding to an outward propagating wave, since 
the phase is retarded by the factor k 0 r and the corresponding time delay is r/c. 
The other solution with the constant C 2 corresponds to an inward propagating 
spherical wave and is not present as part of the solution for radiation from a 
current element located at r = 0. Our solution for A z is now seen td bfc' of the 
form * • * ji 




>-/* O' 


(2.23) 


II 
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In order to relate the constant C, to the source strength, we integrate both 
sides of Eq. (2.19) over a small spherical volume of radius r 0 . We note that 
V 2 A 7 = V • V/\ r , so upon using the divergence theorem we obtain 


V 2 A 


■ dv -i. 


V- VA,dV 


= <j) VA X • a,r„ sin 0 dO d<f> 

•~kl f A'dV-p. f J,dV 

J V J V 

Now dV = r 2 sin 0 dQ d<!> dr and A, varies as 1/r; consequently, if we choose r n 
vanishingly small the volume integral of A x% which is proportional to rj, 
vanishes. The volume integral of J t gives J x dSdl=Idl , which is the total 
source strength. Also 


-/w 


VA,-a r 


*—■= -(1 +;V)C,—5 

nr r 


In n 


lim [ f -(1 + ;Vn)C, e ,Vo sin 0d0dd> = -4»rC, = 0 Idl 

r<r+0 ' * 


0 0 


Our final solution for the vector potential is 

\ m fl 0 I dl-T— 
47 rr 


(2.24) 


The vector potential is an outward propagating spherical wave with an am¬ 
plitude that decreases inversely with distance. The surfaces of constant phase 
or constant time delay are spheres of fixed radius r centered on the source. The 
phase velocity of the wave is the speed of light c, or 3x 10* m/s. The distance 
that corresponds to a phase change of 2tt is the wavelength A 0 and may be 
found from the relationship /c 0 A 0 = 2t r; thus 


A 0 = — =—=7 (2.25) 

k 0 o!2tt f 

From our solution for the vector potential we can readily find the electro - 4 
magnetic field by using Eqs. (2.13) and (2.18). This evaluation is best done in 
spherical coordinates, so wc first express A in terms of components in spherical 
coordinates by noting that (see Fig. 2.5) • - • 

a = a f cos 0 - a fl sin 0 


FUNDAMENTALS OF ELECTROMAGNETIC RADIATION 23 


and consequently 


A = ^7 - e ,kor (a. cos 0 - a 0 sin 0) 

4 77T 


We now use Eq. (2.13) to obtain 


H = — V x A =- 

Mo 4lT 


I dl sin 0 /jk 0 1 


(?♦ ?) 


and use Eq. (2.18) to obtain 


VV-A 

E = — jo A +- 

W 0*0 


jZ 0 Idl 

2nk 0 


COS«(~ + p)c' / * , '», 


jZpldl 
4 nk 0 S,n 

= E, a, + E, a. 




(2.26) 


(2.27) 


= E,a, + E 9 a, (2.28) 

When r is large relative to the wavelength A 0 , the only important terms are 
those that vary as 1/r. These terms make up the far zone, or radiation field, and 
are 


E = jZ 0 l dl k 0 sin 0 —-a, 

47rr 


(2.29 a) 


H = jl dl k 0 sin 0 


47 rr 


(2.29/,) 


We note that in the far zone the radiation field has transverse components 
only; that is, both E and II are perpendicular to the radius vector as well as 
perpendicular to each other. The ratio of E $ to //^ equals the intrinsic 
impedance Z 0 = (/x o /€ 0 ) , ' ? of free space. This is a general feature of the 
radiation field from any antenna. In vector form, one always finds that the 
radiation field in the far-zone region satisfies the relations 

E=~Z 0 a,Xll (2.30a) 

II = >>, x E (2.30ft) 

where Y 0 = Z ' 0 X . This spatial relationship is illustrated in Fig. 2.6. 

We also note that both E $ and vary as sin 6. Thus the radiated field is 
not a spherically symmetric outward-propagating wave as was found for the 
vector potential. This is also a general feature of all radiation fields—the 
electromagnetic radiation field can never have complete spherical symmetry. 
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Figure 2.6 Spatial relationship for the electric 
and magnetic fields in the radiation zone. 


The complex Poynting vector for Ihe radiation field is 


lExH'-irZ^dlfklsm’O^p 


(231) 


and is pure real, and directed radially outward. The radiated power per unit 
area decreases as 1/r 2 , as expected because of the spreading out of the field as it 
propagates radially outward. This is the inverse-square-law attenuation 
behavior discussed in Chap. 1. 

Before we proceed any further with the discussion of the radiation field we 
return to an examination of the other terms in Rqs. (2.27) and (2.28). These 
terms, varying as l/r ? and l/r\ will become predominant when r < A 0 and make 
up the near-zone reactive field. It is a reactive field because the near-zone 
magnetic and electric fields have a pure imaginary Poynting vector, indicating 
reactive power rather than real radiated power. If k 0 r is very small—so that we 
can replace e /kn ' by unity—then the near-zone fields become 


Idl sin 0 

H —4=r-*' 


(2.32a) 


I dl Z n 2 cos 0 / I \ 

K ^ 1+ V 

4 7T r \ jk n r / 


sin 0 / l \ 

+—( 1+ ^—K 

r \ ik n r ' 


(2-32 b) 


r ! V jk 0 rl ' 

For k n r <% 1 we can also replace 1 + lljk 0 r by 1 ljk 0 r. We also note 
charge O at the end of the current filament must change according to 
since current is the rate of change of charge. Hence 

IZ 0 jioQfji q/€ 0 ) i/2 Q 

jk n j(t)(fl 0 € o) €q 


that the 

ju>Q = I 


and Eq. (2.32/;) becomes 


E = 


Qdl (2 cost) sin 6 \ 

\ r y r 3 a# ) 


(2.32 c\ 


The results given by Eqs. (2.32a) and (2.32c) can be recognized as the static 
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field distributions from a short current filament and an electric dipole respec- 
tively. 

Although the near-zone fields do not contribute to the radiated power 
they do represent a storage of electric and magnetic energy in the space 
immediately surrounding the antenna and account for the reactive part of the 

X • • • ^ terminals. Thus, except for im¬ 

pedance calculations, the near-zone fields are not of great interest. 

We could obtain the complete complex Poynting vector {Ex H* by using 
the complete expressions for the fields. If this is done, it will be discovered that 
the real part, the part that will give rise to radiated power, involves only the 
radiation field and is given by our earlier expression [Eq. (2.31)]. 

2.4 SOME BASIC ANTENNA PARAMETERS 

Radiation from a short current filament is commonly called dipole radiation. 
Since a short current filament may be viewed as an elementary antenna, it has 
associated with it a number of basic characteristics described by parameters 
used to characterize antennas in general. In this section we will introduce these 
parameters and illustrate them using the short current filament as an example. 

Radiation Pattern 

rhe relative distribution of radiated power as a function of direction in space is 
the radiation pattern of the antenna. For the elementary dipole the radiated 
power varies according to sin 7 0, as Eq. (2.31) shows. The radiation pattern is 
similar to the figure 8 revolved about an axis, as shown in Fig. 2.7 a. It is 
common practice to show planar sections of the radiation pattern instead of the 
complete three-dimensional surface. The two most important views are those 
of the principal E-plane and //-plane patterns. The E-plane pattern is a view 
of the radiation pattern obtained from a section containing the maximum value 
of the radiated field and in which the electric field lies in the plane of the 
chosen sectional view. Similarly, the //-plane pattern is a sectional view in 
wh, ch »ne // field lies in the plane of the section, and again the section is 
chosen to contain the maximum direction of radiation. The E- and //-plane 
patterns for the dipole antenna are shown in Fig. 2.7 b and 2.7c. 

The half-power beam width is usually given for both the principal E- and 
//-plane patterns and is the angular width between points at which the radiated 
power per unit area is one-half of the maximum. For the dipole the E-plane 
half-power beam width is 90°, while the // plane does not show a half-power 
beam width, since the pattern is a constant circular pattern in the // plane. 

< ?« 

Directivity and Gain f 

An antenna does not radiate uniformly ih all directions. The variation of the 
intensity with direction in space is described by the directivity function D(0, </>) 



26 ANTENNAS 



FlRure 2.7 (a) Power radiation pattern for short current filament. (/>) Principle E-plane pattern, (c) 
Principal //-plane pattern. 

for the antenna. The intensity of radiation is the power radiated per unit solid 
angle, and this is obtained by multiplying the Poynting vector flux density by r J . 
For the dipole we obtain 


^ = 5 r : Re ExH*'»,- irZ 0 (dlf k J 
di 1 32tt 


(2.33) 


for the power radiated per unit solid angle. The definition of the directivity 
function D(0, </>) is 

power radiated per unit solid angle 


</>) avcra g C p OWCr radiated per unit solid angle 
dPJdil A dPJdtl 

- - = 477 --- 

t’,14 n P, 


(2.34) 


where P, is the total radiated power. For the dipole we can compute the total 
radiated power by integrating the Poynting-vector power flux through a closed 
spherical surface surrounding the dipole. This is equivalent to integrating the 
intensity over the solid angle of a sphere; thus from Eq. (2.33), 


P = 


irz 0 (diyk‘ 

32n 2 


2 l. 2 r 2n r n 


r i - 

J o J o 


sin 2 0 sin 0 d0 d<t> 


since dil = sin 0 d0 d<j>. The integration is readily done after replacing sin 3 0 by 
1 - cos 2 0 to give *• ^ 

_ irz^kodif ( 2 . 35 ) 

' \2n 




(2.35) 
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It is now found that by using Eqs. (2.33) and (2.34) 

D(6,<f>)= 1.5 sin 2 0 (2.36) 

The maximum directivity is 1.5 and occurs in the 0 = tt/2 plane. 

The maximum directivity , which often is referred to simply as the direc¬ 
tivity, is a measure of the ability of an antenna to concentrate the radiated 
power in a given direction. For the same amount of radiated power, the dipole 
produces 1.5 times the power density in the 0 = tt/2 direction that an isotropic 
radiator would produce. An isotropic radiator or antenna is a fictitious antenna 
that radiates uniformly in all directions and is commonly used as a reference. 

The gain of an antenna is defined in a manner similar to that for the 
directivity, except that the total input power to the antenna rather than the 
total radiated power is used as the reference. Ilic difference is a measure of the 
efficiency of the antenna; that is, 


P ' * ^in (2.37) 

where r; is the efficiency, P in is the total input power, and P, is the total 
radiated power. Most antennas have an efficiency close to unity. The gain of an 
antenna may be stated as follows: 


0(0, (ft) = 477 


power radiated per unit solid angle 

■ ■■■ —— ---■-- - _ 1 T I LJ .. _ _ 

input power 


dP'/dil 

= = 0D(O, </>) 

' in 


(2.38) 


The maximum gain, or simply gain, of an antenna is a more significant 
parameter in practice than the directivity, even though the two are closely 
related. 


I he gain of an antenna is often incorporated into a parameter called the 
effective isotropic radiated power , or E1RP , which is the product of the input 
power and the maximum gain. Its significance is that an antenna with a gain of 
in and I W of input power is just as effective as an antenna with a gain of 2 and 
an input power of 5 W. Both have the same 10 W of effective isotropic radiated 
power. Thus input power can be reduced by using an antenna with a higher 
gain. In later chapters we will find that the gain of an antenna is proportional to 
its cross-sectional area measured in wavelengths squared. Thus, very high gain 
antennas are usually found only in the microwave band, where a wavelength is 
a few centimeters or less. 


Radiation Resistance 

I he radiation resistance of an antenna is that equivalent resistance which 
would dissipate the same amount of power as the antenna radiates when the 
current in that resistance equals the input current at the antenna terminals. For 
the dipole antenna the radiation resistance R a is found from the relation 
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\\ /pR a = p r . When we use Eq. (2.35) for P, we find that 



(2.39) 


upon using Z 0 =120tt, fc 0 = 2*r/A n . As an example, consider dl - lm and 
A n = 300 m, corresponding to a frequency of 1 MHz. The rad.at.on resistance 
equals 0.0084 (l, which is very small. Although the dipole is not a practical 
antenna, the above example does illustrate the general result that the radiation 
resistance of an antenna that is a small fraction of a wavelength long is very 
small. Such antennas usually also exhibit a very high reactance and a very poor 
efficiency, which in turn means very low gain. In small antennas most of the 
input power is dissipated in ohmic losses instead of being radiated. An efficient 
antenna must be comparable to a wavelength in size. It is for this reason that 
antennas at low frequencies are of necessity simple structures such as the very 
high towers used in the radio broadcast band 500 to 1500 kHz. where the 

wavelength ranges from 600 down to 200 m. 


2.5 RADIATION FROM A SMALL CURRENT LOOP 

Figure 2.8 shows a small current loop of radius r 0 , area nrj, and with a current 
/ The axis of the loop is oriented in the z direction. For r 0 <SA 0 the loop may 
be treated as a point source. A small loop of current is called a magnetic dipo e, 
and its magnetic dipole moment equals the product of the area with the 

current; thus 

M=7rrJ/a, ( 2 - 40 ) 
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'Hie field radiated by a small magnetic dipole is the dual of that radiated by a 
small electric dipole, i.c., the short current filament. The roles of electric and 
magnetic fields are interchanged so the radiation field has an E+ and an H e 
component only. 

With reference to Fig. 2.8, consider the current filament at </»', which has 
the vector orientation -a x sin 4>’ + a y cos </>' = a,.. The contribution of the cur¬ 
rent filament of strength Ir 0 d4>' to the total vector potential may be found by 
using the fundamental solution [Eq. (2.24)) derived earlier. Thus from 
/r 0 d(f)\- a, sin 4>' 4 a y cos 4>') we obtain a contribution given by 


Mq/'q defi ' 
4nR 


(-a, sin </>' 4 a cos 4>') e 


M 


where R = [(x - r 0 cos <t>') 2 4 (y - r 0 sin 4>') 2 4 z ? ] lr? . The total vector potential is 
obtained by integrating over the current loop; thus 


a Ir f 2n e~' knR 

A = (-a, sin </>' 4 a y cos </>') d<f>' 

47T /< 


(2.41) 


This integral is difficult to evaluate unless we make certain approximations in 
the expression for R. We arc primarily interested in the far-zone radiation 
field, so we can assume that r>r n . We have already assumed that r 0 <<A a , so 
Vo* I- By imposing the above conditions we can replace R by r in the 
amplitude factor MR. With reference to a spherical coordinate system x ~ 
r sin 0 cos <f>, y = r sin 0 sin </>, and r ? = x 7 4 y 7 4 z 2 , so the expression for R can 
be rewritten in the form 

R = [ r 2 + rl - 2rr 0 sin 0(cos </> cos </>' 4 sin <f> sin <f>')) U2 

We now drop r\ relative to r 2 and use the binomial expansion (|4 m) ,/2 *» 
1 4 m/2 for |u| <$ 1 to obtain 

R^r~r 0 sin 0(cos <t> cos</>'4sin <f> sin <//) 

In the exponential function e ,k ° R we will have a term involving V 0 when wc 
substitute our approximate expression for R. But k Q r 0 <t I, so wc can use the 
approximation e u ** I + « for \u] I to obtain the following simplified form: 




e /4n '(! 4- jk 0 r 0 sin 0(cos </> cos </>’ 4 sin <f> sin </>')) 


By using these approximations the integral (Eq. (2.41)] for A becomes 


A = 


m<A« 


4 nR 


9 e /V 


In 

(-a x sin f 4a y cos </>') 

s ft 


x U + /Vo sin 0(cos 4> cos (f)' 4 sin <f> sin 4 >')] d<f>' 


The only terms that do not integrate to zero are the cos 2 </»' and sin 2 0' terms, 
both of which give a factor of tt. Hence the final expression for the vector 
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potential becomes 


A = /fcoMo(^) singc -0^ 

Airr 


(2.42) 


where we have also put -a x sin </> * a y cos </> - a^. 

We can find the magnetic intensity H by using Eq. (2.13). which gives 


H=-VxA =-—7 

Mo Mo '' Sr 


Mfcnsin 0 
4 nr 


(2.43) 


where M - nr 2 n l and is the dipole moment of the small current loop. In the 
radiation zone the electric field is related to II by the simple expression (2.30<i), 
which gives 

(2.44) 

4 nr 

These expressions show that the role of the electric and magnetic fields for 
magnetic dipole radiation have been interchanged from their role in electric 
dipole radiation. However, the radiation pattern and directivity have not 
changed. 

The total radiated power is given by 

- 2n . n 


P, = \ Ref ( E t H\r 2 sin 

•'n 

lbrr J J„ 


M’ZX 

\7rr 


(2-45) 


The radiation resistance of the loop may be found by equating J/pR* to l\. 
After simplification we find that 


R. - 320 


(2.46) 


As an example, consider a loop with r 0 = 10 cm at l MHz. For this loop, 
R a = 3.80 xlO -9 a. 

It is obvious that a small loop antenna is a very poor radiator. If N turns of 
wire are used, the radiation resistance is increased by a factor of N . Small loop 
antennas are often used as receiving antennas for portable radios. Although 
they arc very inefficient, they do give an acceptable performance because of the 
large available signal level. In a later chapter we will find that at low 
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frequencies atmospheric noise is often the limiting factor, so a more efficient 
antenna does not necessarily give better reception. Of course, a small loop 
antenna would not be used for transmitting purposes unless very short dis¬ 
tances were involved and the poor gain could be tolerated. The gain of a small 
loop antenna is very low because the ohmic resistance of the wire is generally 
much greater than the radiation resistance. 

2.6 RADIATION FROM ARBITRARY CURRENT DISTRIBUTIONS 

# 

In this section we will present some useful formulas for calculating the 
far-zone radiation field from an arbitrary distribution of current. Consider a 
volume V with a current distribution J(r'), as shown in Fig. 2.9. The current 
clement J(r')dV" will contribute an amount 

MpJ(r IdV 
4nR 

to the total vector potential where R = |r-r'|. In the far-zone region |r|^|r'| 
for all r' in V. Thus all rays from the various current elements to the far-zone 
field point can be considered to be parallel to each other, as shown in Fig. 2.9. 
Thus a useful approximation for R is 

R~r- a r r' (2.47) 

We can replace R by r in the amplitude term for the vector potential, since this 
has a negligible effect on the amplitude of each elementary contribution when 
r>r\ Hence in the far zone we obtain 

u e" ,v f 

A(r) = J J(f,) * /Wr ' dv (2 48) 

This equation superimposes the effects of each current element and takes into 


d = r-R = r’-. r 

• Eure 2.9 An arbitrary distribution of current 
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, ,hP relative Phase angle or path-length phase delay of each con- 
tribution Since the current elements do not, in general, contribute in phase 
ter eTence effects are produced that may be exploited to control the shape of 
the ration pattern. In the next chapter we will examme the use of such 
interference effects to produce high-gain d.rect.ve rad.at.on beams 

We can find the fields E and H from Eq. (2.48) by using the relations (2 13) 
and (2.18). When onlv the terms varying as Mr are retained, it is found that 


E(r) = ° Z ° — f l«, • J(r>, - J( r ')l dV ' 

47 rr J v 


H = V„a, x E 


(2.49a) 


(2.49 b) 


The form of the integrand in this expression shows that ,n a given direction as 
specified by the unit vector a„ it is only the current perpendicular to a that 
contributes to the radiation field. The reason for this is that the rad.at.on field 

along the axis of a current element is zero. 

When the current is a line current I along a contour C, then Eq. (2.40a) 

can he expressed in the form 


K(r) « 


/fcpZo e ' 

4 nr 


{ ((a, a)a , - »W) e**" dV 


(2.50) 


where a is a unit vector along C in the direction of the current. 

From Eqs. (2.49a) and (2.50) we see that the clectr.c field has the form 




(2.51) 


where f (0,4). which is given by the integral, describes the radiation amplitude 
pattern or the angular dependence of the radiation distribution m space The 
other factor e '‘"'/ 47 rr is the outward-propagating spherical wave funct.on. 


2.7 HALF-WAVE DIPOLE ANTENNAS 

One of the simplest p.actical antennas is the half-wave dipole antenna shown in 
Fie 2 10 It is usually fed from a two-wire transmission line. Each arm of the 
antenna is very nearly one-quarter wavelength long. It has been found both 
theoretically and experimentally that the current d.str,button on a thin half¬ 
wave dipole antenna is closely approximated by a sinusoidal standing wave of 

the form 

/ = cos k n z < 252 > 

The current is, of necessity, zero at the ends where z = ±AJ4. We can find the 
far-zone radiated field from the half-wave dipole antenna by using Eq. (Z. ), 

given in the previous section. 
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Figure 2.10 The half-wave dipole antenna. 


With reference to Fig. 2.10, it is seen that the unit vector a = a,, r'= z’a,, 
and a, • a, = cos 0. Hence Eq. (2.50) gives 


p _ ;VqZq 
4 7rr 


(a, cos 0 -a,) cos k„z' e 

■'-Ao/4 


ik n r'c<*0 


We now note that a, = a, cos 0 - a„ sin 0, so a, cos 0 - a, = a„ sin 0. Thus we 
find that 


E = E fi a* 


. 

4 nr 4 

cosf—cos 0 ) 

.. \ 2 / 




,/lr 0 r'co«<t ( f z > 


2 nr 


sin 0 


The magnetic Held is given by F.q. (2.4 <)h) and is 

cosf-- cos 0 ) 

,7. V 2 / 


COS | 

II = // a = e~ ,k °' - 

H 2jrr e 

The power flux per unit area is given by 

5Re Ex H* ‘a, = 5E„HJ 


sin 0 


(2.55) 


(2.54) 
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The total radiated power is obtained by integrating this expression over the 
surface of a sphere of radius r; thus 


P = 


UofZo 


- sin 6 dO d(f> 

) 0 J Q sin 0 


2w (' CO, \2 


sin 6 


(2.56) 


This integral can be evaluated in terms of the cosine integralt 


f”cos u 

Cix = - 

J. u 


The values of this integral are tabulated .t The result of carrying out the 
integration is 

P, = 36.565|/ 0 | J (2.57) 

When we equate this expression to j|/ 0 | 2 i? a . we find that the radiation resistance 
of the half-wave dipole is 2 x 36.56, or 73.13 n. The transmission line that feeds 
the half-wave dipole should have a characteristic impedance of 73. 14 fl for 
maximum power transfer. 

The directivity function for the half-wave dipole is obtained by using Eq. 
(2.55) multiplied by r 2 and Eq. (2.57) in the defining relation (2.34) and is 


D(0,</>) = 1.64 


cos( 7t/2 cos 0) 
sin 0 


(2.58) 


The maximum directivity is 1.64, which is only a modest increase over the value 
of 1.5 for the short current filament. The radiation pattern in the E plane is 
shown in Fig. 2.11. Hie half-power beam width is 78°, which is only a small 
amount less than the 90° for the short current filament. The most important 
difference between the short electric dipole and the half-wave dipole antenna is 
that the latter has a radiation resistance of 73.13 H, which is much larger than 
the ohmic resistance would be for most practical antenna structures. Tims the 



Figure 2.11 Principal E-plane radiation pat¬ 
tern for a half-wavelength dipole antenna. 


tSec J. A. Stratton. Electromagnetic Theory. McGraw-Hill Book Company, New York, 1941, 
Sec. 8.7. 

X E. Jahnke and F. Emdc, Tables of Functions. Dover Publications, New York, 1945. 
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gain is also very nearly equal to 1.64. It also turns out that when the dipole is a 
half-wavelength long (actually a few' percent less) the input reactance is zero, so 
the input impedance is essentially equal to the radiation resistance. 

2.8 ANTENNA IMPEDANCE: EXPERIMENTAL 


The impedance seen looking into the terminals of an antenna is an important 
parameter that needs to be known in order to design a network that will 
provide a conjugate impedance match to the transmission line. The latter is 
necessary in order to obtain maximum power transfer from the source genera¬ 
tor to the antenna. Ideally the input impedance should be a constant resistance 
equal to the radiation resistance, in which case the antenna can be connected 
directly to a transmission line with a characteristic impedance Z c equal to the 
radiation resistance. This ideal condition is essentially achieved for the 
resonant half-wave dipole antenna over a band width of a few percent. 

Let the antenna impedance be Z a and let the antenna be coupled to a 
signal source by means of a transmission line with characteristic impedance Z,. 
as shown in Fig. 2.12. At the antenna terminals a reflection coefficient F given 
by 


r = 

z. + z. 


(2-59) 


is produced. This mismatch results in a partial standing wave on the trans¬ 
mission line, with a voltage standing wave ratio (VSWR) given by 

1 t in 

VSWR = -j-JJ (2.60) 


(2.60) 



r Z> '• 



Figure 2.12 A half-wave dipole anlenna coupled to a transmission 
line. 
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The impedance match is usually considered acceptable if the VSWR is less than 
1 5, A VSWR of 1.5 corresponds to a reflection coefficient |I'| of 0.2 or a power 

reflection coefficient of 0.04. or 4 percent, which is acceptable. 

The calculation of antenna impedance is difficult because it requires 
accurate expressions for the current excited on the antenna and the resultant 
near-zone reactive fields. The radiation resistance can be found quite easily and 
is not a sensitive function of the current distribution. However, an accurate 
evaluation of the reactive component does require an accurate expression for 
the current distribution. In the next section the theoretical evaluation of the 
antenna impedance is outlined. 

Hie antenna impedance is related to the radiated power, dissipated power, 
and stored reactive energy in the following way:t 




P, + P d + 2jw{W m - W r ) 


iVo 


(2.61) 


where P, is the radiated power, P d is the power dissipated in ohmic losses. W m 
is the average magnetic energy, W, is the average electric energy stored in the 
near-zone reactive field, and /„ is the input current at the antenna terminals. 
When the stored magnetic and electric energy are equal, a condition of 
resonance exists, and the reactive part of Z„ vanishes. For a thin dipole 
antenna this occurs when the antenna length is close to a multiple of a half 
wavelength. 

We can calculate the ohmic resistance by finding the power dissipated in 
the skin-effect resistance using the results given in Sec. 2.t. Consider a 
half-wave dipole made of a copper rod with radius r„. The total current on the 
antenna is / n cosfc„z, so the surface current density is (l,J2nr 0 ) cos k 0 z. The 
power dissipated is given by (we assume that /„ is real) 

, 2 . (.* 0 /* . / \ 2 cos 2 k 0 z , 

p '-5[ '- d *LM)~^7 d! 




= 2 nr, 


A _o / /o..\ _1 

8 \2nr~' rrfi 


WR 


Thus the ohmic resistance R is given by 


R = 


87rr 0 (j£, 


(2.62) 


As an example, let r 0 =0.5cm and let A 0 =3m (LOO MHz). The skin depth in 
copper at 100 MHz is <5, = 6.6 x 10 * m. We then find that R = 0.062 U, which is 
negligible relative to the radiation resistance of 73.13 H. If the current on the 
antenna were uniform, the ohmic resistance would be ll(2nr 0 a?>,) = 
A n /(47rr 0 (r^,), according to Example 2.1. The reason Eq. (2.62) is a factor of j 


t See. for example, Collin, op. cit.. See. 4.2. 
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less is due to the cosinusoidal current variation. The average value of cos 2 k q z 
reduces the dissipation by this factor of \ and hence makes the effective ohmic 
resistance also less by this same amount. 

The general behavior of the input impedance of a dipole antenna of total 
length / made from a cylindrical rod of diameter d is shown in Figs. 2.13 and 
2.14. These curves are based on actual measurements carried out by Brown and 
Woodward.t 

It is seen that when //A o = 0.48 the reactance is zero. This is the first 
resonant length and is the length at which R a = 73 (l. At resonance there are 
equal amounts of reactive energy stored in the near-zone electric and magnetic 
fields, that is, W f = W m . Another resonance occurs at //A 0 in the range 0.8 to 
0.9. At this point the radiation resistance is large because the current at the 
feed point is very small, since the current standing wave on the antenna now 
has a minimum instead of a maximum at the input terminals. If the antenna is 



0.25 05 0.75 1.0 1.25 


Figure 2.13 Input resistance of dipole antenna. 

4 v 

t G. H. Brown, and O. M. Woodward. Jr., "Experimentally Determined Impedance Charac¬ 
teristics of Cylindrical Antennas." Proc. IRE, vol. 33. 1945. pp. 257-262. 
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Figure 2.14 Inpul reactance of dipole antenna. 


made thinner, this second resonance point moves closer to II A n - 1. and the 
radiation resistance can reach values of several thousand ohms. For a thicker 
antenna the reactance and resistance are more nearly uniform with changes in 
//A 0 . a feature which is desirable if the antenna is to be operated over a band of 
frequencies. Additional resonances occur with each increase in I by A^ No 
also that an antenna with //A n much less than 1 has a very small radiation 
resistance and a large capacitive reactance. The antenna can be tuned to 
resonance with an inductor at the feed point, but the additional ohmic loss in 
the inductor reduces the efficiency. The bandwidth is also reduced whenever 
the antenna has a large input reactance that must be tuned out. 

It should be kept in mind that the input impedance is influenced 
nonnegligiblc way by the capacitance associated with the physical junction 
where the transmission line is connected to the antenna. The structure used to 
support the antenna, if any, will also influence the input impedance - 
sequently, the curves given in Figs. 2.13 and 2.14 should be viewed as 

representative of typical behavior only. 

!■. i 

2.9 ANTENNA IMPEDANCE: THEORETICAL CONSIDERATIONS 

The theoretical calculation of antenna impedance has been sludiedbymany 
authors, and a large number of specialized papers and several books deal 
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extensively with this subject. The books by King and Schelkiinoff provide 
comprehensive discussions.t The evaluation of antenna impedance is also 
discussed in many of the general references given at the end of this text. 

The input impedance of an antenna is dependent, to some extent, on the 
manner in which the transmission-line feed is connected to the antenna. In 
order to avoid the complications associated with the feed line the usual 
procedure followed by most authors is to construct an idealized version of a 
dipole antenna that is easier to analyze but yet represents a close ap¬ 
proximation to a real antenna.* The model to be examined here is shown in 
Fig. 2.15a. It consists of a circular rod of radius a and length 2l 0 - I. The 
antenna is excited by a uniform applied electric field of strength E f acting over 



HO 


Flgur. 2.15 (a) Dipole antenna with applied electric field E, over a small circular band of length b. (6) 

Srniple circuit used to explain antenna model, (c) Excitation of dipole antenna by a small loop of 
magnetic current. ' 


, ' R , Y I*!?*' ™ e0ry °< Unear Antennas, Harvard University Press, Cambridge, Mass., 

-O b. A. Schelkunofl, Advanced Antenna 7 henry, John Wiley & Sons, Inc.. New York, 1952 
t Various dipole antenna models are discussed in App. III. 
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a centered circular band of length b along the antenna axis. The radius a .is 
assumed to be very small relative to the wavelength A 0 and the length /„. Under 
these conditions the near-zone field, and in particular the field at the surface of 
the rod can be found with sufficient accuracy by replacing the circumferentially 
'form current on the rod by a line current of equal total strength located a 
the center of the rod. There are, however, fundamental limitations associated 

with this assumption, and these are discussed later on. Ihe curren ' ' s 
unknown quantity and is to be found such that the resultant tangential elect c 

applied field acting on the dipole 

is not a praettcai way jo exerte^ ie ', h ” bmd „ ver which the applied 

rofinTteTi^ 

IMHiSi 

region cncu... modc , f or ,hc dipole antenna excitation is shown in 

Fig T hi this mode, the antenna is driven bya small "i 
1, on either in the form of a band of length b or a disk of radius 6 In either case 
1 ~ ec „,i rlrriric field is highly peaked near the loop but docs extend to 

som^exte^ along the antenna. However, this has a ether sntal, ehect on the 
computed value of impedance, so we will discuss only the simpler model- 

The steps involved in calculating the input impedance are as follows. , 

1 Assume an unknown current distribution /(**), with f(0) being the value of 
l(z') at z’ = 0, that is, at the input, and with /(z ) equal to zero at z - o- 

2 Find the z component of the vector potential and electric field in terms of 

Z(z'). 
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3. fmpose the boundary conditions 


E, = -E' 


b b 
--< z <- 
2 2 


r = a 


= 0 -<|z|</„ r = a 

on ,l,e e,ec,nc flelcl and solve the resultant integral equation for the 
unknown current Z(z’) 

4. The applied voltage that excites the antenna is V = E,b and the input 
impedance is given by 

Z. = M 

/(()) 

The formal solution for the vector potential A,{x, y, z) may be found from 

a superposition of the contribution from each current-filament element 
l(z )dz using Eq. (2.24), and is 


h --/*«R 


u o f 0 e ,koR 

~ — -i(z)dz’ 

/ * 7T J -u R 


(2.63) 


where R - [r 1 2 4- ( 2 - z') ? )'' ? and r is the cylindrical radial coordinate (t ? + v 2 ) ,/2 

I he 7 rnmnnnpnl il.n c.~ia • • , \ J / 


The z component of the electric field is given by 

rr • ^ , 1 d?A , 1 / , 

h = - uoA . +- - - -( L 2 

i< 0 f„n„ i9z ? j(o(„n„ \ " 




(2.64) 


The integral equation for Z(z') is obtained by using Eq. (2.63) in F.q. (2.64) 
and imposing the boundary conditions on E,\ thus 


(*p)J> 




jiof 0 E 


b < ^b 
2 < 2 < 2 


<M</« 


(2.65) 


where R is set equal to [a* + (z - on the surface of the rod. This integral 
equation was first derived by Pocklington in 1897. A modification of this 
eqi.at.on was introduced by Halle., in 1938 and is simpler to deal with from a 
numerical-computation point of view. Haifa's integral equation is derived by 
first solving the differential equation 


(^2 +<c o)^ t = /W°M 0 E, i 


“/a* oM 0 E. 


b b 
2 ' Z < 2 


2 < I 2 I <, o 


( 2 . 66 ) 
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When b is very small, and in particular as b tends to zero, we can express the 
applied electric field as a voltage pulse across a band of infinitesimal length; 

thus let 

lim bE t = V t (2.67a) 

b-0 

and let 

E, = V t S(z) (2.67ft) 

where ft(z) is the Dirac delta function, which has the properties that 

ft(z) = 0 z* 0 (2.68a) 

J S(z') dz' - 1 (2.68ft) 

The delta function used here is the same as that used in circuit theory, except 

the argument is z instead of the time I. 

With the above idealization to a band of infinitesimal length the vector 

potential A, is a solution of the homogeneous equation 

(iL + fc*)^ - 0 z*0 (2.69a) 

for all z not equal to zero. In order that at z = 0 we get 

* fc ®)' Ax = " ;WoAA ° V * 5 ( 2 ) (2.696) 

the potential A, must be continuous, and the first derivative of A f , namely, 
dAJdz , should have a step change of amount -;W 0 /x 0 V f at z = 0, so that the 
second derivative will have an impulse of the same strength. The behavior of 

A t in the vicinity of z = 0 is shown in Fig. 2.16. 

The general solution to the homogeneous equation over the interval 



Figure 2-16 Behavior of the vector potential function A, in the vicinity of the input region of the 
antenna. 
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- /„ < z < /„ is 

A, = C, cos k 0 z + C, sin k„z z < 0 

= C, cos k„z + C, sin k„z z > 0 

where C, through C 4 are constants. In order that A, will be continuous at z = 0 
we require that C, = C 3 . The derivative of A, evaluated between z = 0, and 
z = 0_ is 

dA, "• 

( ] z * ~ - j<oe 0 /i n V l 

Since the antenna is symmetrical about z = 0, both A r and E, will be even 
functions of z; hence C, = -C, and then we find that 



o 





upon using o)/i n ( 0 - Jc 0 Y^ 0 . Hie solution for A t along the antenna surface is 
thus 


A * - “ ^ Y ^ V i sin k o\z\ + c, cos k n z (2.70) 

where C, is still an unknown constant. 

Ilallcn’s integral equation is now obtained by expressing A r in terms of the 
current l(z') and is 

1 r’ 0 e~*** i 

— j ( /(Z 1 )— Y 0 V t sin fc n |z| + C cos k 0 z (2.71) 

where R = [a 2 + (z - z') J ] ,,J and C = C,//t 0 . The solution to f£q. (2.71) may be 
found numerically using the method of moments, for which there arc several 
variations.t The constant C must be determined so that l(z) will equal zero at 
the ends of the antenna, that is, at z = ±/ ft . 

The relationship between Pocklington‘s and HaMeii's equations may be 
established in a more definitive way. Wc can express Eq. (2.65) in the form 

(*S + ^)0(2) = /W„E, (2.72) 

where 



I(z')dz 


The equation for Q(z) may be solved by first solving the Green's function 


tSee R. F. Harrington, Field Compulation by Moment Methods, available from Kriegcr 
Publishing Company. Inc.. Melbourne. Fla. 


problem :t 


( fcS+ l 5 ) G(z,2 ' )=_5(2 " z ' ) 


(2-73) 


the two equations to obtain 


d 7 Q 


U dz 1 fiz \ <>z dz / 


dO 


dG 


= ja>c 0 E,G + 0«(z - z ) 

We now interchange z and z' and integrate over z* from -I, to l„; thus 

f *_L f o — - O —) ^ = /ox, [ " E,(z')G(z\ z) dz' 

J.^az’V dz’ dz'i J -/„ 

+ [ 0 (z’) 8 (z - z') dz' 

This expression reduces to the following: 

<274) 

The solution 10, O » seen .0 he given b, a s u P e,poshicn in,eg,a. plus 

derivative at z = z ; that is, 

!®r-i 


dz I 


This will make heha.e like -«(z - O. In view °< P""^" ** 

choose (other forms are possible; see Prob. 2.11) 


G — C\ sin k 0 \z z \ 


We now require 


dG 


= -l = 2 k 0 C, 


t A unique solution to Eq. (2.73) requires boundary conditions for G to be' ^ ~ 

For (he purpose of discussion in the (ex. wc only need to find one particular ol 
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Hence a solution for the Green’s function is 


G ( 2 . 2 ').- S > tjz - z1 

2 kn 


(2.75) 


When we apply the boundary condition E t = -V t 8(z) we find, from Eq 
(2.74), that 

° m ~•*-*i| 1 


0 ( 0 ^ 7 sin fc 0 |z'-z| 


Since l(z') is assumed to be an even function of z', the vector potential O(z') 
will he an even function and dQldz' will be an odd function of z'. By using 
these symmetry properties and replacing toe 0 /k„ by Y 0 we obtain 


r>0 p'iW y V 

0(2)= J 4 ^-sin *Jz 


+ (?(!„) cos k„L cos k„z - 


1 dO(z)| . 


*0 l,„ 


sin k„l„ cos k 0 z 


(2.7b) 

This is Hallen's integral equation and shows that the constant C which occurs 
in Eq. (2.71) is given by 

C = O(l 0 ) cos k„l B - 2 O’(l 0 ) sin k„I n 

where O' means dQ/dz'. When the dipole antenna is AJ2 long, k 0 l 0 = tt/2 and 
C depends only on Q'(l 0 ). For an antenna A 0 long. C depends only on Q(/ 0 ). 
When the applied Held acts over a finite length b the first term on the 
right-hand side of Eq. (2.76) becomes 


k 0 b 


(- 


^ * 

cos k n ’~ cos k 


n ) 1 2k.h °U 


2 Kb 


*»l7 + 2 


|z|</> 


. Y 0 V sin k 0 (b/2) ... . 

and comes from the integration of the product of the applied field with the 
Green’s function. f (. 


Hallen’s integral equation as given above actually gives the vector potential 
on the surface r = a due to a filament of current on the z axis and extending 
from -/ 0 to / 0 . The electric field derived from this potential will be continuous 
with continuous derivatives and zero divergence everywhere on the surface 
r = a. We therefore cannot make this radiated field cancel an arbitrary im- 
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pressed field on the surface r = a. At the ends of the antenna where z - 0 . 
r = a the field from the line source will be finite. However, it is a we - now, 
fact that the electric field normal to the surface must become ".finite at he 
edge. As a result of these required edge conditions, it follows that the 
approximate integral equation cannot have an exact solution. 

The exact integral equation has the same form as the approximate integral 
equation does, except that the integration over the current distribution is taken 
over the actual surface of the antenna (see Prob. 2.13) For the exact integral 
equation the antenna input current will increase logarithmically if the applied 
field is approximated by a delta function. If the applied field extends over a 

finite band the input current remains finite. . 

In spite of these limitations it turns out that approximate solutions to the 

approximate integral equation give results that are in close agreement with 
measured data. The reasons for this somewhat unusual situation arc explained 
more fully in Sec. 2.12. In that section it will be shown that for thin antennas 
with Ua greater than 50 the approximate integral equation will yield good 
results provided the current can be adequately approximated by a finite 
Fourier series of no more than 25 to 30 terms. Fortunately this turns out to be 
adequate For thick antennas with IJa less than about 10, the approximate 
solutions to the approximate integral equation become unsatisfactory, but there 

is a way to correct these solutions, as explained in Sec. 2.12. 

As a preliminary step to obtaining an approximate numerical solution of 
Hallen's equation we will present some relevant material pertaining to the 

method-of-moments technique 


2.10 METHOD OF MOMENTSt 

A typical integral equation that occurs in practice (a Fredholm equation of the 
first kind) and that may be solved numerically by the method of moments is 

f' = f( u ) (2 77) 


where G(u.u') is a known kernel, or Green’s function, f(u) ,s a k " own 
function, and /(h) is the unknown function to be determined. The first step is 
to choose a set of basis functions in which to expand /(« These may be for 
example, the Fourier series sine and cosine functions, the unit height-pulse 
functions shown in Fig. 2.17a, or the overlapping triangular functions shown 
Fig. 2.18a. We will let <h» denote the nth basis function and approximate 

, Har.y work on ,hc me,hod of nronrenls was carried on, by N. M in -he period 

j925-1926. See L. V. Kantorovich and V. I Krylov. Approx,male Methods of Higher A y . 
Interscience Publishers. Inc.. New York. 1958. 
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h 2 h 


funcUons.'* M ^ W A PP'°*™,i«ion of /(„) by a series of Iriangnlar 
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ft 

/(«) hy the expansion 

J(u’)= X /.♦.('O 

where /„ arc unknown amplitude constants /^Ts a staircase 

the pulse functions shown in -1 ^ j{ ^ trjangular basis functions are 

approximation, as show . . f between sample points 

used, (lie .ppro—-» »' ' p ig ' 2 18*. The Mm give, a 

represented by the coelTicien < nlim erical accuracy fewer terms are 

smoother approximation, an or a go rectangular pulse functions arc 

of U» y .iug as - a, 

P ° S Wh'eu the eitpansion fo. /(„) is substituted into the Integra. equation we 
obtain 

X /„ f G(u, iO'M'O du ' = 

n-\ J 0 

= £ /„G„(u) (2 78) 

n - I 

where 

G» = [ G(U, uy\\(u ) du 

•'ft 

The .atter in,eg,a, eat, he viewed ^ - 

The ',r S, ,2 7M 3 n°d lif • N. *he left-hand side r.f Eq. (2.78) can 

equation [Eq. (2.78)), and objective now is to choose the 

eeual ft-) on,7 in "" X“‘” ^Te Cose,, a, possible. There 

coefficients l n such that Cq. ( • ) ^ of N equations must be obtained that 

are N unknown constant. /„, , y , determined. One procedure is to 

Wit, allow these r.nKnown constant, to ^ equ.il, 

5S byte^n”, of h - ,/(N - I) This point-matching procedure gives the 
system of equations below: i 

X G„„/. = £ W"*) = /(«*) = /« "■ = 0,1,2.N - 1 (^9) 

n «-1 1 ^ * 

t When the basis and les.ing function, are powers of * the in.egrals are .he c.assicat ChebysheV 
moments. This appears lo be the origin for .he name method of moments. 
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where G mn = G n (mh). In matrix form we can write 

[OJ[/„) = [/„,] 


(2.80n) 


and 


Kl = [G m „)' , [/ m ] (2.80ft) 

where (G„J 1 is Ihe inverse matrix. There are standard computer programs 

that will solve a linear system, so the solution of Eq. (2.80ft) for the I can be 
readily carried out. " 

In the general method-of-moments procedure a set of N testing or weight¬ 
ing functions, say, <//„(u), m - 1,2,, N , arc chosen and Eq. (2.78) is multi¬ 
plied by these in turn and integrated from 0 to 1. This procedure gives the 
system of equations: 


ZCJ.=/„ m = l,2. N 


(2.81) 


where now 


i , i 


G "» = j *.(«)G„(if) du= f f <U“)G(u. u')<t>„(u') du' du 

0 J ft J 0 

fm = [ *A«(w)/(m) du 
J 0 

flic above procedure is also called the method of weighted residuals since the 
residual error 

[£ - /(«)] 

is weighted by integrated, and equated to zero. The point-matching 

method corresponds to using delta functions S(u-mli) as testing (weighting) 
functions. When the i// m are the same functions as the <I>„, the method is called 
Galerkin s method. 

The method-of-moments procedure outlined above may be given a 
geometrical interpretation that provides a useful insight to the problem. The 
function f{u ) can be thought of as a vector in an infinite dimensional vector 
space and the </, m (u) can be viewed as analogous to unit vectors in this space. 
Ihe vector components of f(u) are then the projections along the unit vectors 
Ihe wth component being given by 


/m=f f(u)^ m {u)du 

J n 


The can always be normalized such that 
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and (hereby made to correspond to unit basis vectors. When the are an 
orthogonal set of functions, that is, 

j *„(«)*» du = 0 n¥m 

they correspond to a set of orthogonal or mutually perpendicular unit vectors. 

In order to represent /(«) exactly we must find all of its components which 
generally requires an infinite number of the < l>„ functions (a complete set). 
When a finite number of the are used such that /(«) is approximated by 

N 

/(«)“ X 

m - I 

it is equivalent to finding the projection of the vector / onto an N dimensional 
subspace spanned by the N functions (unit vectors) <M«). m = 1,2 , /v 

The method of moments can now be seen to correspond to finding the 
projections of the vector /(u) and the vectors /„CJ n («) onto a finite N dimen¬ 
sional subspace and adjusting the lengths of the l„G n (u) vectors, i.e., choosing 
the / so that the projected components are equal. When the testing functions 
are arbitrarily chosen, the solution does not have any particular optimum 
properties in general. If a bad choice is made for the N testing functions 

(vectors) it may very well turn out that both X n „, and f( u ) have ,ar 8 £ 

and very different components that are perpendicular to the subspace on which 
the projection is made. In order to get a good approximation, the J. must be 
chosen so that the N <!•„ will give a good representation of both /(«) and 
2 N I G (t<) The optimum choice is not always easy to determine a prion. 

" T he following vector problem will illustrate many of the concepts discussed 
above. We will assume that we have a problem of the form 

U = / = (2 - />, - (1 +))», * (4 + 3/) a, (2 82) 

where /. is a known operator, / is the unknown, and the expression on the far 
right is the complex vector representing /. The unknown I is expanded as 
/ I , i q J) + / 2 ,p 3 and the result of the application of the operator L upon <I>, and 

<I > 2 is assumed to give 

L'l>, = k, = (1 + /)», + (2 - j)» y 

L<h 2 = k, = a, + /a y + (3 + 2/')a, 

Our approximate equation corresponding to Eq. (2.82) is 

/|k, + J 2 k 2 = f < 2 - 83 ) 

The equation can hold in an approximate sense only since we didI not use a 
complete set of functions (basis vectors) to expand the unknown We now 

project both sides onto a two-dimensional space and match project ons ir» (hti 
space. We can use the space spanned by a„ a v or a„ a, or a a, or 
pair of noncollinear vectors. A priori we do no. know which pair will be the 
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best. We will choose a, and a y as the test vectors; thus 

/,k,a, + / 2 k 2 a, = fa, 

/,k, a y + / 2 k 2 -a y = I • a y 

Tlie equations that result from this testing procedure are 

«*+/)+/,- 2 -/ 

*,(?-/)+/,/«-(!+/) 

vTc«oT ay SOlVC f ° r "' e Unk "° WnS 7 - and and ca " 'hen compute the error 

l-(/,k,+ / 2 k 2 ) 

error 1 vector" u‘° ^ ° +/K Wi ' h 3 ma «" i, ude of 1.414. Note that the 

error vector is perpendicular to the subspace on which the projection was 

made, since the projected components were made equal. 

min A ' ,h ' S . poin ' H should be c,car ,hal a " optimum objective would be to 
minimize the error vector 11,is will give the closes, approximation to Eq. 

2A1). Hence, we should choose /, and / 2 so as to minimize the magnitude of 
the error vector, that is, to minimize B 

£=|/|k,+ / 2 k 2 -f| 3 
= (/,k,4 / 2 k 2 - f)-(/|k* + /JkJ - f*) 

s W e!.Tna‘.he n a d r?T ! he comp J e * conjugate. 11 ,e minimization is obtained by 
setting the part.a derivatives of E with respect to the real and imaginary parts 
Of /, and / 2 equal to zero. 71 

Let /, = /,, + //„ and / 2 =/ 2 ,+// 2( , where r and i refer to the real and 
imaginary components. Since 

— = ±*L = ± and ± = ±£\ .± 

d, <' aI \ d, \' 91 , ai u 9 i,ai u 'a /, 

and sirniiarly for / 2 and /*, /J, we can take the partial derivatives with respect 
10 ine / 2 , and l v llie derivatives with respect to /! and /! are the 
complex conjugates of those with respect to /, and I 2 , so only the second (or 
first) pair are needed. We now readily find that 


dE 

gI , kt-(/,k, + / 2 k 2 -f) = 0 

(2.84 a) 

dE 

— = k;(/,k, + / 2 k 2 -f) = o 

(2.84ft) 


veaoi^^o^est"the"!vstp S ‘ 3 ?° U,d USC k ‘ and k * as ,he '«« 

for / and / the l * ^ (283) When We so,ve the above 

for /, and f 2 the error vector is found to be (0.0864 - 0.0578/)a, + 
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(-0 1826- 0.3366/)a + (0.6922 - 0.3078with a magnitude of 0.855. Clearly 
the error vector is smaller than it was in the previous case. In the minimization 
procedure we work in the complete vector space instead of m a subspace and 
adjust the lengths 7 , and I, of k, and k 2 to get a vector that is as close to be.ng 

eciual to f as possible. 

When the above minimization is applied to the method-of-moments equa¬ 
tion (2.78) the optimum test functions are found to be G* m (u). If we test Eq. 
(2.78) with these we find that 

V G 1 = f ( 2 - 85 ) 

Z_J u mn'« frn 
n »I 

where now 

fc7:(M)G n («4)du 
J o 

( o:(u)f{u)du 
J o 

and 

G*(u) = [ 0 (u, uyp m (u) du' 

J o 

The /„ determined this way minimizes the expression 

o»- 

J n 1 n-l 

which corresponds to matching the two sides of Eq. (2.78) so as to obtain a 
minimum mean square error. The method ts often called the method of least 

squares. 

Numerical Integration 

Many of the integrals that occur in the equations to which the method of 
moments is applied cannot be done analytically. It is then necessary to compute 
these integrals numerically. One well-known numerical mtegrat'onalgor.thm.s 
Simpsons rule. Consider a function g(u) and divide the interval of Integra ton 
OSM-Sl into an even number of subdivisions of length /.. as in Fig. 2.19a. 
Over each subdivision of length 2/t we approximate g(«) by a quadratic 
function; thus over 0 <«^ 2 /i let g(.<) be approximated by A t + B' u+ _ C '“, 
We now match the two functions at u = 0. h, and 2/t. If we let g 0 g( ), 
g, = g(/t), g 2 = g( 2 h). etc., we find that -M 

„ _ 4 « 1- 3 «0 « 0 + « 2 - 2 g, 
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<b) 

Figure 2.19 (n) Illustration for Simpson s rule, (b) The Lagrange polynomials basis functions 


For the nth section we approximate g(u) by 

+ B n [u — 2(rr - l)/t) + C n [n - 2(n - 1 )/i] 2 

The coefficients are given by the formulas above with g 0 , g ]t g 2 replaced by 
$ 2 / 1 - 2 * $ 2 /.-h and g 2n . respectively. The integral of g(w) from 0 to 2/i is now 
approximated by the area under the quadratic curve from 0 to 2 /t; thus 

• t 

. . 1 2 • • • 

g(u) ^ - ^\,( 2 /*)+ |B,( 2 /.) , + ^C-,( 2 *)' 

= |(8o + 4g, + g 2 ) (2.86) 
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When we repeat this procedure for the remaining sections and sum the results 
we obtain Simpson’s rule: 


r' h N 

J K(“) du = -X S ng. 


(2.87) 


where the Simpson weights S„ arc equal to 1, 4, 2,4,2, 4, ... 4,1. An interes¬ 
ting feature of Simpson’s quadratic rule is that it gives the exact answer for the 
integral of any cubic polynomial even though g(u) is approximated by quadra¬ 
tic polynomials. For example, the integral of C„+ C,u + C 2 u 2 + C 3 U 3 from 0 to 

2 /i is 

C 0 (2h ) +■ }C,(2/i f + \C 2 (2hf + i C#hf 

Simpson’s rule gives exactly the same result, as may readily be shown by using 
Eq. ( 2 . 86 ). 

The quadratic approximation corresponds to the use of Lagrange poly¬ 
nomials of order 2 for the basis functions.t The odd-numbered basis functions 
are parabolas of unit height that span an interval 2 /t, while the even-numbered 
ones correspond to two parabolic segments that span an interval of length 4/t, 
as shown in Fig. 2.19b. The expansion of g(u) is given by 


g(u) = £ «,*-.(«)=£ 

n -0 ""0 

since at each point u = nh only the nth basis function is nonzero and equal to 

unity and thus makes a n equal to g{nh)~ g„. 

Wc can also use higher-degree polynomial approximations. If we divide the 
interval 0 to 1 into subintervals of length h such that the total interval consists 
of an integer number of sections of length 3/i—that is, Nh is divisible by 3— 
then over the interval 0 to 3 h we can approximate g(u) by A + Bu * Cu + 
Du\ When we solve for the constants by matching at u - 0, h, 2/i, and 3 h, the 
area under the cubic curve is found to be given by 


3/i f ,#l 

^(8o+3g, + 3g,+ *,)=* g (u)du 

O ■'O 


which is Newton's 3/8 rule. 

Newton’s 3/8 rule will give almost the correct result for the integral of any 
polynomial function of degree 4. For a function such as 

C 0 + C,u + C 2 u 2 + C,u 3 + Cy 

the integral from 0 to 3 h is 

C 0 (3h) + !|C|(3 /i) ! + -J C#hf + jCj(3b ) 4 + \C t Qhf 
Newton's 3/8 rule gives the same first four terms but gives (1 l/54)C 4 (3h) 


t The author is indcbicd lo Georg Karawas for bringing this to his attention. 


instead of (1 , /55)C 4 (3b)’ for the last term. However, this is normally a small 
*(«) by "he followlng^series:' NeW, ° n ’ S ^ a ^ roxima,es the 


f * 3h w 

] n S(,/) dU * Y 2 S nXn (2.88) 

where now the weights S„ are 1, 3. 3, 2, 3, 3, 2,.... 3, 3, 1. 

The number of subdivisions that must be used depends on how rapidly the 

function *(«) vanes. For slowly varying functions only a few subdivisions arc 
needed lo obtain three-figure accuracy. 


2.11 DIPOLE IMPEDANCE: NUMERICAL SOLUTION 

We will now apply the least-squares method-of-moments procedure to Malleu s 

integral equation along with numerical integration using Simpson’s quadratic 

rule, in order to find the input current and hence the impedance of a dipole 

antenna. The integral equation to be solved is given by Eq. (2.71) and is 
repealed below ' 

f ln £ -/*©* 

J , ~R~ /(z J dz = ~' 2nY » V * sin *oUI + 4rrCcos k„z 

* *0 

where R = ((r - x’f+ a 2 ]' 12 . We will simplify this equation by introducing the 
following normalized variables: 

« = */'„ «'=z7/ n k„l n = 0 a/l„ m n 

I he integral from -/„ to 0 is also converted to an integral from 0 to /„ by 
c langing z' lo z' in lhat pari of Die inlegral and using the symmetry property 
/(- z ) - l(z ) for the unknown current. The resultant integral equation is 


f 1 /cos 0R X - j 

l ' IT, 


-y sin flft, [ cos 0R 2 -j sin OR. 


)/(!/') du ' 


“ ;27r Y 0 V g sin 0u + 47 tC cos flu (2.89) 

J? n e " *' = l(W 7 U 'l + a X and + The function 

r 'i /R ' , eq “ a ! S (sm <**)/<* = 0 when U = but (cos 0R,)/R, equals 
(cos 0a)/a which is a large number, when « = u\ Thus the (cos 0R,)/R. are 

] U ?° n t When U =U T These ra P id, >' trying functions 
ould require dividing the interval 0 to i into many subintervals of small length 

'T ° r f der ‘? Carry ou ' an curate numerical integration. In order to avoid 
uch fine division we can integrate the singular terms by writing the inlegral 
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of those terms in the following form: 






(2.90) 


The first two integrals are now well behaved at R x - n and R 2 «, since the 
numerator vanishes. The third integral can be done analytically and is given by 


[ (—+ —)rfu'=ln 

in ''R, /V 


[1 - U + vV+ (1- H)MU + n U f “) ? 1 


(2-91) 


All of the integrals that remain to be carried out can be evaluated using 

Simpson’s rule and relatively large values of h. 

The integral equation [Eq. (2.89)] is of the form 


[ G{u, u')l (n') du! m /(*<) 

J r\ 


A suitable expansion for /(»') can be made in terms of second-degree poly¬ 
nomials over each subinterval of length 2/,. Thus over the nth subinterval we 
let (the basis functions are Lagrange polynomials, which we denote by <!>„(« )] 

/(»')= A, + Bjn'-2(n - l)/t] + C n |u’-2(ii - l)/i] J 

= /*- 

where A , D , and C„ are unknown but can be expressed in terms of / 2 „- 2 , / 2 „-n 
and f 2 „. When these quadratic functions are used and the integral is evaluated 

using Simpson’s rule, we obtain 


n-0 5 /-0 


(2.92) 


where G(u) = G{u,jH), H = 1 IJ, and ./ is the number of divisions the interval 
0 < a 1 s | is divided into in order to carry out the numerical integration, bor 

convenience let 

tM«) = G l (u)S l <l‘„{jH) 

i I-o , 

The optimum testing functions that will give a minimum mean square error for 
the solution to Eq. (2.92) are the functions whe " Ec L (J- 92 ) is tested 

with these and the integrals are evaluated using Simpson s rule and a SUP- 
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interval length H\ we obtain 


1-0 J i-o J /m Q * 


X-J * r, \ f'r m\* m a _ 

n-o i-o 3 

This system of equations may he written as 

J j- N 

S 5^:(/H ) 2 /„*„(«*/')-/(iH')l = o 

i"0 L --0 I 


=0,1,2. N 


If wc choose J' = N this general result simplifies considerably, for there will 
then be exactly N + I values of i at which each term is evaluated. Hie resultant 
system of equations is readily seen to have the solution specified by requiring 
that (note that //'= /? = \/N) 

Z *>„(**)“ f{ih) i = 0, 1,2,..., N 
*1-0 


This result is interesting in that it does not depend on the choice of testing 
functions used; it is simply the result obtained by point matching Eq. (2.92) at 
the points u = ih. In essence, the numerical integration limits the knowledge of 
'//„(«) and f(u) to the sample points u = ih, and clearly if Eq. (2.92) holds 
exactly at these points the error is zero at these points. Since no other 
information about i//„(w) and /(«) is used, this is the optimum solution for this 
choice of //'. 

According to the above, the equations to he solved are 
N H J 

2 L T S G,(ih )S,* n (jH) = /(./,) / = 0, 1,2. N 

n-0 /.0 

A further simplification of the above equations occurs if wc choose .1 - N 
so that H = h also, because if the basis functions arc local functions that span 
an interval 2/i and have the property that <!>„(u/i) = I, ± h) = 0 the 

system of equations reduces to 

h " 

T 2, G mn S„l„ = f m in =0, 1,2. N (2.9.1) 

where G mn = G(rnh,nh) and This result is independent of the 

choice of local basis functions used and is simply the result of evaluating (he 

integral in the integral equation numerically and then using point matching. 

Although the derivation appears to he sound, the end result gives a solution for 

the /„ that depends on the choice of the numerical integration algorithm that is 

used (see Prob. 2.16). Thus the numerical results obtained are not, in general, 
reliable. 

In the integral equation for the current on a dipole antenna the dominant 
part of the kernel was integrated exactly. The remainder is a relatively small 
correction and hence may be treated in an approximate manner without 
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introducing a large error (see Probs. 2.21 and 2.22). Thus we will use Eq. (2.93) 
in spite of its limitations, since it is a numerically very simple and efficient 
procedure. The results obtained compare very favorably with those based on 
alternative numerical procedures or approximate analytical solutions. The 
attractive feature of this method is that the matrix elements are known—they 
are simply the values of the kernel function at the sample points multiplied by 
the Simpson weights. The method appears to converge quite rapidly with 
increasing N, and this is due to the fact that the dominant part of the kernel 
was extracted and integrated exactly. 

The algebraic equations that will determine the current on the dipole 
antenna are obtained by using the final expression (2.93) derived above, after 
substituting Eq. (2.91) into Eq. (2.90) and adding the remaining terms from Eq. 
(2.89). It is found that the system of equations to be solved is 


/, * ^ r (cos flV(n - m) , h 1 + a 1 - j sin flV(n ~ mfh 2 * q } )f„ - /„ cos On 
~ 2 $.[ V(rT^m)V+« r 

*' n-o ' ' __ 

(cos oV(nT7i) 7 tfTJ - j sin 0V(n + m) z fi *’+?)/,, - l m cos 0a | 


V(ri+ mfh^a 2 * 


[ 1 - nth + VV + (1 - m/i7][l + nth + Va*+ (1 + mh) ? ] 
4 /_ cos 0a In-—-“I 


/2jrV 0 V, sin Omh + 4nC cos Omh m = 0, 1,2. N 


(2.94) 


Note that /(/„)- l N must be equal to zero. The constant C may he found from 
the equation obtained for m - 0. After the constant C has been eliminated, the 
equations that result can be expressed in the following matrix form: 




K| v-l| I 0 


2.N-I 


I*N\ ' ‘ ' ^NN-lJ |/n-I 


sin Oh 

- - j — Y 0 V g sin 20h 


where the matrix elements R mn are given by 

^ | cos 0 Vo 5 + (n - mfl? ( cos OVa 7 + {n + mfh 
Rmn = ' V« J +(n + m)V 


sin NOh 


(2.95) 


- 2 cos Omh 


cos flV o i + n*h 


IVoM^nri 

^TTh 2 ” I 




m C° S ,n 


3 [1 - tih + Va 2 4-(1 - n/iYl U + nh + Va 7 f G + , 
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;-o '^a'+^ + n )^ 1 Va 3 + (/- 

- K cos 0a cos Omh f- In — - V ^ + a? - V _ 2S I 1 

*•* « y-o VV + (/7 i ¥ J 

_ - s | Sin gV a 1 + (n - mfh 1 + sin dV a } + (n + mfP 
• Va’ + fn-m^h 7 Vo z +(n + mfh 2 


‘ Va 2 + (n - mfh 7 

W + (nh) } J 


(2.96) 



* \ Q 

Figure 2.20 Computed value of radiation 
2a/1 = 0 . 01 . 


resistance for a dipole 


antenna using different values of N, 
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with 8 nm = 0 for »i * m and 8 n „ = 1. The input impedance Z„ = + )X„ is given 

The simplest approximation that can be made is to choose N = 2, which 
corresponds to approximating the current on the antenna by a polynomial of 
degree 2 The numerical results for R . and X, with this approximation are 
shown in Figs. 2.20 and 2.21 for the case «//„= 0.01. For comparison, the more 
accurate results obtained by using N = 4 and N - 8 are also shown.T The 
results for N ~2 predict the general behavior of Z fl and its dependence on the 
antenna radius quite well, with the exception that the curves are displaced to 



0 4 0 5 0 6 0.7 OS 0 9 1.0 


0 = t 

* *0 : 

FiRure 2.21 Computed value of input reactance for a dipole antenna using different values of N, 
2nil - 0.01. 


t The author is indebted to John Silvestro for the numerical computations. 


t 
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the right relative to the more accurate results obtained using N = 8. In Figs. 
2.22 and 2.23 results for R a and X„ using N = 2, 8. and 12 are given for 
a = 0.001. Figures 2.24 and 2.25 give corresponding results for a = 0.05. These 
curves agree reasonably well with the measured values given in Figs. 2.13 and 
2.14. In Figs. 2.26 and 2.27 the computed values of R a and X„ using N = 8 and 
12 for n =0.0135 are compared with the results of the King-Middleton im¬ 
proved second-order theory.t The King-Middleton theory has been shown to 
agree very well with measured data obtained by Mack*. Since the numerical 



e _ j_ 

tr " X 0 


Figure 2.22 Computed value of radiation resistance for a dipole antenna with 2 all = O.OtN 

r s 


t R. W P. King, "Cylindrical Antennas and Arrays," Chap. 9 in R. E. Collin and F. j. Zuckcr 
(eds ), Antenna Theory. Pi. t, McGraw-Hill Book Company, New York. 1969. a ' ' 5 

t R. B. Mack. A Study of Circular Arrays. Cruft Laboratory Tech Repl. Nos. 381-386, Harvard 
University. Cambridge. Mass., 1963. 
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Figure 2.23 Computed value of input reactance for a dipole antenna with 2all » 0.001 


results for N = 8 or 12 also agree quite closely it appears that for practical 

purposes it is not necessary to use a larger value of N. 

For reference purposes some specific values of Z„ are tabulated in Table 
2.1. In Table 2.2 the numerical values obtained using N - 8 and 12 are 
compared with those from the King-Middleton theory. . ,, 

The effect of a finite-length band over which the applied electric field acts 
is very small for thin antennas (a <0.01) as far as the computed values of 
impedance are concerned. As long as k n b is small, a finite-length source regum 
can be accounted for by replacing the source terms m Eq. (2.95) by sin Omh 
0a(bl4a) cos Omh. This change comes from solving for the constant C m 
Hall6n’s equation by matching at 2 = 0 and using the result given after E^. 
(2.76), that is. -jY B V'k 0 blS, for the source term at 2 = 0. ,_he co "'" b "' 10 " . , , 
from this term can then be absorbed with the source term -(;V n V2)sm fc 0 | 2 | 
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Figure 2.24 Computed value of radiation resistance for a dipole antenna with 7a/I = 0.05. 

• 

in Eq. (2.71). Some typical values or Z a using N = 2, b = 2a, and a = 0.01 are 
given in Table 2.3. These show a negligible change for //A n less than 0.5. The 
changes at the larger values of //A 0 are actually caused by a shift in the peak 
values of R 0 and X a toward smaller values of //A 0 and are not due to any 
significant change in the peak values. For a thicker antenna the effect would be 
larger if it is assumed that h is made proportional to a. 

Since the integral equation that is solved is an approximate one without an 
exact solution there is little justification in refining the numerical solution much 
beyond that corresponding to using N = 12. Figure 2.28 (page 68) shows the 
convergence property of the numerical solutions for R a and X a for a dipole 
antenna A 0 /2 long and for various values of or - 2 all. These curves indicate that 
very little further change in R a or X a would occur by increasing N beyond 12. 
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Figure 2.25 Computed value of inpul reactance (or a dipole antenna with 2all - 0.05 


NcIT. Siller, and Tillman have used a trigonometric function expansion of 
the antenna current, of the form 


1 ( 2 )= X fnSin^y-(/ 0 -l z D 

along with point matching to compute the dipole impedance. Ihey .[■^’of'the 
good results are obtained using five terms.t The analyt.cal evaluat.on of the 

t H P Ned, C. A. Siller, and J. D. Tillman. "Simple Approximation to the Cerent on Ae 

to the Current in the Solution of Hall6n s Equation, IEEE rans .. •■ / 

1969, pp. 805-806. 
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Figure 2.26 Comparison of computed values of dipole radiation 
King-Middlcton theory. 


resistance with the results of the 


input impedance using the induced electromotive-force (EMF) method, the 
variational method, and a discussion of the King-Middleton iteration method 
may be found in the text by Elliott.t This (ext also discusses numerical 
solutions. The numerical solution of Pocklington's equation is treated by 
Stutzman and Thiele in their recent text.* Harrington and Mautz have carried 
out extensive computations of the dipole antenna impedance using triangle 
expansion functions and point matching.§ 

. !l * 

t R. S. Elliott, Antenna Theory and Design, Prcnticc-Hall, Inc., Englewood Cliffs, N.j„ 1981. 

t W. L. Stutzman and G. A. Thiele, Antenna Theory and Design. John Wiley & Sons Inc 
New York. 1981. . . 

§ R. F. Harrington and J. Mautz, Compulations for Linear Wire Antennas and Scatterers, Tech 
Rcpt. No. RADC-TR-66-351, vol. II. Rome Air Development Center. Griffis Air Force Base. 
Rome. N.Y., DDC No. AD639745. Aug. 1966. 
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Figure 2.27 Comp.ri.on of computed value, of the dipole input reactance with the .cult, of the 
King-Middleton theory. 


Tabic 2.1 


Z a , I = 0 45A 0 Z.. I - O 5A 0 


8 

0.0010 

57.49- 

>82.02 

79.98 + >38.82 

8 

0.0100 

60.20- 

>37.9 

86.25 t,38.1 

8 

0.0135 

60.90- 

- /32.2 

88 00 + /37.66 

8 

00500 

67.58- 

>11 47 


12 

0.0010 

57.64- 

- ,-80.6 


12 

0.0135 

61.50- 

- >29.99 

89.96 + ;39 9/ 

12 

0.0500 

69.35 

-/ll 46 

114.50 + >18.87 


7,, I = 0.55Ao 


111.5 + /161.80 
124 4 + /115 
128 0 + >107.9 

163.5 + >48 

112 6 + >163.86 
132.8 f/1 10.8 
182.3 + >24.51 



Table 2.2 

//A 0 

Z.. « = 0.0135, N = 8 

Z*. a =0.0135, N = 12 

King-Middleton 

theory 

0.45 

050 

0.60 

0.75 

1.00 

60.9 - >32 2 

88.0 + y*37.65 

188.6 + >178.6 

620.7 +>254.8 

343.0 - >482.6 

61.5-/30.0 

89.96 + >39.97 

199.15 + >181.8 

669.5+ >205.8 

287.9 - >460.8 

60.9 - >32.4 
85.3 »- >39.5 

181 +>187 

603 +>281 

283 ->449 


2.12 ASYMPTOTIC BEHAVIOR OF SOLUTIONS TO II ALLEN’S 
INTEGRAL EQUATION 

In this section we will compare the solutions of Hall6n‘s approximate integral 
equation with those of the exact integral equation. Hie general behavior of the 
solutions to the approximate and exact integral equations have been in¬ 
vestigated by many authors. A comprehensive and detailed discussion has been 
given by Wu.t 

Die model that we will examine consists of a hollow conducting tube of 
radius a and length 2/ 0 . The walls are assumed to have negligible thickness. 
When the applied field acts uniformly around the antenna the induced current 
is entirely in the z direction, and the vector potential will have a z component 
only. Ihe applied field is assumed to be highly concentrated at the center of the 
antenna. For the mathematical model we will assume that this applied field is 
constant and equal to VJb over the band -b/2<z z b/2 at the surface of the 
antenna, as shown in Fig. 2.29. Since the incident field does not vary with the 
angle </>, the induced current J(z') on the antenna surface is a function of z‘ 


Table 2.3 


// A„ 

1 ■ —■ ■ ■ — ^■ 

Z; N = 2. h - 0. a - 0.01 

Z t , N - 2, h - 2a 

0.25 

13 ->451 

13.0-/453 

0.50 

77.1 +>21.5 

77 +>21.6 

0.75 

391.6+ >382.5 

397.6 + >385.4 

100 

966 ->395 

943 ->424 


t T. T. Wu. “Introduction to Linear Antennas," chap. 8 in R. E. Collin and F. J. Zucker (cds.), 
Antenna Theory . McGraw-Hill Book Company. New York. 1969. Sec also T. T. Wu and R. W. P 
King, "The Thick Tubular Transmitting Antenna," Radio Sci, vol. 2, 1967, pp. 1061-1065; R II 
Duncan and F. A. Hinckcy, "Cylindrical Antenna Theory," NRS Jour, of Res., vol. 64D. no. 5. 
Scpt.-OcL 1960, pp. 569-584; and W. A. Imbriale and P. G. Ingcrson, "On Numerical Con¬ 
vergence of Moment Solutions of Moderately Thick Wire Antennas Using Sinusoidal Basis 
Functions." IEEE Trans., vol. AP-21, May 1973, pp. 363-366. 
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N 
( h) 


Figure 2.28 (<i) Convergence o( the radiation resistance as a (unction of N. (ft) Convergence of the 
input reactance as a function of N. 


only. Hz) represents the total current on the exterior and interior surfaces. 
Since the field will not penetrate very far into the tube at the ends when a -< A 0 , 
the total current a. 2 = 0 is essentially just the current on the outer surface. 
Hence the input current is 2W(0), and the input impedance is 'V 2 *"«J>- 
The exact integral equation for the current J(z ) is the same as Eq. (2.71). 


except that 

R = [ ( x - x') J + (y - y ') 7 * (z - *')T = K* - z ') ? 4 2n ’ - 2a ’ cos( * - +' )] '' 7 

since both *. x' and y. / lie on the surface r- a. In addition the right-hand 
side of Eq. (2.71) is replaced by the expression g.ven after Eq. (2.76). when the 

applied field extends over a finite band of length b. 

Instead of dealing directly with the integral equation we will consider the 

differential equation for the vector potential A„ which is „ 


1 d_ 
r fi r 


r + k lA, = - a) 

fir fiz 2 
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Figure 2.29 The lubular cylindrical antenna. 


We can eliminate the dependence on z by taking a Fourier transform with 
respect to z. Thus if we let 

to 

J(z) e 1 "’ dz (2.98«) 

“to 

/\,(r, w) = f A,(r, z) e 1 "' dz (2.98 h) 

''-IP 

wc find that A, is a solution of 



I fi_ 
r fir 




"■Mo^(w)5(r- a) 


(2.99) 


I he solution for w) in the region r<a must remain finite at the origin 
and hence is 


A,(r, iv)= C,J„(r\/k 2 n - tv J ) (2.100«) 

4 . , * 

where 7 0 is the Bessel function of order zero. For r > a the solution must 
represent outward-propagating cylindrical waves and therefore must be 

w)= C 2 Hl(rVkl- w 2 ) (2.100/;) 

where H] is the Hankel function of the second kind. The constants C, and O, 
are determined by the conditions that A r is continuous at r = a and that the 
scattered magnetic field is discontinuous by an amount equal to the current 
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density at r = a; thus 


i- . 1 dA,(r, w)| ** 

It is readily found, upon using the Wronskian relationship, 

dH\{x) H i (x) dUx) = _2L 

-”" (x) dx 

that the solution for A,(r, w) is 

A,(r. iv) = -/ ^° 2 na./\iv)J 0 (r < VkI^)// J „(r > Vf^^) (2.101) 

where r. is the smaller of r, a and r, is the greater of r. a. We can express J(w) 
in terms of A,(a , w) as follows: 

. 4/A, (a, w)_ __ 

_9 ✓ — \ - -- 


2naJ{w)= 


(aVfeJ- tv 2 ) 


( 2 . 102 ) 


The approximate integral equation is obtained when the total antenna 
current 2naJ(z') is assumed to be concentrated on the z axis. InsteadI < 
making this assumption we will look for an equivalent fine ament l (z ) that 
S produce the same vector potential function A, a, r - The rela lonsb p 
between 1 and the total antenna current 2naJ = I can then be established In 
the Fourier transform domain it is readily found that for the equivalent line 

current we obtain 

jm 4M,(o, w) _ (2.103) 

This result may be obtained by replacing 2naJ by /, in Eq. (2.101) and then 
leuingTeqX™, which mate (he J, function equal to Wily. A compansou 

of Eqs. (2.102) and (2.103) shows that _ 

/,(w) = 27 t<jJ(iv)./„(<i VkJ— w') (2-104) 

For o <? A 0 and |w| < k 0 the J B function is very nearly equal to unity. For these 
values of w we see that /,(w) = 2naJ(w), and hence the low spatial- frequency 
content of the equivalent line current is the same as for the total antenna 
current. On the other hand when w is real and large we have (k 0 w ) 
-j\w\ and by using the asymptotic formula for J 0 , that is, , 

/ 0 (aVlcJ- w 2 ) « U~j\w\a) 


■j\w\a 


COS 


(-/>!«-f) 
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we find (hat the asymptotic behavior of I f (w) for large w is 

/,(>v) = - _ 2naJ{w) (2.105) 

V27r|w| a 

Consequently, the high spatial-frequency content of the equivalent line current 
grows exponentially. This is the fundamental reason why the approximate 
integral equation does not have a solution. 

A line current that varies rapidly with z (large w) produces a field that 
rapidly decays exponentially in the radial direction. Thus if the high spatial- 
frequency components of the field are to make a significant contribution on the 
surface r = a , the corresponding line current must have exponentially growing 
high spatial-frequency components. 

I he antenna current J(z) can be expanded in a Fourier scries of the form 


J l*) m Z J n COS 


mrz 


«-1.3. 


(2.106a) 


The equivalent line source has a similar expansion 


*&) = £ Kn COS 


nnz 


n • 1,3,... 


(2.106ft) 


'Hie Fourier series coefficients J n and /,„ can be related to the sample values of 
the corresponding Fourier transforms at the points w = nn/21^ as we show 
below. 

The Fourier transform of Eq. (2.106a) is 


'<»>- i j.f 

1.3... 


/wi nnz . 

e f cos —- dz 


£ / [ sin(w-f htt/ 2/ 0 )/ 0 + sin(w - mrl2l 0 )l 0 
n-ix,. • iv + ft 7t/2/ 0 w - nn/2L 


If we now let w approach ninl2l 0% where m is an odd integer, then every term 
in the sum vanishes except the term /i = m in the second series which gives 


w. 


(if) 


(2.107n) 


and is the desired result. In a similar way we find that 


«--*<£) 


(2.107 b) 


It is now seen that the Fourier series coefficients are also related by the 
expressions (2.104) and (2.105), that is, 

/„ = 2 na.l n J n [ a V (/irr/2/ 0 ) J ] (2.108a) 


€ nn 

~ 2naJ„ —— n large 
Vnn 2 a/I„ 


(2.108 h) 
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The Fourier coefficients for the high-order harmonics of the equivalent line 
current must grow exponentially. This exponential growth takes over when 
inr(il2l 0 is of order 2. that is. when n>4IJno. For a thm antenna w, h 
I la = 100 this growth manifests itself when n becomes larger than about 400/rr 
or 130. For a thick antenna with IJa = 10. the exponential growth would show 

up for n greater than 13. . tl . 

The above result shows quite clearly why approximate solutions to the 

approximate integral equation, which is really the integral cquat.on for the 
equivalent line source, arc often very good. As long as the antenna current can 
be approximated by a finite Fourier series with terms up to n of order Aljna, 
then the corresponding equivalent line current has the same Fourier senes. 
However if the solution to the approximate integral equation is carried out to 
a higher order of accuracy than this, the solution will ultimately diverge since 
the Fourier coefficients for the equivalent line source must grow exponentially 
for large n. For thin antennas as many as 100 harmonics or more can be used, 
so the approximate solutions to the approximate integral equation for thin 
antennas are generally very good. For a thick antenna the Fourier coeffiioents 
begin to grow exponentially for much smaller values of and thus the 
approximate solutions may not be very accurate at all. However, we may still 
determine the for a thick antenna from solutions of the approximate 
integral equation and then use Eq. (2.108a) «o find the Fourier coefficients of 
the actual antenna current. The antenna input impedance is then given by 



n- . 


(2.109) 


It is also possible to establish the asymptotic behavior of the Fourier 
coefficients for large « from a knowledge of the behavior of the applied 
electric field a. the input region and that of the scattered electric field at the 

two edges z = ±/ ft , r = a. . . . 

The scattered electric field component along z is given y 


joje^E.ir, z) = (^+^)A,(r,z) 


(2.110n) 


The Fourier transform of this equation is ; 

jw(„ix n E,(r. w) = (k\- w 3 )A,(r. w) (2.1 lOfr) 

A i r — a and \t\sL the scattered field must cancel the applied field E, For 
|z| => /„ let the scattered electric field at r = n be *(z) When ? a PP roaches 
r i fl the edge condition requires that * ~ (z 2 ~ 0 As a result he Fourier 
transform /(w) behaves like w 1 ' 2 for large values of w, In the Fourier 

t R. H. Collin. Field Theory of Guided Waves. McGraw-Hill Book Company. New York. 1960. pp. 
18. 421. 
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transform domain the boundary condition on the scattered electric field E (a. tv) 
al the antenna surface and on the surface r = a, |z| > /„ becomes 

£,(«, iv)= -£,(tv)+ (2.111) 

With this condition we can use Eq. (2.110*) to express ./(iv) in Eq. (2.102) as 
follows: 

2iraJ(w) = 4k 0 Y„ - *i») _ 

(* 5 - 1 ’ 

For tv real and large, the asymptotic behavior is 


2naJ(w)~-j4k 0 anY„^~-~ 

|tv| 


(2.M3) 


where K is a suitable constant. When E,(z) is a constant V /b over the band 
-h/2<z z <zb! 2. its Fou ricr transform is 


E,(,v) 


Vj sin(tvfc/2) 
wb!2 


For this case the Fourier coefficients for large n behave like 

, -4/k o y 0 fV t sin(nnb/4/ 0 ) K ,2l n \ l/3 1 

- K(nrf/4g -^( 7 ) I (2 ' ,,4 > 

The Fourier series in (his case is uniformly convergent since the J„ decrease 
faster than I In. 

If the applied field is a delta function V f S(z) with a Fourier transform V , 
the first Fotuier series arising from Eq. (2.113) would give a contribution ./,(/) 
to ./(z) that behaves asymptotically like 


2naJ l (z)~ j8k„a Y„V I ^ 


cos nnz/2l 0 




Fhe scries may be summed to givet 


2naJi(z)~~ ~j4k 0 aY 0 V In tan — 


(2.115) 


From this result we find that for a delta-function applied field the total antenna 
input current must grow logarithmically at the input. Hence even the exact 
integral equation cannot yield a finite solution for the input impedance for a 
delta-function applied field. 

It is interesting to note that for an applied constant field ovel- a band of 
length b [s\n(wb/2)]/(wbl2) does not depart much from unity before fob is of 
order n which corresponds to n of order 2 IJb. When b equals the diameter 2<?. 


t Ibid., p. 580. 
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this occurs for /i > IJa. ll follows that the Fourier series coefficients J n for a 
delta-function applied field are essentially the same as those for a uniform 
applied field over a band of length 2a for the harmonics up to order n - IJa, 
which is a large number for a thin antenna. It is for this reason that ap¬ 
proximate solutions using a delta-function applied field are satisfactory as long 
as only low-order Fourier coefficients up to n of order IJa give a good 
approximation for the antenna current. The logarithmic growth in the input 
current begins for values of n in the same range as the exponential growth of 
the Fourier coefficients for the equivalent line source begins. 

On the basis of the analysis given above, the qualitative behavior of the 
equivalent line source current and the total antenna current / - 2naJ at the 
input, as a function of the number of terms used in the Fourier series 
expansion, can be expected to be as shown in Fig. 2.30. Initially ‘here is a 
region of rapid convergence as the number of harmonics used is increased. Inis 
is followed by a stable region in which the input current changes very slowly 
and is nearlv equal to the converged result. As the number of harmonics is 
increased beyond n = AIJna, the Fourier coefficients for the equ.va^nt hne 
source current will begin to grow exponentially. If the applied field is a delta 
function the logarithmic growth in the actual antenna current will also begin at 
this point. For a thin antenna the stable region is quite wide, and this accounts 
for the success of the approximate solutions to the approximate integral 
equation. For a thick antenna the stable region is very narrow or may not exist. 
Thus for a thick antenna the delta-function applied field should be avoided. 
The approximate integral equation may be used, provided the Fourier 

coefficients are corrected as explained earlier. 

For a solid cylindrical antenna, the edge condition requires that . Hz) 
behave like (z l - O '' 1 a. 2 = ±/„ r - in which case f (w) behaves like w 
for large w. The second Fourier scries in F.q. (2.114) will now have coefficients 
that vary, like n v \ For the solid antenna the radial current on the caps must 
be included to obtain the correct edge behavior. The axial current also does not 


/,(«) 


SI age of 
rapid early 
convergence 


Stable 

region 


Exponential 
growth > 


Logarithmic 
growth, if it exists 


2 ™./( 0 > 


«! . 
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exponential 
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uo> 




Figure 2.30 Qualitative behavior of the equivalent line current /,(0) and the total an ** nna curtcnt 
2W(0) as a (unction of the number of harmonics used in .he Fourier senes expans,on. 
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have to vanish at 2 = ±/ 0 but may flow over the edge onto the end caps A 
constant z-d.rected current at 2 = /„ makes E, behave like (/„- 2)-' near the 
edge, but this singularity is cancelled by the finite radial current at r = a on the 
end cap.t For a thin antenna the current can be assumed to be zero at 2 = ±1 
with negligible error. °* 


2.13 MUTUAL IMPEDANCE 

When two dipole antennas are located in close proximity .0 each other the 
current distribution on one is affected by the field radiated from the other one 
In order to determine the current distributions, and from these the self- 
impedance and the mutual impedance, a pair of coupled integral equations 
must be solved. In this section we will provide an introductory treatment of the 
mutual impedance problem. 

F igure 2.31 shows two parallel dipoles of radius a and lengths 21. and 21 
nicy are separated by a perpendicular distance d and arc driven by delta- 
function applied fields V,8(z t ) and V^zJ, respectively. The coordinates z! 
and z } measure positions along the axis of each dipole, while z, and 2, are 
positions along the surface of each respective dipole. 

. Z'® 1 bc ,he vector potential along z, due to the current /.(z!) and let 

, . • r C 1 ? C 1 VeC ‘°f po,en,ial a,on 8 *1 due to "'e current IJz',). The scattered 
electric field along the z direction and on the surface of dipole I is then given 


Figure 2.31 Two parallel dipole antennas 
with mutual coupling. 

Behalim"’ ,cf" T " EqU ' ,V * len ' U " e Curren ' ,or Cylindrical An.ennas and Its Asymptotic 
Behavior. IEEE Trans., vol. AP-32, Feb. 1984, pp. 200-204. 
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by 

( k ” + i?)t A " (2 ‘ )+ A,j(z,) i =/Wo/t ° E,(2,) 

=-;we 0 /t n V,^(Z|) (2.116a) 

where the last equality comes from the boundary condition that must hold. On 
the surface of dipole 2 we must have a similar equation; thus 

(icj + -^j)[A 21 (z 2 ) + A„(Zj)] = y«€ n fi„E 2 (z 2 ) 

= -jtoCoHoVjSiZi) ( 2 . 116 ft) 

This pair of equations may be solved, or integrated, in the same manner as 
Hallcn’s equation was derived and gives 

*„<«,) + /«*,) - zjh f its V, sin tj.,1 + C, cos Iv, (2.1 no) 

A similar equation holds on the surface of dipole 2, that is, 

A„( 2l )+ V, sin yzJ+C.COS k.z, (2.1174) 

The constants C, and C 2 must be found such that /,(±/,)= / a (±fj)=°- ^ 
vector potential functions arc given by 




(2.118) 


where 

R„ = l( z.-ztf + aT 2 

The approximation of placing the total antenna current on the axis for the 
purpose of evaluating the vector potential has been made. This approximation 
is valid for thin antennas, as explained in Sec. 2.12. We have also approximated 
the perpendicular distance from the axis of one dipole to the surface of the 

other dipole by d in R, 2 and R 2I . • r- u 

In principle, the pair of integral equations given in Eq. (2.117) can be 

solved, using the method of moments, in a manner similar to that for a single 

dipole. The final result can be expressed in the form 

V, = /|(0)Z„ + f 2 (0)Z, 2 
V 2 = /,(0)Z 21 + / 2 (0)Z 22 


(2.119) 
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The reciprocity principle requires that Z 21 = Z 12 . In general the self-impedances 

ff"the < f /"h H° m r a |n. en ' fr ° m " ,e corres P ond ' n g input impedances 
of the isolated dipoles. This is caused by the interaction between the two 

dipoles, even if one dipole is open-circuited at the center since this 

,„cc ,„e current be zero everywhere ,he dipoJT^^h 

at the center. Z l2 is the mutual impedance. 

For thm dipoles around A„/2 long and spaced by AJ5 or more the 
self-impedances can be approximated by the isolated-dipole input impedances 
An approximate expression for the mutual impedance Z l2 can be obtained 
directly from Eq. (2.116). as will be shown below, ” 

The reciprocity principle, which is derived in Chap 5 shows that the 
interaction of the electric field E i21 radiated by /,(*,) with / 2 (z’) mus t equal the 
interact,on of the field E, 12 radiated by / 2 (z 2 ) with 1 |(z,). that is, 1 

J E f2 |(z 2 )/ 2 (z 2 ) dz 2 = I E„ } (z,)l,(z,)dz, 

-h 


In terms of the vector potential functions we have 

/,, ,l(h) ( k2 ° + I?) AM dZl = / f) Jp) A ^,) dz, 

This result suggests .ha, we should multiply Eq. (2.116a) by /,(,,) and integrate 

result of .1- V ? Eq - {2 U6b) ^ ^ and *"•<*»»«« " vcr ** The 

result of this operation on Eq. (2.116a) gives 

~iW\ f ~ 5(r.) dz, = -jk 0 Y 0 V, 




+ I 


= /,(0) f' [ ' 7 »( z i) 7 i( 2 1) ( k i 

/,(o)/,(o) r° 

,(o) f" f 1 Zmw) 


■/*nW n 




“/* 0^1? 


/ f , d \ e 


( 2 . 120 ) 

c A oun.TnI ar ,'r a,i0n o °!”“ incd fr ° m Eq < 2 ' 116 *)’ wi,h ,he same mutual 

distr P ih r R ' 2 ’ We nOW assume ,hal ,he normalized current 

?he H n r nS .i' (Z,) ^ T /j(2z)// ^°> are no ' cha "8 ed by interaction between 
e dipoles, that is, / 2 (z 2 )// 2 (0) is independent of 7,(0) and vice versa. With this 

Eq - (2 - ,2o) are n °'*»*"*"« -«« 

£r* n * variab " s wb “- 


Z,7 = 


4lrk o Y 0 J_,, J. (j 


f" f” WMzJ 

1 ■ i - A(0)/ 2 (0) 


(*!+ 


3 1 \ e~ lk ° R '* 


dz-t dz, (2.121) 
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where we have dropped the prime on z 2 , and 

R 12 =l(z.-^ +d T 

The corresponding equation that can be derived from Eq. (2.1166) would have 

given Z 21 = Z I2 because R {2 ~ , . 

The mutual impedance Z 12 is not critically dependent on the curren 

distributions. Hence for dipoles approximately ^2 long we may assume that 

the normalized current distributions are 

sin fc 0 (/,~ |z,|) an(J sin fc„(f 2 - \zjj) 
sin fc„/, sin fc 0 / 2 

The second term in Eq. (2.121) may be integrated by parts twice with respect to 
z.. By \ising the relations /,(±/,) = 0 and 


dz\ 


sin M/.-U»l) = '^t cos W'i-W) 


where sgz, = 1 for z, > 0 and -1 for z, < 0, and 

rf -j sin fc 0 (/, - \z ,|) = -k5sin fc„(/, - |z,|) - 2k„S(z ,)cos k 0 l, 
rfz, 

The equation for Z l2 reduces to 

/Zo 


, y-Zo r ( e '""", e - 

12 4n sin k 0 l x sin k n l 7 ' R } R* 

-Ao*0\ 

- 2 cos k„l, —r—) sin fc 0 (/, - |z 2 |) dz, 

K 0 / 


( 2 . 122 ) 


where R, = [(/| - z 7 f + </ l ] in 

r 2 = t(i< +z 2 ) 2 + <*r 

R« = (*! + 

The integrals in Eq. (2.122) may be expressed in terms of cosine and sine 
integrals or carried out numerically. 

Figure 2.32 shows typical results for Z l2 = R| 2 + jX n for two parallel dipoles 
\J2 long as a function of the spacing d. If V 2 is zero, then 

-Z 12 /,(0) 

and the input impedance for dipole 1 will be 

7 v, : V 

Zm ~W)~ " z h mp) " z » r."' 

which shows that mutual coupling can have a strong influence on the input 
impedance for closely spaced dipoles, since Z 12 is then quite large. 


: .»* 
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Figure 2.32 Variation of mutual impedance between two parallel dipoles A 0 /2 long as a function of the 
separation r//A 0 . 

A more complete treatment of the mutuai coupling problem has been 
given by King.t who finds that for a two-element array of dipoles A 0 long the 
self-admittance difTers by 10 to 20 percent from that of an isolated dipole for 
spacings in the range 0.2A„ to 0.8A o . Thus the dipole interaction in changing the 
current distribution is not entirely negligible. 


PROBLEMS 

2.1 If magnetic currents J m and magnetic charge p„ existed, Maxwell’s equations would 
he 

VxE=>n-J m V x II = j„)D 
V • B ~ p m V*D = 0 V • = ~j(op m 

Ut D = -V x A„ and follow fhc general procedure of Sec. 2.2 to show that the magnetic 
vector potential A m and magnetic scalar potential <l> m satisfy the equations 

A m = -€«JL 


<y’+ klyt> m =- 


and that 


H = -jw\ m + 


jo)flo€o 


t R. W. P. King. "Cylindrical Antennas and Arrays.** op. cit. 
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, i am ucrful whenever the field can be expressed as 

* -—- -> —- 

with radiation from aperture-type antennas. 

.. i nf tntal leneth / the current distribution is /oSin kn{\i\ 

“KS r arrss. i *s*r— 

xzz & ~ ”- d "-—“7. pj, - 

2 , Find ihe „dl.lkm Sold iron, . mil-™ dipole nnlenna. « dto™ Fig. P2.3. «b 
current / = /„|sin k„*|. -A«/2rS 2 ^ A„/2. Sketch the radtatton pattern. 




Figure F2.2 F "' U " ” ’ 

2 4 Find the radiation held, total radiated power, and .adiation rcsistance for the 

rr^Tt: itSSiSi The field below Ibe g.onnd P„ne i, aero. 


Figure F2.4 

2 S A small coil of radius r„=5cm and with N = 10 turns is used as a receiving antenna. 
This antenna is located 10 km away from a half-wave dipole and oriented for maximum 
magnetic flux penetration, as shown in Fig. P2.5. Find the induced opcn-ctrcu,. ■voltage 
;,!/),N(rrri) in the loop when the input power to the half-wave dipole antenna is 5 . 

The frequency of operation is 27 MHz. 
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Figure P2.5 


2.6 Figure P2.6 shows a small electric dipole antenna located along the bisector of a 
large 90 corner reflector. Use image theory to find the resultant radiated electric field in 
the xy plane. Sketch the radiation pattern. Hint: Each dipole will radiate the same field 
as a dipole at the origin, except for a difference in phase according to the factor e' 1 "*"- 
where r, is the position vector of the tth dipole. Note that the sign of each image source 
must a so be taken into account. Tire scalar products between uni. vectors in rectangular 
and spherical coordinates are given in App. I. 




Figure 1*2.6 


2.7 A plane wave E - Eoa. e'* 0 ' is incident on a small dielectric sphere at the origin, as 
shown in Fig. P2.7. Tire sphere has a radius r 0 <t and permittivity t. Since r„<? An the 
sphere is essentially immersed in a constant uniform field E„a,. The induced dielectric 
polarization in the sphere is the same as in the static case, so the polarization density is 



71ie total induced dipole moment is 
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section <r, is defined as the total scattered power divided by the incident power per unit 
area. Show that the scattering cross section is given by 



Note that the scattering cross section varies as AS 4 , which is known as the Rayteigfc 
scattering law. Can you use this law to explain why the sky appears blue and why a 
sunset appears red? Hint : Since the charge at the end of a current filament is given by 
jioO = 7 then ldl = jwQdl = jwP, where P = Qdl is the dipole moment. Thus I dl can 
be replaced by jtoP in the formulas for radiation from a short current filament. 



2 8 Figure 2.14 shows that a dipole antenna with length to diameter ratio lid 100 is 
resonant when I - 0.458A„. This antenna is connected to a transmission line with 
characteristic impedance Z. = 73 (1. The frequency is now increased so that at the new 
wavelength Ai<A„ the antenna length / = 0.5AJ (about an 8 percent increase in 
frequency). By using the data from Figs. 2.13 and 2.14. find the input reflection 
coefficient, the VSWR. and the power reflection coefficient. At the new frequency the 

figures give 7„ ** 100 + /8012. 

2.9 I.et a small single-turn loop be located at x = z = 0 and y = r, and with its axis along 
the x direction, as in Fig. P2.9. The loop radius is r„. A small current filament Ldl a, is 
located at the origin. Find the induced open-circuit voltage in the loop and denote it by 
V,. When the current in the loop is I, find the electric field impressed along the current 
filament. (Note that the current filament is in the far-zonc region and oriented to receive 
the maximum electric field radiated by the loop.) By multiplying the impressed electric 
field by dl the open-circuit induced voltage V d along the current filament is obtained. 
Show that V*L - V,/,. which is an example of the reciprocity theorem applied to 
antennas. 

ik 
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2.10 Use the reciprocity relation obtained in Prob. 2.9 to derive the expression for the 
electric field radiated by a small loop antenna located at the origin. Hint: Consider 
electric dipoles located at various positions in space and with orientations that produce a 
maximum magnetic flux in the loop. 

2.11 Show that a Green’s function that satisfies Fq. (2.73) and vanishes at z' - ±/ 0 is 


G = - 


sin k 0 {z> - / 0 ) sin k 0 (z< + / 0 ) 
k o sin 2Mo 


where z> = z for z > z' and z' for z' > z, and z< = z for z < z’ and z' for z' < z; that is, 
z> is the greater of z and z' and z< is the smaller of z and z\ Hint: Assume that 
G = C, sin ko(z - In), z > z' and G = C 2 sin k 0 (z + / 0 ), z < z\ At z = z' make G con¬ 
tinuous and make the first derivative be discontinuous by amount -1. 

2.12 When the Green’s function in Prob. 2.11 is used to integrate Pocklington’s 
equation, show that the resultant llallen’s equation is 

O(z) = -/ sin k n \z \ + tan Mo cos k 0 z + 

2 2 cos Mo 

Hint: Note that Q(-/ n )= Q(/ 0 ) and that 

sin ko(|z| - In) - sin fc 0 |z| cos Mo - sin Mo cos k n z 
sin 2Mo = 2 cos Mo sin Mo 

2.13 I.et the current on a dipole antenna be J t (z) on the surface r - a. Show that the 
integral in I fallen’s integral equation will then be given by 


1 ( 7n e~ ,k °* 

-— /(z )- a dz' 

2 na )o J-» 0 AnR 


where 2 t toJ,(z')= 7(z ) 


= (*-*T + (y-y') 2 + (*-*') 

-2a 7 - 2n ? cos(f/> - (f> ) + (z - z'Y 

</»' 

= An 2 sin 2 ( z “ 2 )* 


In the latter expression tfi may be set equal to zero when the applied field is independent 
of </». When this expression is used, the resultant integral equation will have an exact 
solution. 

2.14 Derive the expression given by Eq. (2.122) for the mutual impedance using the steps 
outlined in the text. 

2.15 Consider the Fredholm integral equation of the first kind 


[ K(x,y)l(y)dy =/(x) 
j 0 


Use Simpson’s rule with a subinterval h = 1 /N to carry out a numerical integration over 
y. By point matching at the points x = mh % m = 0. 1, 2. N show that the system of 




84 ANTENNAS 


equations to be solved for the sample values 7„ = l{nh) of the unknown function /(y) is 

-£ JC„&W- m = 0, 1.2.N 

3 n -0 

where K„„ - K(m/i. nh). /- = /('»/.)• and the S„ are the Simpson weights^ 

Show that the same system of equations is obtained if /(>) expanded m a set of 
subdomain or local basis functions <My). is. 

/(y) = E i***iy) 

n-0 

that have the property that <K(/i/i) = l and 0. j * n. 

2.16 The trapezoidal rule for numerical integration is 

g(x) r/jr “ - 2 

Jo Z h-o 

where g„ = «(,./,) and the weights S„ equal 1.2.2. 2. 2.2. 11 If this integration 

algorithm is used, show that for the procedure described in Prob. 2.15 now 

5 £ K m JJ. = /- m = 0,1,2.N 

By comparing this system with that in Prob. 2.15, it is clear that 

SJ n = S Jh 
3 2 

and consequently the two different numerical integration algorithms give significantly 
different solutions for the values of l(y) at the sample points y - nh Increasing he 
number of basis functions, that is. reducing does not change this result. Consequently. 

I he numerical solution of the Fredholm integral equation of the first kind must be 
handled carefully if a valid solution is to be obtained. 

2.17 Consider the Fredholm integral equation of the first kind 

(' K(x. y)/(y) dy = /(•*) 

Jo 

Let f(y) be approximated by a finite expansion in terms of the basis functions <l'.(y)i 

/<y) = £ In' My) 

n-0 

Use Simpson’s rule with a subinterval h = \IJ to obtain 

-£ In 2 K(X. jhyt'.Uh'lS, = n*) 

3 n-o y-n 

Let 

(M*) = X K ( x ' i h ii h ) s < 

The optimum testing functions that will give a minimum mean square error are the 
■/^(x). Test the above equations with these and evaluate the integrals using Simpson s 


FUNDAMENTALS OF ELECTROMAGNETIC RADIATION 85 
rule wilh a subinterval H = 1/T; show that the system of equations to determine (he /„ 

r 1 \ N h 

I *«*) 2-M'.(*)-/(x) rfx 
U-o3 j 

// t r N h 

= j | £ - LM'H)-f(iH)] 

= 0 m = 0.1,2. N 

Show that these equations may be expressed as 

N r / j r 

2 2 S 2 5i5/S,d>„(/7i )<!>„(ih )K (//f. jh)K '(ill, i7i)| 

fi-0 0/-OI-0 1 

3 r J 

= 7 X 2 5/.5,'b„ (ih)f(lH)K‘(tH, ih) 

#-0 1-0 

1 

= 0 m =0,1,2. N 

Ihe sums over i and j will contain only a few terms if the basis functions are local 
functions that span an interval only a few increments h in length. 

2.18 As a special case of Prob. 2.17 choose a subinterval // = 1 ,N in the numerical 
integration for the testing procedure. Show that the system of equations for determining 
tnc /„ has a solution determined by solving the system 

h N h N 1 

- 2 i«m<h)-~ £ /. 2 K(iu,jhyt>4ih)s, 

^ n«0 /-0 

= /('«) 1 -0.1,2. N 

With this particular choice for the subinterval length H, the choice of testing functions 
has no effect on the solution for the In order that the testing functions should 
influence Ihe numerical values of the /„ the number of intervals T must be greater than 
the number N of basis functions used. 

2.19 As a further special case of Probs. 2.17 and 2.18. let the <T>„(y) be a set of 
subdomain basis functions such as the triangle functions, the Lagrange polynomials, or 
any other set that individually span an interval 2 h anc! have the property <t> h (nh)= 1 

‘~ 1 ShOW ,haf ,he ef P ,a,ions for determining the /„ now become (assume 

also that H = h) 

h " 

- 2. I-K(mh, nh )S„ = f(mh) m = 0, 1. 2. N 

which is independent of the particular subdomain basis functions that are used. This 
problem shows that the interval 2/i used in Simpson’s rule must be smaller than the span 
over which the subdomain basis function is nonzero if the properties of the basis 
functions are to influence the numerical solution. 

2.20 Consider a kernel function K(x - y) that has a dominant singular part that can be 
represented by a delta function K(x - y), that is. 

*(*->’)= G(x-y)+8( x -y) 
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Show lhal for this kernel the Fredholm integral equation of the first kind becomes a 
Fredholm integral equation of the second kind, that is. 

/(x)+ f G{x - y)I (>•) dy ~ f(x) 

Whenever the integral represents a small correction, the numerical solution of this 
equation has much better convergence properties than an integral equation of the first 
kind. An integral equation of the first kind does not always have a solution. 

2.21 For N = 2 the solution of Eq. (2.95) for the antenna impedance Z* is given by 

R\oRll “ Rl|/?20 y 

Ri\f\ - Rwfi 

where R„ n is given by Eq. (2.96). Find Z„ for the case where a - 0.01, 0 = rr/4. 

Answer: R lrt « -38.4176-/0.07949 
R n = -2.04035-/1 19556 
R„- 40.362-/0.3132 
Rto= -30.8172-/0.303478 
Z„ - 12.97-/451 

2.22 Compute Z„ for N - 2, a =0.01. 0 = tt/ 4 using the trapezoidal integration rule 
instead of Simpson’s rule. (Replace /i/3 by /t/2 and use So = S 2 - 1, Si = 2 in place of the 
weights 1,4, I.) 

Answer: R io= -26.2275-/0.07949 

-1.020177-/0.59778 
Rn = 27.1572-/0.1566 
R 2 o- -21.4879-/0.303478 
Z„ = 12.996 -/468 

By comparing these results with those in Prob. 2.21, it is seen that Eq. (2.95) is relatively 
independent of the numerical integration algorithm used. 
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The biconical structure will support a transverse sphericaKTEMJelectro- 

»' ,ho ,w ° r™iVxi:, b i"uTr h v^t .ti*‘.hi, *£,.*= 

r « r^gnS Sion i, produced, nnd » 

5beyond .he terminating ephere o( radios I, result, m an elTec ,.e term na,. 
i„g impedance Z, [or the biconical transmission line that o very arge b»i no 
• r •. .c it would he for an ideal open-circuit termination. If Z, can he 
STSl; transmission-,in P e theory can be nsed ,c, «ndMhrt inpm, 
impedance at the terminals located at r = r„. Of course m practice 
additional impedance, usually capacitance, introduced by the terminal con¬ 
nections to the feed transmission line will modify the value computed by 
considering only the biconical transmission line driven by an ideal vo g 

source impressed across the spherical gap of radius r 0 

In order to analyze the TEM wave on a biconical antenna we will begin 

with the assumptions that the TEM wave has only E, and 

that these are functions of r and 0 only. It w.ll turn out that a solution to 

Maxwell's equations with these restrictions can be found so our assumptjops 
will he justified. Obviously we are making use of the work of previous author 
and known results to provide this starting point for the analysis. Without that 


DIPOLES. ARRAYS. AND LONG-WIRE ANTENNAS 89 


knowledge, it is not necessarily obvious that such assumptions should be 
made—hut we do not want to “reinvent the wheel" at this point. 

With the assumptions made above. Maxwell’s curl equations 

V x E = V x II = jo)€ n E 

reduce to the following (see App. I): 


a, d 

— T ( rE *)= 
r dr 

£ (,i " (rH * > ' 


(3. In) 


(3-I/O 


Clearly Eq. (3.1 />) is inconsistent unless the term with the factor a, is zero, since 
wc have assumed that E, is zero. Hence we require that 


h. - 

sin 0 


(3-2) 


where C is a constant and /(r) is as yet an unknown function. The form (3.2) 
makes sin 0H+ independent of 0 , as required in order to make the factor 
multiplied by a r in Eq. (3.16) vanish. By using Eq. (3.2) wc arc able to rewrite 
Eq. (3.In) and (3.1 b) as follows: 


j; ( rE «) = -/"Mo ~y 
<9 rf(r) 

C r ~= -j<o€ 0 rE 9 
dr sin 0 


(3.3*) 


(3.3/.) 


Wc now' differentiate Eq. (3.3a) with respect to r and substitute from Eq. 
(3.3 b) on the right-hand side; thus 


(rE t ) = - k IrE, 


(3.4) 


This simple harmonic motion equation has the solution 

rE, = C,(0) e~ liv + C 2 (0) e' 1 "' 

where C, and C 2 arc functions of 0 only. Now we note that the right-hand side 
of Eq. (3.3a) varies as 1/sin 0 , so E 9 must then also have this same dependence 
on 0. Hence our fundamental solution for is 


E,= C 4 A— + C —- 

r sin 0 r sin 0 


(3-5) 


which consists of radially outward- and inward-propagating spherical waves 
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with amplitudes C* and C. By using Eq. (3.1a) we f.nd that H t is given by 


»* = C‘V f 


-/‘•O' 


r sin 0 


- C'Y r 


r sin 6 


(3.6) 


where V 0 = (« 0 /Mo)'' 3 >s « he intrinsic admittance of free space. We see that H t 
also consists of a pair of spherical waves. The reversal in sign in the second 
term reflects the reversal in direction of power flow, as given by 5 Re EJi * in 
the radial direction. The inward-propagating wave must have its Poynting 

vector in the -a, direction. , . , 

The Held found above is a TEM wave, since both E and II he on spherical 

surfaces, that is, are transverse to the radial coordinate. The voltage between 

the cones is given by the line integral of E, from 0„ to it — 9„ and is 


_( c ._ +c --_)f 


W ~ H r dO 

u sin 0 




= (C* e"** + C~ €* #r )1n tan - 


= V* e~ lkv + V e""' ( 3 - 7 ) 

where we have used In tan(7r - 0„/2) = In cot(0„/2) and -In tan(<y2)- 
lncot(flo/2) and put 2C* In cot(0„/2) equal to V*. Equation (3.7) expresses the 
total voltage as the sum of two voltage waves. 

The current density on the cones is related to H 4 by J, = a, x If on the 
upper cone and by -a„x II on the lower cone. Thus we find that 

e 1*0' C ‘ k °' 

/ ^ C ‘ V n-—-C V 0 —— 


r V' e 


" J k 0 r 


r sin 


r sin 0 0 


on both cones, and the direction of J, is along the z direction. The total current 
on each cone equals 7 with I = 2nr sin 0*7,, since the radius of the cross section 
is r sin 0„. We can now write, after substituting for C‘ and C , 


/ = 7* e **-l Y r (V‘e 


V e ltv ) 


(3.8) 


for the current waves and where the characteristic admittance of the biconical 
transmission line is given by 


Y = nY « _ 

f In cot 0J2 


(3.9) 


The characteristic impedance is the reciprocal of Y t and is given by 


Z = — In cot -° = 120 In cot — 
TT 2 £ 


(3.10) 


When 0 O is small, say less than 0.5, then 


Z c - — (In 2 - In 9 0 ) = 120(ln 2 - In 0„) 

71 


(3-H) 
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/ = V* Y t (e lkv - e w »'o-/V) 

= 2/V* Yt e sin *„(/„- r) (3 j 2) 

ins r is t- h 

the'modesls^such t'hat^h'^TEM ni ri* ind,1Ccd ° n "'^^ne'by'all'of 

n.e eflec, by ,SC,f do « - "cod to vanish. 

impedance Z, a. r = / that is a . , pr ° ducc an e(Tcc,ive terminating 

additional modes excited a, , J, tr' L circuit. The 

■be input where r = r they^rod^ 7 aS r deCreas «. .ha, a, 

antenna input impedance is given quite"chselJTy the^T f"" Seq " e ""V' lhc 
formula (see App. U): y y ,c usua ,ran smission-line 


Z ' + J z c .an Vo 


* Z r + /Z; tan Vo 
which for /„ = ■'(>/4, corresponding to a half-wave dipole, is 

Z-^- Z o/, °o\ J 

• _ z, - sz, r 2) 


(3.13) 


(3.14) 


becomerver; bool ILr'' 1 -tpedance Z, 

impedance Z, becomes .a^e a^o as tf ,hB ‘ « ermiM,in * 

'SnSSj 1 * 6 ^ rox y* 11 .'^'ohsecpiently^n 

current distribution on thin-wire antennas ‘ ' g 3 SmUSO,dal 

biconica^a n tenn 7*OinsequemI'y'^he °i ' V ^ to ,he 

cylindrical an,enn ,^? q ulaL« cof/ graduaMy J ,lon * ils 'ength. For the 
•an as Ro q qT i7 °?l angle 3 ' ' he f ,osi,io ' 1 2 ' s given by 

expression for the characteristicTnerf C °'°« /2 ^ 2/fl o ">e 

.he point z is ,S " C ' mpedance of ,he ‘Wn cylindrical antenna a, 


Z ' (2) = f'" 4 )= 120 ^ 


(3.15) 


For a thin antenna Z f ( 2 ) varies slow.y with , so that as a firs, approximation 
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! o. |an *o *7 


Flgure 3.2 The cylindrical anlcnna 


the average value of Z c may be used. This average value is given by 


120 r” 2z 240 

' =- In — dz = — 

c 112 a 1 


I" (,„ , . ,n 1) 


_ 

l 

= 120 


In z - 2 + z In — 

('"TO 


(3.16) 


The average characteristic impedance, along with the assumption of open- 
circuit terminal conditions and the transmission-line formula for an open- 
circuited line, 

Z io = -)Z, cot k„H2 

may be used to estimate the input reactance for a short cylindrical dipole 
antenna. For a short dipole, cot k n ll2**2lk 0 l, so we obtain 


.240 / / \ ,240c/ / \ 


(3.17) 


where c is the speed of light. As expected, the input reactance is capacitive. 
The input resistance may be found in terms of the radiation resistance by using 
a triangular current distribution and is (see Prob. 2.2) , 


= 20 7r 




(3.18) 


Although Eq. (3.17) is not very accurate it does provide a useful estimate for 
the input reactance when other information is not available. 

The evaluation of the terminating impedance Z, has been carried out by 
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SchelkunofT for thin cones and may be used to find the input impedance for the 
biconical antenna with the aid of formula (3.13). In practice, there is no 
advantage in using a thin biconical antenna in preference to a cylindrical 
antenna, which is easier to fabricate. However, the wide-angle biconical 
anlcnna has a fairly large bandwidth of operation and is used in practice For 
example, for a half-cone angle of 30° Brown and Woodward found experi¬ 
mentally that for A 0 /2</<3A 0 /2 the reactance does not exceed 5011 in 
magnitude, and the input resistance remains between 130 and 20011.t This 
antenna, when fed with a transmission line having a characteristic impedance of 
158 11, which is the characteristic impedance of the biconical structure, has an 
acceptable impedance match over more than a 3-to-l frequency band. This 
property of the wide-angle biconical antenna is also found for the thick 
cylindrical antenna, as shown in Figs. 2.13 and 2.14. However, the biconical 
antenna is somewhat better than the cylindrical antenna in its impedance 
behavior over a broad band. 

A simple approximation to the wide-angle biconical antenna is the trian¬ 
gular, or bow-tie, ’ antenna shown in Fig. 3.3. The impedance properties of 
this antenna are not as good as those of the biconical antenna but are 
acceptable for use as a simple antenna to cover the UHF television channels 14 
to 83 (frequency of 450 to 900 MHz). The bow-tie antenna is preferably made 
from a sheet of copper or aluminum but may also be made from wire, although 
the latter has a poorer performance. The dimensions shown in Fig. 3.3 are 
suitable for use on the UHF television band with a 30011 feed line. Further 

information on this antenna may be found in the paper by Brown and 
Woodward. 


3.2 FOLDED DIPOLE ANTENNAS 

The folded dipole antenna is shown in Fig. 3.4. It consists of two conductors 
of length / connected together at each end. One conductor is split at (he center 
and connected to the transmission line. Hie folded dipole antenna has a 



300 -mine ~ * i’ 

( fl) (b) • 

Figure 3.3 Bow-tie antenna, (a) Solid metal construction. ( b) Wire construction. 

tG. H. Brown and O. M. Woodward. Jr., “Experimentally Determined Radiation Charac¬ 
teristics of Corneal and Triangular Antennas." RCA Review, vol. 13. no. 4. Dec. 1952. p. 425. 
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( 6 ) ic) 


FiRiirc 3.4 (a) The folded dipole antenna. ( b) Even excitation, (c) Odd excitation. 

radiation resistance of 29211 and is therefore useful with transmission feeder 
lines having a nominal characteristic impedance of 30011. which is the most 
common impedance level used for television receivers. The folded dipole 
antenna, by virtue of its construction, has an equivalent transmission-line 
tuning stub that compensates for some of the variation of the antenna input 
impedance with frequency. Thus the useful frequency band of operation for the 
folded dipole antenna is larger than that of a conventional dipole antenna of 
equivalent thickness. 

At the resonant length where / = \J2 the current on each conductor is the 
same, provided these conductors have the same diameter. The reason for this is 
the strong mutual coupling between the two closely spaced conductors. The 
current on each conductor can be approximated by / n cosfc n z. Since the 
conductors arc spaced by a very small fraction of a wavelength there is 
negligible phase difference in the field radiated from each conductor. Con¬ 
sequently, the radiated field is twice as strong as that from a single conductor 
with current /„cos k 0 z. The radiated power P, is thus four times as great. Since 
the input current supplied by the transmission line is only /„. the radiation 
resistance referred to the input terminals is increased by a factor of 4 over that 
of a conventional dipole antenna. That is, in place of Eq. (2.57), the radiated 
power is given by 

P, = 4 x 36.561/J 2 

and 


}Kj/ol J =P, = 4* 36.561// 
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SO 

R a =4 x 73.13 = 292.5 fl ( 3I9 ) 

H-!" ° r ? er *° unders,and lhe impedance-compensating feature of the folded 

rT ° pera " on ma y be viewed a ‘ a superposition of the effects 
obtained by dr.vmg it as an antenna and as a transmission line. Figure 3 4b and 

3.4c shows two ways of driving the structure. The excitation in Fig. 3 4b will 

excite equal currents on both conductors and will function as a conventional 

r :,:r enna h " Fig. 3.4c will produce oppositely directed 

currents in each conductor or, in other words, will make the structure function 

as two series-connected short-circuited transmission lines. Since the trans¬ 
it’' 0 ;: line currents are oppositely directed and closely spaced, the radiation 
from the two is almost completely cancelled. When the effects of the two 
methods of exciting the structure are superimposed, the resultant driving 
voltage for one conductor becomes V and is reduced to zero for the other The 

input current may be found by adding together the currents in the driven 
conductor due to the two separate excitations. 

Figure 3.5a shows the equivalent dipole antenna problem for which the 
current 2/, is given by 

2/ < = 2 V i (3.20) 


where 1, is the input admittance of a dipole antenna made from two parallel 
conductors connected together at each end and at the center, as shown. The 

equivalent transmission-line problem is shown in Fig. 3.5 h, from which it is 
seen that / 2 = V, n V72 and thus 



(3.21) 


where Y, is the characteristic admittance of the two-wire transmission line 

consisting of the two conductors that make up the folded dipole antenna 

When the two excitations shown in Fig. 3.5a and 3.56 are superimposed we 

obtain the original excitation shown in Fig 3.5c. The input admittance seen at 
the terminals is 



(3.22) 


“ may be found b, using Eqs. (3.20) and (3.21). Nole Chat the anfenna dipole 

Z mZ, a * "' C, ° r ol 4 ' and 8 admittance 

ls added in parallel. When I-AJ2 the compensating ad- 
n ttanc. vanishes, since *,1/2 - nil. For ver, thin conductors the antenna is 

*""v.y 2 v 'r - 03.13) ’ 11. so Z. = R. = 292.50. For 
and h* ( V V 7 * 1 W,tl1 positive or capacitive for k 0 l/2 < nil, 

nce ( ] 2 /2) cot k 0 l/2 is a compensating inductive admittance for /< 
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(r) 


Figure 3.5 Equivalent circuits for folded dipole antenna. 

A 0 /2. For / > \J2 the antenna susceptancc ft, is negative, but cot k n l/2 also 
changes sign, so again compensation takes place. With a proper choice of the 
dimensions of the folded dipole the bandwidth of operation can be increased 
over that of a conventional dipole antenna of equivalent thickness by a 
substantial amount. In a practical folded dipole antenna the resonant length is 
a few percent less than \J2, and hence the antenna and transmission-line 
resonant frequencies do not coincide exactly. 

A folded dipole antenna is not limited to a structure with two equal- 
diameter conductors. By varying the ratio of conductor diameters, the im¬ 
pedance step-up ratio can be varied from less than 2 to 20 or more. It is also 
possible to use three or more conductors connected in parallel, with one 
conductor driven. For three identical conductors, the input impedance is 
increased by a factor of 9. A summary of useful formulas for folded dipoleS 
may be found in the book edited by Jasik.t 


t H. Jasik, Antenna Engineering Handbook, McGraw-Hill Book Company. New York. 196i. 
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mn n T'”!* ,ransn ’ issi0 " 'j ne wi,h a characterise impedance of less than 
100n is not very practical because of the close spacing required for the 

conductors. For antennas that must be driven by a two-wire line the much 

higher impedance of a folded dipole antenna is a useful feature for this reason 

redureH "r Cer h" 1 ° f antenna arra y s ,he di P ole Vienna impedance is 

meni? ! 0 ! K r y because of the mutual coupling with neighboring ele¬ 
ments. The higher impedance of the folded dipole antenna helps to offset this 

decrease and thus to keep the required impedance of the feed line within 
reasonable bounds. 

3.3 SHORT DIPOLE ANTENNAS 


At the lower frequencies where the wavelength is large, space limitations often 
do not permit the use of a dipole antenna a full half-wavelength long As a 
consequence the radiation resistance is reduced considerably, and some means 

.Tsuall^ ” Tu ‘V Une ° UI * he large ca P ac ' , ' ve reactance. The latter is 
us ally accomplished by means of one or more inductors connected in series 

efrcieicv^lT*' A add,, ; 0nal .' OSSes in ,hese ,uni, ’8 coils reduce the antenna 
efficiency and gain. A simple tuning arrangement is shown in Fig 3 6 

shown'in Ro n, 3 8 7 CC ! i . ,S m ° VCd '° ‘ he CCn,er of cach of .he antenna, as 
shown in Fig^ 3.7, then a more nearly uniform distribution of current on the 

ob,amed ;. a " d *M* increases the radiation resistance. For a short 

dipole the current distribute, is triangular (sec Prob. 2.2), and the radiated 

powc. is proportional to the area under the current-distribution curve squared 

If a uniform current distribution could be achieved, an increase in the radiation 

obtained* ^ * faC '° r ° f 4 ° VCr ' ha ' f ° r 3 ,riangular d *»tribulion would be 

In order to see how tuning coils arranged as in Fig. 3.7 can improve the 
current distribution, the antenna is modeled as a loaded open-circuited trans¬ 
mission hne as shown in Fig. 3.8. The inductance of the coils should be chosen 
so as «o make the antenna resonant. 11,is is equivalent to making the trans- 
miss,on-hne model effectively a quarter-wavelength long, which means that the 
input impedance in the transmission line model should vanish. Just to the left 
of the cods the input impedance is -jZ { cot k 0 l/4 + /<oZ. 0 . This impedance is 
transformed to the following value at the input: 



jZ c cot k n - + j(oL 0 + jZ c tan k 0 - 

_ _ 2 _ 4 

Z c + (jtoL 0 - jZ, cot k 0 '-)j tan k 0 ~ 

4 / 4 



Figure 3.6 Short dipole antenna with 
tuning coils at the input. 



Figure 3.7 Center-loaded short dipole antenna. 


The input impedance will vanish when the numerator in the above expression 
vanishes; thus 



(3.23) 


which determines the required inductance. 

We will now use the transmission line equations given in App. II to find the 
voltage and current standing waves on the transmission line. On the left-hand 
section we can write 

V = V, sin k B z (3 24 a) 

I = /, cos k„z (3.24 b) 

since the zero input impedance conditions require the input voltage standing 
wave to have a node at z = 0 and the current standing wave must then have a 
maximum. The relationship between V, and /, is obtained by using dV/dz - 



Figure 3.8 Transmission-line model of a center-loaded dipole and Hie voltage and current standing 


waves. 
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jtoLl to obtain 


k 0 V ] cos k Q z - —jioLI) cos k 0 z 


i/ r -/L . 

v i = —— 1 1 = —= /, = -jZ I. 

k n VLC f ' 


(3.25) 


:z^±'v,:^ LC ” d z - ■ VL,c ' " hkh «-'-’-—ip' h* h„,<, , or 

In the section to the right of the coils, the current standing wave must 

,hc vo,,aee s,andins — wm v .,ue. 


v= V 2 cos *„(~z) 
/ = It sin 


(3.26,,) 


(3.26/>) 


where again V 2 = 
hence 


jZ,l 7 . At z - 1/4 the current is continuous through the coils; 


/i cos k„^ - / 2 sin k„^ 


(3.27) 


The voltage drop across L 0 is jozl^l, cos *„//4, and this requires that the voltage 
on the transmission line be discontinuous, so g 

V, sin k n '--V 2 cos ft 0 = ja,L 0 I t cos k n 


iZ, I, sin k„ - + jZ c l 2 cos k n - = j,oL„!, cos k n - (3.28) 

after expressing the voltages in terms of the currents. When the relation (3 23 ) 
is used, bq. (3.28) gives 7 

l 2 = /, cot k 0 ~ ( 3 . 29 ) 

which is consistent with the relation (3.27). 

For an antenna with l & A^/4 we can approximate sin *„(//2 - z) by k„<l/2 - 

C ,n y by ‘" ,i,y ’ since ,he maximum value of the argument is only 
, ~ nl,2Xn f " /8 -,1" "'is approximation the current is uniform atid equal to 

/, for z up to 1/4 and then decreases linearly to zero at z = 1/2. The current and 
voltage variations are shown in Fig. 3.8 in the general case. For the ap¬ 
proximation made here, the area under the current-distribution curve is 
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2(1,114+ /,//«)= 37,1/4 instead of 1,11 2 for a triangular distribution. Thus the 
radiation resistance is increased by a factor of (1.5) 2 , or 2.25, which demon¬ 
strates the advantage gained by placing the tuning coils in the center of each 
antenna arm, as in Fig. 3.7, instead of at the input, as shown in Fig. 3.6. 

Another method used to provide a more uniform current distribution on a 
short dipole antenna is to provide capacitive loading at the two ends. One 
method that may be used is to connect four or more radially oriented 
conductors of length /, at each end, as shown in Fig. 3.9. The current does not 
need to vanish at z = ±112, since it can divide and (low into the radial arms. At 
the ends of each radial arm the current must go to zero. The overall effect is a 
lengthening of the antenna by an amount 21,, and this will make the current 
distribution on the antenna proper more nearly uniform. The current will be 
nearly equal to / 0 sin k 0 (//2+ /, - |z|)/sin fc 0 (//2+ /,) up to z ^ ±11 2. If the 
antenna is short, this current distribution may be approximated by the expres- 
sion 

'«-*(•- *&;) M' 4 e »> 

The area under this current distribution curve is 



f2 \ . _ 4 (l1/ «o 
V |/2+/,' * 2/,+ / 2 


(3.31) 


The improvement over a triangular distribution is (4/,+ /)/(2/, + /). If /, - //4 
this is a factor of 4/3 and will increase the radiation resistance by a factor of 


16/9, or 1.78, 



f' 

• t 
\ 

% 

■u,* 

Figure 3.9 A capacitivcly loaded short dipole antenna. . 
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The capacitively loaded dipole antenna may also be modeled by a trans¬ 
mission line with a terminating capacitance, as shown in Fig. 3.10. The current 

standing wave on this line may be determined in a straightforward manner and 
is (see Prob. 3.6) 

/ 

/(2) = ^ Sin( “ " k ° Z) (3-32) 

where 


a 


^+ tan 



(3.33) 


and X c is the capacitive reactance added at the end. This relation shows that 
the antenna is lengthened by an amount 2I\ = 2k;' i»n'(ZJX r ) or tan k 0 l\ = 
ZJXf The transmission-line model is, of course, not exact, but it does predict 
the general expected effect of capacitive end loading. For a short antenna the 
current distribution given by Eq. (3.32) can be approximated by 




2H 

2 ZJKX, 


(3.34) 


where we have also made use of the approximation ta n '(ZJX c ) = ZJX„ which is 
normally true in practice sirice the amount of capacitive loading that can be 
obtained is quite small; that is, X c is large. 

For the antenna shown in Fig. 3.9 the currents in the radial arms are 
oppositely directed and hence produce only a small change in the radiation 
pattern from that of a similar antenna without capacitive loading. 

One of the reasons for introducing the biconical antenna and its trans¬ 
mission-line features was to establish a basis for looking at a dipole as an 
open-circuited transmission line. This point of view is very helpful in providing 
an insight into the various effects that are produced by loading an antenna with 
scries coils or using capacitive end loading. 

Multiband dipole antennas are sometimes constructed from long dipole 




Figure 3.10 Transmission-line model for a capacitivcly loaded antenna. 
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structures with parallel-tuned resonant circuits located at suitable points along 
the antenna in order to make it function as a shorter dipole antenna at a given 
high frequency and yet function as a longer dipole antenna at a given lower 
frequency. One structure of this type is shown in Fig. 3.11. The L t C , circuit is 
chosen to be resonant at the frequency where /,= A„/2. The resonant circuit 
provides a very high impedance to the current and effectively isolates the outer 
portions of the dipole from the inner section at this frequency. At some desired 
lower frequency the L,C, circuit has a net inductive reactance and forms a 
loading coil to tune the dipole antenna of length / to resonance at this lower 
frequency. This antenna may also be analyzed as a transmission-line circuit in 
order to establish its main operating characteristics. An approximate analysis of 
this antenna is called for in Prob. 3.7. 

3.4 MONOPOLE ANTENNAS 

A monopole antenna consists of one-half of a dipole antenna mounted above 
the earth or a ground plane. It is normally one-quarter wavelength long, except 
where space restrictions or other factors dictate a shorter length The vertical 
monopole antenna is used extensively for commercial broadcasting in the AM 
band (500 to 1500 kHz), in part because it is the shortest eflicicnt antenna to 
use at these long wavelengths (200 to 600 m) and also because vertical 
polarization sullers less propagation loss than horizontal polarization does at 
these frequencies. The monopole antenna is also widely used for the land 
mobile-communication service. Figure 3.12 shows a typical vertical tower used 
for AM broadcasting. The support wires arc broken up into sections no longer 
than one-eighth wavelength by means of insulators m order to keep the 
induced currents in these guy wires small. The base of the tower is insulated 
from the ground, and the system is fed by a coaxial transmission line, with the 
outer conductor connected to ground. Figure 3.13 shows a monopole antenna 
mounted on a lower above a ground plane consisting of four radial rods 
approximately 0.3 wavelengths long. Ihesc rods simulate a large ground plane 
sufficiently well that the radiation pattern and gain are very close to those of a 
half-wave dipole antenna. This antenna is a typical base station antenna used m 

mobile communications. 



Figure 3.11 A dual-band dipole antenna. 
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Figure 3.12 A vertical quarter-wavelength tower for broadcasting on the lower frequencies (below 
2 MHz). 


An ideal quarter-wave antenna mounted above a perfectly conducting 
large ground screen has a radiation resistance of 36.56 0. Practical quarter- 
wave antennas mounted above a suitable ground screen have a radiation 
resistance close to this value. For quarter-wave antennas mounted above the 
earth the poor conductivity of the soil results in excessive power loss from the 
induced currents in the soil. This dissipation reflects itself as an increase in the 
input resistance of the antenna and a large decrease in efficiency. The cflect of 
poor ground conductivity is overcome by installing a ground screen, which 
usually consists of approximately 120 radial wires extending outward from the 
antenna base for a distance of about A„/3, as shown in Fig. 3.14. The screen is 



Figure 3.13 A monopole antenna with a four- 
radial-arm ground screen. 
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normally buried several inches below the surface of the ground^ A ground 
system of this type will keep the additional resistance added to the radiation 
resistance at a nominal value of around 211 which represents an efficiency of 
around 95 percent. 

For economic reasons il may not be possible to build a tower one-quarter 
wavelength high at the lower frequencies in the AM broadcast band and below 
In this case a base-loading coil or some other form of matching network must 
be used to tune the antenna to resonance. Capacitive top loading is sometimes 

also employed. . ... 

Quarter-wave antennas arc widely used in mobile communications, with 

the vehicle itself providing the required ground plane. In the 27-MHz citizen 

band, a quarter-wavelength monopole antenna is 2.77 m long. Many citizen- 

hand users find an antenna of this length undesirable. Consequently antennas 

for the citizen band are often only 1 to 1.5 m (3 to 5 ft) long and use either base 

loading oi center loading to tune the antenna to resonance, llie overall 

efficiency will not be as great as for the full-length antenna, since the radiation 

resistance is reduced quite markedly, and the unavoidable dissipative losses in 

the tuning coil, ground screen, and the antenna itself will consume a significant 

fraction of the input power. 


3.5 BALIINS 

A balm is a device used to couple a balanced system to an unbalanced 
system t A dipole antenna fed by a two-wire transmission line is balanced with 
respect to the ground, provided the two halves of the dipole have the same 
orientation and placement with respect to the ground. In the balanced mode 
the two halves of the dipole are at potentials V and - V with respect to ground. 
If the dipole is connected to a coaxial transmission line, which is an unbalanced 
drive system, then the outer conductor and one arm of the dipole will be at a 
different potential level with respect to the ground than that of the center 
conductor of the coaxial line and the other arm of the dipole. The result is that 
currents are excited on the outside of the outer conductor of the coaxial line, 


t Ibc word balun is derived from ihe word combination balanced-unbalanced 
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™ d e Sr? in ' h , e ,WO halves of ,he di P° ,c antenna will no, be ,hc same 
rhe adialion from ,he current on ,he ou.side of the coaxial line will interfere 

with he radiation from the dipole antenna, with a resultant modification of the 

radiation pattern. The change in the radiation pattern, which is not readilv 

unbalanced 3 nlod ' r ' ca 'ion «f the antenna input impedance because of the 
fine is used “ / e,Tec <* Therefore, when a coaxial feed 

system to a'hala™ 7 "', . r" '* " ecessar y '° convcrI ^ unbalanced feed 

are c^nstruCJr- ^ T CO, ’ nec,ion ,h <= antenna is made. Baiuns 

involved A det" 1 - 3 ^ °' ^ ° n ,he ^uency band 

book t deSCnp " 0n ° f SeveraI *yP es of baI “»* is given in Chap. 31 of Jasik s 

in Fie Tft't 7 b , ah ': * USCfU ' a ’ " ,e higber fre <^ncies is shown 

g. 3 15a. It consists of a sleeve one-quarter wavelength long placed around 

the coaxial line at the position of the antenna. Hie end farthest away from the 

an enna is connected to the coaxial line outer conductor, and the other end is 

on r a 7 C I™’, S ,' eCVe fUnC,i ° nS 3S 3 short-circuited transmisSon line 

inniH en TiTirh t'’ 8 T a " d ^ prCSe "' S " Ve,y hi 8 h ‘"’Prance a, the 
nput end This high impedance prevents currents from flowing on the coaxial 

onUmcr 7 d,“ Ch0ke 0,T '' ,hC CUrrCnK F ° r this this balun Ts 

sometimes referred to as a quarter-wave choke 

s l * ir 1is i" television sys(ems i» 

shown in Fig. 3.15b through 3.15e. It consists of two lengths of transmission 

line with characteristic impedance Z„ with the load Z, equal to 2Z f connected 

in series, and with the input terminals connected in parallel The input 

7~r' S Z a\' h° 3 S ‘ andard C ° axial Iinc wi,h characteristic impedance 

o WO ? "’ Pl " W ’ 3 f ° ,dcd dipole wi,h rad iation resistance 

coax^aMine TnJ ,be an,cnna 'VP* of balun thus allows an unbalanced 

imnedl r ,t ? C ° nnec ' " ,c an,cn " a lo lbc receiver and provides an 
impedance match as well. v 

Fio T ^l V r t>0n u ° f ,' hiS , bal " n may be u, 'derstood by referring to the series of 
•g 3.15b through 3.15e. In Fig, 3.15b the two transmission lines are excited in 

he midi T 7!L r , eSP , eC ' , 8rOUnd Fro,n " ie ^mme.ry of the excitation, 
the midpoint a of the load and the point b can be seen to be at zero potential 

Urns these points can be connected together and Z,/2 then becomes the 

terminating impedance for each line and should be equal to the characteristic 

, e ,c ra T iSSi0n Iines Mcnce ,he ma,ched load impedance 
equals 2Z C . In Fig. 3.15c all input terminals are driven with the same potential 

with respect to ground. The four conductors are equivalent to a single 

conductor, and the input current will be small, since the load impedance now is 

he stray capacitance between the antenna and ground. The inductance of the 

four conductors in parallel also presents a high impedance to the current In 

Fig. 3.15a the two modes of excitation are superimposed. The result Is that the 

terminals 1 and 4 are at a potential 2 V and terminals 2 and 3 are at zero 

- .- 


t Ibid. 
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Figure 3.15 (a) The quarter-wave choke balun. ((.) Transmission hne balun. balanced modejc) 
Transmission line balun. unbalanced mode, (d) Transmission line balun. superposdton of b, anced 
and unbalanced modes, (e) Transmission line balun wound on lerrt.e core to suppress unbalanced 

mode currents. 

potential. These pairs of terminals may be connected together and driven by a 
single voltage source with one end connected to ground; that is, the input 

source can be unbalanced with respect to ground. 

Let /, be the input current for the balanced mode in Fig. 3.15ft and let /, be 
the input current for the unbalanced mode shown in Fig. 3.15c. The input 
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impedance for the connection shown in Fig. 3.15d will be 

7 2V V Z -' flL 
' in 2(/, + /,) ' " 2 " 4 

Til a n d Zf 7 2 V// " 88 Fig ‘ 3 l5b Sh0WS ' >" ^der ‘o increase 
die impedance to the flow of the current /„ the transmission lines are often 

oara?.H° n * , 1°'°'1*' T' 1 ' hereby increasi "8 inductance of the four 
cTen C °" ^ ( see F 'g 3.15 c). This has little effect on the balanced mode 
current, since this is a transm.ss.on-linc mode with equal and opposite currents 

in the ferri.etore ^ "’ erCf ° re d ° CS n °' pr ° duCe any magnetization 


3.6 INTRODUCTION TO ANTENNA ARRAYS 

Hie dipole antenna is a very simple antenna suitable for use when a nearly 
omnidirectional pattern is required. However, its gain is low. In many com- 

mucTmoe KTV"* ” in Poin'-to-point communication, and a 

much more highly directive beam of radiation can be used to advantage Hy 

arranging several dipoles (or other elementary radiators) into an array a 

thlTante n T f°" ^ ° b ' aincd ' A morc dircc,ivc beam means that 

the antenna w,l also have a higher gain. Simple arrays are readily built that 

will give gams of 10 to 15 dB over that of a half-wave dipole. An increase in the 

gam by a factor of 10 permits the transmitter power to be reduced tenfold for 

the same signal strength a. the receiving site. If, in addition, the receiving 

afforded *f *° ,i aS 3 ga ' n ? f . IOdB - 3 fUr,hCr ,Cnf0ld reduc,i on in power can he 

pain nflhe “T *" 1 * performa " ce " * apparent that increasing the 
gain of the antenna has significant advantages 

the peneraf' '° 'T™' b f C mC,hod USed in a " alyzi "* arrays, consider 

widfdm ay Sh ? Wn ,n u F ' g 316 This array consis,s of N identical antennas 
with the same orientation but excited with relative amplitudes C, and phase 

for the ith antenna. I he position of the ith antenna is given by the position' 

ector r. For reference purposes we let the electric field radiated by a 

unhy C be Ce * a ' " ,e ° rigi " 3nd wi "’ an ^citation coefficient of 

£-/V 

E(r)= f(0, (3.35) 

where f ( 0 , 4 ,) describes the electric-field radiation pattern of the elementary 

, 1 a " ,ennas ,n ,hc array arc essentially parallel. Thus the 

TTie d . ?"r a ' an,en " a ‘° "’ e far ' field P oinl of interest is R, = r - a • r 
delav h produced by the ith antenna will suffer a propagation-phase 

elay by an amount k n a, • r, smaller than that of the reference antenna at the 
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Figure 3.16 A general N-element array 


origin. (This antenna is not necessarily present in the array; it serves as a 
reference to which the radiated field of the antennas in the array can be 
compared.) When the different propagation-phase delays and the different 
amplitudes and phases of excitation are taken into account the resultant field 
from all the antennas in the array can be expressed in the following form: 

N r i 

E(0 = X Q «»><«. *) 4 — 

.-/‘o' N 

= 1(0.*)- -Y c, " (3 36) 

4rrr 

In this expression we have used the approximation R,~r in the amplitude 
factor 1/r. Note that even though R< and r may differ by less than one part m a 
thousand, this could still represent a distance of several wave engths. so he 
approximation of putting R, equal to r cannot be used in the exponential 
function A path difference of one wavelength corresponds to a phase change 
of 360° These phase differences due to different path lengths from the various 
antennas in the array are of fundamental importance in controlling the inter¬ 
ference effects that enable a directive beam of radiation to be formed. 


Principle of Pattern Multiplication > ' 

If the expression (3.36) is examined, it will be seen to be the product of the 
radiation field from the reference antenna and the array factor F(0 , *) given b)f 

F( 0 .<*>)=£c i e'”‘‘ / ‘'’*' r ‘ (337) 

• i-1 
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The radiation pattern and directivity is proportional to 167rV|E| 2 and hence 

D(0,<£)« |f(0,<»)| 2 £ 

= |f(0, (f>)\ 2 \F(0, <f>)\ 7 (3.38) 

This relation expresses the very important principle of pattern multiplication, 
which states that the radiation pattern of an array is the product of the pattern 
function of the individual antenna with the array pattern function. The latter is a 
function of the location of the antennas in the array and their relative complex 
amplitudes of excitation. We will have several occasions to apply this principle 
in this chapter. 

The derivation of the principle of pattern multiplication rests on the 
assumption that all antennas in the array have the same radiation pattern. This 
assumption is generally not correct, because the current distribution on an 
antenna is affected by mutual coupling effects with nearby objects, that is, the 
other antennas in the array. Thus the elements near the sides of the array will 
be influenced in a different manner from those in the center of the array. 
However, the modification in the radiation pattern of the individual antennas is 
often small enough that it can be neglected. The general behavior of arrays can 
be predicted with good accuracy by assuming that the principle of pattern 
multiplication is valid, so we will proceed on that basis in the discussion that 
follows. 

In the study of arrays it is usual to focus attention on the array factor 
alone, since in an array with high directivity the individual antennas usually 
have a very broad pattern, and most of the directivity is contributed by the 
array factor. For the most part we will follow this procedure in the discussion 
of various antenna an ays. 

Uniform One-Dimensional Arrays 

Figure 3.17 shows a line array of N + 1 elements, which for convenience we 

t 



Figure 3.17 A line array of N *■ f haif-wave dipoles. 
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assume to be half-wave dipoles, spaced by a distance d. Each antenna is excited 
with the same constant amplitude C = /„ but with a progressive phase change 
ad from element to element, so that or. = nad. For this array direct application 

of Eq. (3.37) gives 

F(0, </>)=/„£ * 


where .// is the angle between the radius vector a, and the array axis, which is 
the * axis in this case. Note that r, = nd», so that ' r -" J" 

nd sin e cos a relation that will display the 0 , <t> dependence of F(ft </>)■ Hie 
above expression is a geometric series that may be summed using the known 

relation 


1 N * 

1 - TV 

1 - w 


(3.39) 


Thus wc find that 


F«V 


1 - e 


l(N* lX'»**octw*V* 


] - £>(«♦* a'<*+)* 


_ # „/(NW***o«"*V*' 


sin([(N + l)/2](« + k 0 cos i/<)d } 


sin[(n + k„ cos i//)d/2] 


(3.40) 


The array field pattern |F| is given by 


I sMKN + 1)/21(« + <c 0 cos </>)d) 
M sin(a + k„ cos if)dl2 


(341) 


In order to study the array factor it is convenient to introduce the new 
variable u given by 

u - k„d cos if (3-42) 


and also the variable u 0 given by 


i<„ = ad 


(3.43) 


The array factor can now be expressed as 


|F(«)I = V 


sin{[(N + l)/2 )(n + u 0 )} 
sin((n + u 0 )/2] 


(3.44) 


%,s function behaves very much like the well-known function (sin«)/«• «“P» 
that it is periodic. In Fig. 3.18 the array factor given by Eq. (3.44) 'sshownasa 
function of u. Note that major maxima occur when « = -«<„ and whenever 
( U + , ( „)/2= mn, where m is an integer. These maxima have a peak value of 
(N + l ! 0 corresponding to an in-phase addition of the radiated field from all 
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Hgure 3.18 Array factor for a uniform line array. 


N + I dipoles. The intervening smaller maxima are called side lobes, with the 
largest one occurring a distance 



2 (N + l)/2 N + 1 


away from -u„. These first side lobes have an amplitude equal to 2/3 n, or 0.21, 
of that of the main lobe when N is large (eight or more). There are N - 1 
minor lobes between adjacent major lobes. 

As a function of u the array pattern repeats every 2 n units along the u 
axis. Wc now note that since 

u = k 0 d COS «// 

the range of u corresponding to physical space or the visible region is -k 0 d =s 
it s; k 0 d since cos t// lies between - I and 1. Thus the visible region corresponds 
to a value of u equal to ±2ndl\„ on either side of u = 0. In practice we 
normally want only one main lobe to occur in physical space, and this requires 
that we choose the spacing d small enough so that the region a distance of 
±2nd/\ 0 on either side of u = 0 does not include another major lobe, as shown 

m Fig. 3.18. Two special cases of importance are the broadside array and the 
end-fire array, which we discuss below. 

Broadside Arrays. When we put « = 0 then u„ = 0, and the major lobe maxi¬ 
mum occurs at u = 0 or cos if = 0, which gives if = n/2. Thus maximum 
radiation occurs broadside to the array axis, as intuition would tell us should be 
the case with all elements fed in phase. If we examine Fig. 3.18 we see that, 
provded we keep the spacing d between elements somewhat less than A„, 
additional major lobes will not occur in visible space since the closest other 
major lobes are ±2 tt away from the lobe at u = 0. The visible region extends 
from k 0 d to k 0 d and this will lie within the interval -2n < u<2n, provided 




112 ANTENNAS 


ll is of interest to determine the angular width of the main lobe between 
zeros since this is a measure of the beam concentration achieved. The nulls for 
the main beam occur when the argument of the sine function in the numerator 
in Eq. (3.44) equals ±tt; thus 

—-— k 0 d cos ip = ±n 



For N large, cos .// is small, so .// is close to ttI 2. Hence if we let </< = 7r/2± At/' 
we can replace cos(7r/2 ± Ai/t) = ± sin Ai// by ±A.//. Consequently the beam 

width BW is given by 


BW = 2 Ai/< 


(N + I )d 


(3.45) 


where L=(/V+l )d is essentially the length of the array. Equation (3.45) 
expresses the general property of a broadside line array that the beam w.dth is 
inversely proportional to the array length measured in wavelengths. For a 
beam width of 6°. or about 0.1 rad, an array about 20 wavelengths long is 
required. This is quite feasible at high frequencies, but at 1 MHz, where 
A =300m the array length would be 6 km, which might prove to be im¬ 
practical. (It certainly would be costly to build 20 or more towers X tall and 
to purchase the large tract of land required for the installation.) The array 
amplitude pattern factor shown in Fig. 3.18 can be easily shown as a function of 
0 and </>, as in Fig. 3.19a. If the array consists of half-wave d.po es then the 
overall resultant pattern is the product of the array pattern with the dipole 
pattern, as shown in Fig. 3.19c. Note that the null along the z axis for the 
dipole pattern results in two fan beams along the ±y directions, together with 
(he minor lobes or side lobes. 

It is generally quite difTicult to calculate the absolute value of the directivity 
for an array because the complex pattern makes it difficult to evaluate the total 
radiated power. In the present case it would require evaluation of the following 

integral: 


2 " r n /cos(tt/2 cos 0 ) sin{[(N + 1)/2]M sin 0 cos 


m i 


0 "0 


sin 0 


sin[(/c 0 <//2) sin 0 cos <p\ 


—^ sin OdOdfp 


A reasonable estimate of the directivity may be obtained by dividing 4rr by the 
solid angle occupied by the main beam and approximating this by the product 
of the principal E- and H-plane half-power beam widths. For the array under 
discussion, the E-plane half-power beam width is that of the half-wave dipole 
antenna and is 78°, or 1.36 rad. The H-plane half-power beam width is 
determined by the array factor. This may be obtained by equating Eq. (3.44) to 
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Figure of revolution 
about z axis 


((( 




Beam 

cross section 


Sl“ e 7n muli-nr, -P Malf -» ,ve dipole pallem. (c) ReMiltanl pRi.crn oblained by 

pattern multiplication but with side lobes not shown y 


(/V+ 1)/ 0 /V2; thus 


• j/W + I \ I n <\ 7 
sm {N + [) . 


In this expression sin u/2 was replaced by i//2 since the denominator in Eq. (3.44) 
varies much more slowly than the numerator and u is close to zero. The 
solution for u may be found with adequate accuracy by approximating the 
remaining sine function by the first two terms in its series expansion; thus 


sin (^~)“ - (# + i) ~ j «(n + l)’(-) ’ = 


3 h(N l- 1) 


2V2 


which gives 


•. .t.Im 


Win — 


2.65 
N + 1 
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Now Hlfl =Mcos(ir/2-AW“MA^, so the half-power beam width is 
given by 

2.65 x 2 2.65A 0 .^-v 

BW,„=2A^= (N + lW - ()V+1) ^ 

The directivity is now readily found to be 

4rr ,^( N+I ) ti 

--—---- V4N-- 


(3.46) 


47T 

2xT36x BW 


= 5.48 


(3.47) 


where the extra factor of 2 in the denominator accounts for the: presenc^of two 
beams. As an example, consider a 21-element array w.th N = 20 d - 0.9A 0 . We 
then find that BW„ 2 = 0.045 rad, or 2.54°. The est.mate for the d.rectmty .s 

(there are two beams) 


2 x 1.36x0.045 


= 103 I or 20.1 dB 


Thus a 21-element array has a very substantial directivity and also a large gain 

since the losses would normally be quite small. 

If the array elements were isotropic radiators instead of half-wave dipoles 
the pattern would have rotational symmetry about the array axis. In place of 
the factor 1.36, which is the half-power beam width of the dipole antenna, we 
must now use an angular width of 2n in the formula for D and also delete the 
extra factor 2 in the denominator. Hence, for a uniform line array of N + 1 
isotropic-radiating elements the estimate for the directivity becomes 

4rr__ 2n_ (N^\)d 2 J7 (N + 1 )d 

D ~2rrBW in 2.65 A 0 A 0 

A theoretical formula for the directivity of a line array of isotropic 
radiators can be derived quite readily and will provide a useful check on the 
estimate given above. For isotropic radiators the radiated electric field is 

proportional to 

£7 a j gin(nd*kodcm+) 

n-0 

The directivity is given by 


D = 


4rrlE m J ? 

J 0 2 ' j; |E(0, <*>)!’ sin 0 dft d<f> 


We can choose .he a.ray axis as .he a axis and .hen, since E depends only bn 
the polar angle i/», we obtain 



4rrlE m „f _ 

2n \Etyf sin ip d<\> 
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If we now change variables by letting u = ad + k„d cos </., du = - k 0 d sin <// </<//, 
and with limits on u from (a + k„)d to (a - k n )d we obtain 


D = 


2i *:. 0 i n \%d _ 

du 

_ MlSiT-oEP ___1 

S" o Sj'.o UZ e"" °'>° rf [sin(n - m)k B d\/(n - m) 


(3.48) 


For the second special case of a uniform array with all /„ = /„ and d = AJ2, this 
expression becomes 

_ k 0 d(N + l) 2 


jy _ _ ' a ) _ 

(sin(n - m )7r )/(/i - m) 
k 0 d(N + 1) ? d 

since all terms in the denominator vanish except the N 4- 1 terms corresponding 
to n = m 9 each of which equals n. When we compare this exact expression with 
our earlier estimate we find that in place of the factor 2.37 we have a factor of 
2. so our estimate was about 18 percent too large. 

In general, for a uniformly excited array of N -f 1 isotropic radiators, the 
expression for D simplifies to the form 


1 + 1 lk 0 d X* , [(N + I - s)/{N + 1 )s] cos sad sin sk 0 d ^ ^ 

This form is obtained by introducing a new summation index s = n - m in F.q. 
(3.48) and noting that there are (N + 1)5 = 0 terms; Ns = ±1 terms; (N - \) s = 
±2 terms; or, in general, (N + 1) - |^| terms in ± 5 . When the ±5 terms are 
combined to give the cos sad factor, F.q. (3.49) is obtained. 

hnd-fire Arrays. If n 0 is chosen equal to - k n d , a beam maximum is formed 
when u = -n 0 = k 0 d = k 0 d cos (// or at »// = 0, which is along the array axis. The 
progressive phase change ad along the array is then -k n d, an amount that just 
ofisets the propagation-phase advance from element to element in the v 
direction. An array that is phased to produce a beam along its axis is called an 
end-fire array. If u 0 is chosen equal to k n d then the beam is formed in the -x 
direction. 

The array factor and resultant array pattern are shown in Fig. 3.20. From 
this figure it is seen that a spacing d of somewhat less than \J2 is now required 
to avoid having a second beam appear in visible space. The second beam first 
begins to appear along the -x direction when d approaches XJ2. The array 
pattern is again a figure of revolution about the array axis. 

For the end-fire array the array factor is 


N+ 1 


|F|=/ sin <K N4 ~ l)!2]k 0 d{cosij,- 1)} ; 
n sin[(/c 0 rf/2)(cos ip - 1)] 


(3.50) 
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x 


(b) 

Figure 3.20 Array factor and array pattern for an end-fire array. 


The main beam nulls occur when 


—-— k 0 d (cos <// - 1)= 

For N large, the value A<// of ■ 1/ at the nulls is small, so that cosA.//'* 
I - (Ai//) J /2 and we obtain 

(Ai//) J _ 2 -tt 

2 (N + 1 )k 0 d , . " j 

or 'I 1 '' 1 


BW - 2 Ai// = 2 




(351) 


where L = (N + 1 )d is essentially the array iength. We see that for an end-fire 
array the beam width is inversely proportional to the square root of the array 
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length measured in wavelengths. The beam is not as narrow in a given plane as 
for the broadside array, but this narrowing occurs in two planes. The greater 
beam width is compensated by a narrowing of the pattern in both the E plane 
and H plane. For a long array the multiplication of the array pattern by the 
half-wave dipole pattern has little effect, since the latter is almost constant over 
the angular region occupied by the array pattern. 

We may estimate the directivity by finding the half-power beam width. 
When we equate Eq. (3.50) to (/„/V2)(/V + 1), approximate cosA.£ l/2 ~ 1 by 
(A'Ai a) »se a two-term expansion of the sine function in the numerator, and 
approximate the denominator by Ac 0 rf(A«A,^) 7 /4, we find that 


Ai// i/2 = 1.63f—-1 

m Lmfr/v + nJ 


1)1 

The solid angle of a conical beam of width Ai l/ w2 is given by 

r 2n 

11=1 I sin 0 dO d<f> — 27r(l — cos 5555 tti 

J o J o 

The approximate expression for the directivity is thus 


(3.52) 


sin 0 d6 d<f> = 27r(l - cos A(//„ 2 ) = tt(Ai// j/2 ) 2 


D - 


4.73 


(3.53) 


Table 3.1 compares the estimated values of D from Eq. (3.53) with the exact 
values computed from Eq. (3.49) from some representative cases of end-fire 
arrays with ad = -k n d. It can be seen that the approximate formula docs give a 
good estimate. 

A greater directivity can be obtained by making the total progressive phase 
delay along the array n rad greater than Nk 0 d. Thus, instead of choosing Nad 
equal to -Nk 0 d t we choose Nad = -Nk n d - n, or 


ad = u n = ~k n d -- 


(3.54) 


which is known as the Hansen-Woodyard condition. This choice makes the 
main lobe maximum occur where u = -t< 0 = k 0 d + n/N or where k n d cos iji = 
k Q d + n/N, which is in invisible space since it requires cos ^ > 1. What has 
happened is shown in Fig. 3.21 and corresponds to shifting the array factor 
pattern to the right by a small amount n/N. The portion of the main lobe that 

Table 3.1 


N + 1 dl Ao D from Eq. (3.53) D from Eq. (3.49) 



1135 
22.7 
8.51 
17.03 


12.17 

26.7 

7.85 

16.04 
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k 0 d u- 0 M u 0 


Figure 3.21 Illustration of the Hansen-Wooclyard condition. 

remains in visible space is now a narrower lobe with a smaller maximum value. 
It may seem a contradiction that reducing the maximum value achieved by the 
main lobe in visible space should lead to an increase in directivity. The 
anomaly is resolved by recalling that the directivity is proportional to the 
maximum power density divided by the total radiated power. The latter is 
proportional to the area under the curve representing the square of the array 
factor shown in Fig. 3.21. For a small shift of the main lobe into the invisible 
region, this area decreases faster than the square of the resultant maximum of 
\F\ in visible space and hence results in increased directivity. By means of a 
graphical evaluation. Hansen and Woodyard arrived at the condition given by 
Eq. (3.53) as the optimum choice for u„ to give maximum directivity. 


Uniform Two-Dimensional Arrays 

A two-dimensional array of half-wave dipoles is shown in Fig. 3.22. It consists 
of N + 1 dipoles along x and M + I dipoles along z, or a total of (N + 1)(M + 1) 
dipoles. The dipoles arc assumed to have the same amplitude of excitation but 
with a progressive phase change along both the x andj^ directions. Titus the 
phase of the current in the ninth element is given by e'"" . 

T he array described may be viewed as an array of M + 1 linear arrays. 
Thus by using the principle of pattern multiplication, the two-dimensional array 
factor is the product of the array factor for the M + 1 antennas arrayed along z 
with the array factor for the N + 1 elements arrayed along x. Thus we have 

sin{[(N + 1)/2](M sin e cos ^ + 

,F( *’ ^ = /n ~sin((d/2)(fc n sin 0 cos <f> + a)] 


sin{[(M + 1)/2)(M c »s 9 + pd)} 
sin((<//2)(fe 0 cos 0 + P)\ 


(3-55 a) 
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I 1 


M ♦ I elements 


N * I elements 


Yj, 


Figure 3.22 A two-dimensional array. 


where we have used a f • a t = sin 0 cos <f> and a, • a f = cos 0. It is convenient to 
let 


u = k 0 d sin 0 cos </> 
v = k n d cos 0 


u 0 = ad 
Vo = Pd 


and rewrite Eq. (3.55a) as 

sin<[(N 4 l)/2](a -f u 0 )} sin([(M + \)/ 2 ){v -f v 0 )} 
sin[(u + u 0 )/2] sin(u f u 0 j/2 

The array factor has its first principal maximum when m = -m 0 , 
which defines the direction in space of the main radiation beam. If a = P - Q 
this direction is perpendicular to the plane of the array, that is, along ±y. For 
suitable values of a and P the beam can be directed in any desired direction. If 
the clement phasing is controlled by phase changers in each element’s feed 
line, control of the beam direction can be obtained electronically so the beam 
can be made to scan any desirable angular sector. Arrays of this type are called 
phased arrays. 

In the case of a broadside array the angular width of the lobe in the xy and 
yz planes is obtained by setting 


N + 1 


U — ±7T 


and 


M + 1 


v = ± 7 T 


as was done for the line array. It is readily found that 

. .. (BW). = 

■ V )xy (N+l)rf 


-1(3.56 a) 


(BW)„ = 


(M+ l)d 


(3.56 b) 
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The beam width in each plane is inversely proportional to the array length in 
that plane. In a similar way the half-power beam widths can be found and are 
given by expressions like Eq. (3.46); thus 


2.65A 0 

= (TTTTm 


(3.57a) 


(BW ib L = 


2.65A 0 


' (M + l)rrd 

The directivity is approximately given by (note that there are two beams) 

4tt 8.83 (N+ I)(M_+ \)d 7 

° “ 2(BW 1 , ! ) ir (BW, n ), I " A * 


(3.57 b) 


= 8.83 


(3.58) 


where we have replaced (N 4- 1 )(M + 1 )d ! by the area A occupied by the array. 
We see that the directivity of the antenna is proportional to the area measured 
in wavelengths squared, a property that is characteristic of all antennas. 

It is interesting to examine how the beam width changes as the beam is 
scanned away from the direction normal to the array. If we assume that P = 0 
and choose ad equal to ~k 0 d cos i// 0 , then the beam direction is at the angle »// 0 
relative to the x axis and in the xy plane. For values of </> close to i// 0 we can 
use a Taylor series expansion of 

Jc 0 d(cos <f> - cos 0 O ) 

to obtain (we expand the function of if> about »A n ) 

k 0 d (cos <t> - cos tAo) ** ("M sin «// n )(</> - *//„) 

Thus when we put (N + l)(w- u 0 )l 2 equal to ±tt to find the beam width we 
obtain 

N 4- I 

—— (-k 0 d sm .//„)(</> - •//„) « ±tt 


and hence 


2\(f> - i// 0 | = 2 A</» = 


_47T__ 2A 0 

(N + \)k n d sin i/r 0 (N 4- 1 )d sin c// 0 


(3.59) 


which is the desired result. It is seen that the beam width is increased by the 
factor 1/sin i// 0 . We now note that (/V 4- \)d sin iJ / 0 is the projected width of thfe 
array in the direction of the beam, and since the projected width is less than 
the true width, the beam width is broadened, that is, it varies inversely with the 
projected width. 

The two-dimensional, or curtain, array produces a single beam on each side 
of the array plane, provided the element spacing d is less than A 0 for broadside 
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radiation and is reduced to less than A^2 for edgeside radiation. If the element 
spac.ng is too large, several beams will be formed in visible space on each side 
of the array plane. The extra beams formed with large element spacings are 

^r“cta, r g r t!l” S ‘'“‘"t ““ ' 8 "™ ,b “ op«»' 


3.7 ARRAY PATTERN SYNTHESIS 

The preceding discussion was limited to arrays with equal amplitude 
excitation. Narrow beams were found to be formed, provided the phasing of 

fere„ e h m ,r ""lu J T '’ e rel "' ive P hi ’ sin g controls the inter¬ 

ference between the radiation produced by each element so as to permit a 

beam of radiation to be formed. If the excitation amplitudes are also varied 

from element to element, it then turns out that considerable control can be 

exercised on the shape and width of the main beam and on the locations and 

amplitudes of the side lobes. Thus it is possible to actually synthesize an array 

o produce a radiation pattern that closely approximates an a priori specified 

P ivn 11llS Syn,h t es,s IS called arr °y P a,,ern synthesis or simply array synthesis. 

Different methods have been developed for array synthesis and are too 
great in number for discussion in this text.t Instead we will look at some of the 

fundamental .aspects of arra y ^thesis and discuss a few selected methods only. 

We will consider only one-dimensional arrays, but the methods may be applied 

to two-dimensional arrays, since for the latter the array factor is the product of 

the two one-dimensional array factors, and each array factor may be svn- 
Ihesized separately. 


Fourier Series Method 

Consider the line array with 2 N + 1 elements, as shown in Fig. 3.23. Let the 
excitation of each element be proportional to C„ for the nth element. For 
in-phase excitation the array factor is 

Z Qe'*-"’* (3.60) 

" - - A 

If we choose C„ = we can write 

N 

F(k n d cos 0) = F(n) = C 0 + 2 2C„ cos mt (3.61) 

f»«| 

which is a finite Fourier cosine series with N+l unknown amplitudes. Ry 
proper choice of the C„, this series can be used to approximate various desired 
radiation patterns F,(u). Note that 0s«<^ S o the range -k 0 dsusk 0 d is 

M^ Syn, ^r e :r s are ,eviewed in r - e - c ° Min an<i p j ^er. m*# VO i t 

McGraw-Hill Book Company, New York. 1969, Chaps. 5, 7. 7 , 
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Figure 3.23 A line array with 2 N + 1 elements 


the range of u that corresponds to physical space. However, the pattern must 
be specified over the complete period -tt <; u < n. As an example, let F d (u) be 
the rectangular pattern shown in Fig. 3.24. A least-mean-square error fit to this 
pattern is obtained by choosing the C„ as the usual Fourier series coefficients, 

that is, 


— f 

2tt J 


Fj(m)cos nu du 


l r**» 

n ■’-Mrt 


cos nu du 


(3.62) 


For the rectangular pattern we find that 



The pattern obtained for d = A„/2 and using only the coefficients C„- 1/2, 
2 c, - 2/tt, 2C 2 = 0, 2C, = -2/3tt is also shown in Fig. 3.24. If we use a very 



Figure 3.24 A desired pattern and the approximation obtained with a seven-element array but with 
elements -2, 2 having zero excitation. 
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proxima .on to H h ” ^ (3 ' 6,) and < 3 ' 62 ) wil1 be a good ap- 

verv'few'elpmf Pa " em °" " ,e °"' er hand - for a s '» a " array with 

few terms inT r apprOX, ™ ,,on wi " be P°or I" general because of ,he 
ar^v nT.J Four.erser.es. I he Fourier series method is one approach to 

erm! an SynIhes,s ‘ hat ,s eas V <o apply and yields a least-mean-square 
error approximation to the desired pattern. q C 


The array factor for an array of 2N 4- 1 elements can he chosen to be 

F(u) = (<’ /( *°‘ //2)c<n * + e -i<^/7) e«*Pj?N 

= (e l{u,2) €- f(u Wy N 




2N 

— 1 LUb — I T= p ~t Nu V f *2N inu 

\ 2 / ^ ( " e (3.63) 

upon using the binomial expansion. The C w = (2NYIn U2N - «\l .i 

Sts s* & ? 3 gr 1 ^- 

Oqs (3.60) and (3.61). that is " "’ " ^ “ 3 ^ ° f "' e S3me « 

F(u) = (CT e‘ yN “ + C]" N e'”“) + [Cj* e *"-*»■ + eft., *'<"'>"] + ... 

= 2C# N cos /Vm + 2CJ" cos(/V - 1) M + . •. + cjf' 

ri:. bir r ial array 'Jt""" is characterized by the complete absence of side 

rX andC™ ,F(M), 7 1 2 n (CO,M/2)2N has 2 " -ros a, cos u/2 1 0 Z 

corre“sno ,T maX,mally "a. a > these points. To make the visible region 

correspond to -n Su x„ we must choose = „ or d , A /2 sjnce „ = *!' " 

shown in Fio’ radia,io " P a "«" of the binomial array is 

Fig. 3.25. The disadvantage with the binomial array is that the 
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Figure 3.25 Array pattern tor the binomial array. 
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half-power beam width is broader than that of a uniform array and the 
directivity is lower. Both of these features are caused by the inefficient use of 
the available array length 2 Nd, since the excitation amplitudes are made 
proportional to the binomial coefficients (this is the origin of the name binomial 
array), and hence the elements near each end of the array are weakly excited. 
The small contribution to the total field from the elements near the ends of the 
array is equivalent to a reduction in the effective length of the array, which 
results in the decreased directivity and larger beam width noted above. 

The Array Polynomial 

Let us consider an array of N + I elements spaced by equal amounts d along 
the z axis (as in Fig. 3.23 but with no elements along -z). The phasing between 
elements is ad. For this array the array factor is 

|F| = (3.64) 

n-0 

where u = k 0 d cos 0, u n = ad. We now let the complex variable Z be defined as 

Z = e*** (3.65) 

The array factor can be expressed in terms of this new variable as an Nth 
degree polynomial: 

|F| = £ QZ" (3.66) 

n-0 

This polynomial representation was introduced by SchelkunofT.t It has the 
advantage that the properties of a polynomial can be related to properties of 
the array factor, and thus it provides a guide to the synthesis of a desirable 
pattern, even though it is not a true synthesis method. 

Any polynomial of degree N has N zeros, so Eq. (3.66) can be written in 
factored form as 

|F| = | C N (Z - Z,)(Z - Z 2 )... (Z - Z„) | (3.67) 

Each factor such as Z - Z, can be interpreted as the array factor for a 
two-element array. Thus we have the theorem: 

1. The array factor of an (N + l)-elemcnt array is the product of the array 
factor of N two-element arrays superimposed to produce nulls at the zeros 
of F, as given by Eq. (3.67). 

Another basic theorem is: 

2. The array factor of an (N + l)-element array is a polynomial of degree N, 

and conversely any polynomial of degree N can be interpreted as an 
(N + 1) element array factor. : 

t S A. Schelkunofl. "A Mathematical Theory of Linear Arrays." Hell Syst. Tech. J., vol. 22. no. 1. 
1043. pp. SO- 107. - • i 


DIPOLES. ARRAYS. AND LONG WIRE ANTENNAS 125 


Since the product of two polynomials is also a polynomial, the following 
theorem holds: 

3. The product of two polynomials is the array factor for an array whose 
pattern is the product of the patterns associated with each polynomial by 
itself. 


Visible space corresponds to - k Q d < u < k n d, and since |Z| = 1 for all real 
values of u and u 0 , visible space corresponds to a portion of the unit-circle 
circumference extending from -M+«n to k 0 d + u 0 in angle measure, as 
shown in Fig. 3.26. When d = XqH a full 360° is covered, while if d = A n /4 a 
range of 180° is covered. For spacing greater than \J2, a portion of the unit 
circle is covered twice. As 0 increases from 0 to n, the point on the unit circle 
moves from an angular position k 0 d + u 0 , in a clockwise sense, to the angular 
position -k 0 d + u 0 . If the coefficients C„ are complex, the additional phase of 
each C n is added to the progressive phase nad for each element's excitation. 
Hie zeros Z„ correspond to zeros in the radiation pattern whenever they lie on 
that part of the unit circle representing visible space. 





Figure 3.26 (n) Visible space,on unit circle 
for element spacing greater than Ao/2, u 0 “ 
0, angular extent 2k 0 d, 6 increasing. ( h ) 
Visible space for element spacing less than 
Ao/2. end-fire array, (c) Visible space for 
d = 3A 0 /4. u 0 = - tt/ 4, all zeros located in 
overlapping region. 
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In order to appreciate how the polynomial representation may he used as a 
guide to array design we can imagine \F\ to be a stretched rubber band at some 
height h above a plane surface. We now imagine pinning this rubber band to 
the surface at the points u n corresponding to the zeros Z„. The band will rise 
above the surface at the in-between points. If we place the zeros close together 
we can keep the band close to the surface over the intervening region, and this 
corresponds to low side lobes. If double zeros are used, then \F\ and its 
derivative arc both zero, and this helps to keep the adjacent side lobes small. 
Along those intervals where there are no zeros the side-lobe level will be large, 
corresponding to a section where the rubber band is not pinned down. 

An example that we have already discussed is the binomial array. For an 
array with N + l elements, m 0 = 0, and d = A 0 /2. let us place all of the N 
available zeros at u = tt, that is, at Z = - 1. This corresponds to the point 0 - 0 
and tt. The array factor is 

|F|=CJ(Z-M) n | 

When this is expanded we obtain 

(Z + 1)" = Z N + C?7 N ' + C?Z N 2 + • • • C% 

where the C* are the binomial coefficients. Hence we arrive at the same result 
obtained earlier for the excitation coefficients. This approach to the binomial 
array demonstrates the additional insight to array behavior obtained with the 
polynomial representation. 

As a second example, consider a uniform five-element array with array 
polynomial 

|F| = |l + Z + Z } -> Z y + Z 4 | 

For this array the first side lobe is approximately 13.5 dB below the main lobe. 
Let us now replace all the single zeros with double zeros, which will reduce the 
side-lobe level considerably. This is readily accomplished by squaring the array 
factor for the uniform array, since every factor Z~ Z n will then appear twice. 
Thus for the new array we choose 

|F| = |(1 + Z + Z 2 + Z- + Z 4 ) 7 1 (3.68) 

The array pattern is the square of that for the uniform array so the first side 
lobe is now 27 dB below the main lobe maximum. The patterns of the two 
arrays are shown in Fig. 3.27. Note that if d < Aq/ 2, the unit circle in the Z 
plane is covered once by visible space, and four pattern nulls occur. When d 
approaches A 0 the unit circle is covered twice and eight pattern nulls occur. In 
addition, grating lobes along the array axis, along with the main lobe at 
broadside, will appear when d = A 0 . 

When Eq. (3.68) is expanded it becomes 

|F| = |1 + 2Z + 3Z ? + 4 Z 3 + 5 Z 5 + 3Z* + 2Z 7 + Z 8 | 
which represents a nine-element array, with the excitation coefficients having 




Figure .1.27 Array factor for a uniform five-element array and for a nine-element array with double 
zeros. 

the triangular distribution 

1:2: 3:4: 5: 4: 3: 2: 1 

It should be noted that the array with triangular current distribution will have a 
broader beam width and smaller directivity than a uniform array of the same 
total number of elements but will have much lower side lobes. The tapering of 
the excitation of the elements of an array towards zero as the ends of the array 
are approached generally results in reduced side-lobe levels and a broader 
radiation pattern and lower directivity. The decrease in directivity and increase 
in beam width may be viewed as caused by the inefficient use of the available 
array length, as discussed earlier in connection with the binomial array. In 
general, reduced side-lobe levels arc obtained at the expense of a decrease in 
directivity and a broader main beam. 

For a broadside array with the maximum allowed element spacing, almost 
two complete circuits around the unit circle corresponds to visible space. Thus 
a broadside array with N + I elements will have 2 N nulls or zeros in its 
radiation pattern, since the N zeros of the array polynomial are encountered 
twice, as shown in Fig. 3.26 a. For an end-fire array the spacing is restricted to 
less than A 0 /2, so less than one complete circuit around the unit circle 
corresponds to visible space. Hence an end-fire array with N + 1 elements can 
have at most N nulls, or zeros, in its radiation pattern (see Fig. 3.26 b). For an 
array with the beam pointed away from the array axis, visible space has a 
portion of the unit circle traversed twice, and the available N zeros can all be 
placed in this region, as shown in Fig. 3.26c. However, this is generally not an 
optimum choice, since it leaves a large region without zeros and thus results in 
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a broad asymmetrical main lobe. The placement of the pattern zeros controls 
the pattern shape and side-lobe level and must be done in an appropriate 


manner. 


Chebyshev Arrays 

One design criterion that is often chosen is that which will produce the 
narrowest possible beam width for a given side-lobe level or conversely that 
will produce the smallest side-lobe level for a given beam width. If we had a 
polynomial with these properties it would be easy to determine the required 
current distribution in the elements of the array. Fortunately there exists a 
series of polynomials known as the Chebyshev polynomials that can be adapted 
to the design of optimum arrays according to the criterion given above. The 
method was first introduced by Dolph, so this type of array is also called a 
Dolph-Chebyshev array .t The theory of the Chebyshev array is readily 
developed by using the Fourier scries representation of the array factor. Before 
presenting this theory we will summarize the basic properties of the Chebyshev 
polynomials. 

The Chebyshev polynomials arc defined by the following relations: 

Ux) = x 

T 2 (x) ■ 2x 2 - 1 

7j(x) = 4x 3 - 3x (3.69) 

7' 4 (x) = 8x 4 - 8x 2 + 1 

r n (x)*2xr n . 1 -r a . 2 

These polynomials also satisfy the relationship 

T„(cos y) = cos ny (3.70a) 

and when y is complex 

7„(cosh y) = cosh ny (3.70/?) 

The Chebyshev polynomials oscillate between ±1 for x in the range -1 to 1 
and have all n zeros in this interval. For |x|>l the polynomials increase 
monotonically, as shown in Fig. 3.28. The zeros of the Chebyshev polynomials 
arc given by 

cos ny = 0 or y = —-- tt m = 0, 1,2,..., n - 1 (3.71) 


(3.70a) 


y = 


m =0, 1,2,...,/*- 1 (3.71) 


The corresponding values of x arc 

1 + 2m 

X m = cos y m = cos ----- TT 


m = 0,1,2,..., n - 1 


(3.72) 


t C. L. Dolph. ' A Current Distribution for Broadside Array Which Optimizes the Relationship 
Between Beamwidth and Sidelobe Level." Proc. IRF.., vol. 34. no. 6. 1946. p. 335. 
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TJx) 



Figure 3.28 Hie first three Chebyshev polynomials. 


I'd us consider the function T,(a -t b cos m) = 2(a + b cos u) 1 - I upon 
using Eq. (3.69). When we expand this and use 2 cos’ u = cos2« + I wc obtain 

7,(a + b cos m) = (2a 7 + b 1 - 1) + 4 ab cos u + b } cos 2 u ( 3 . 73 ) 

which is a finite cosine Fourier series up to the term in cos 2 u. Similarly, upon 
using 4 cos u = 3 cos u + cos 3m we find that 

r,(n + b cos u) = 4(n + b cos uf - 3(a + b cos u) 

= (4a’+ 6aft 7 - 3a)+ (\2a 7 b + 3**- 3fc)cos m 

+ f)ab } cos 2u + b* cos 3 m (3 74) 

which is also a finite Fourier series. In general, T N (a + b cos m) is a finite 
Fourier series with terms up to cos Nu and may therefore be identified as an 
array factor for an array with 2 N + 1 elements. 

For a symmetrical broadside array with 2 N + 1 elements, the array factor is 
given by Eq. (3.61), which we repeat here for convenience 

F(u) = C 0 + 2 ^ C„ cos nu (3.75) 

n 1 

This scries may be equaled to Ihe Chebyshev polynomial of degree N , since 
T N (a + b cos u) is also a series of Ihe same form as Eq. (3.75). The constants a 
and b are chosen to make the visible range of u correspond to values of x in 
T N (x) that range from x = -1 up to x = x„ where x, > 1. Hie value of 7’ N (x,) 
corresponds to the maximum value of F(w), which is greater than 1, and the 
side lobes correspond to - I <x < 1 and are of unit amplitude. There are two 



130 ANTENNAS 


cases that require separate treatment. When the element spacing d is given and 
is less than or equal to Ao/2, the parameter x = a + b cos u reaches its smallest 
value a + b cos k n d for » = 0, ». The design formulas for this case are given 
first. For spacings d greater than XJ2, a narrower beam width for a given 
side-lobe level can be achieved by optimizing the spacing. The design formulas 
for this case are given later. 

As 0 varies from 0 to tt/2 to tt, the variable u = k 0 d cos 0 varies from k 0 d 
to zero to -k 0 d. The variable a + b cos u = x then varies from a + b cos M 
a + b and then back toa + 6 cos -k 0 d = a + b cos k 0 d. These relationships are 
illustrated in Fig. 3.29. We see that x = a + b = x, is (he value of x for the beam 
maximum and x = a + b cos k 0 d should equal -1 to yield the farthest-out side 
lobes at 0 = 0, n. Hence we require a + b - x„ a + b cos fc„d - 1 or 




e 

Figure 3.29 Illustration of relationship between 6 . u. and x. 
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be R W v l SpeClf >' ,h * of ,he main-beam maximum to the side-lobe level to 
be « we reqinre r„(x,)=K. We can use Eq. (3.706) to give x, = cosh v 
r N (x,) = cosh Ny, = R, and hence y, = N > cosh ' R and then *" 

x, = cosh y, = cosh(1 cosh " r) ( 3 . 78 ) 

I he constants a and b can now be found explicitly 

las, 'eroof e r e ?lfh T ^ W , id ’ h ? giVe "’ Thc main bca "> «‘ends from the 

placeTa, 0 [hen the * Va ' UC ° f ' " P '° *> If the bea ' n " 1.11 is 

placed a, 0,. then the corresponding value of u is u, = k n d cos 0 , and x, is given 

x, = a + 6 cos u, = a + b cos(*„d cos 0 ,) 79) 

Now x„ the zero closest to one, is also given by Eq. (3.72) ns 

** = C °* Tn = ® + b COS U • (3.80) 

TXttUtZ "" can h, 

„ = - c os 4 X, cos M 

cos u,~ cos k 0 d (3.8In) 

6 = * + 

cos u,-cos k„d (3.816) 

The bcani-maximum-to-side-lobe-level ratio R can be found from 

7 m(x,)= T„( fl + 6 )= R = cosh [A/ cosh '(a + 6 )] (3 82 ) 

since at m = 0 wc have x = x, = a + b 

*r m d e, j r ?• 

and^comparfng dtilh Eq' (^T^ ^ ^ 

so in practice the compuS.Sn Ls ^ 0,,, ‘ 

W ,Ilus,ra,e 'he design theory by considering two examples. 

41. Nov 'iSpp '^mS Coefficien,S and B-mwidlhs o, Oiehyshcv Arrays,- />«. IRE., vot. 
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Example 3.1: Five-element array with 20-dB side lobes A broadside array 
of five elements, with spacing d = A„/2 and with side-lobe amplitudes that 
are 10 percent of the main-beam maximum, is required (side lobes 20 dB 
below the main lobe). The parameter R = 10 and Eq. (3.78) with N = 2 
(there are 2N + 1 = five elements) gives 

x, = cosh(jcosh'' 10) = 2.3452 

From Eq. (3.77) we obtain a = 0.6726, b = 1.6726. We now use Eq. (3.73) 
to obtain F(u) = T 2 (a + b cos u) = 2.7 + 4.5 cos u + 2.8 cos 2 m. Thus the 
current in clement number 0 is 2.7/„, that in elements -1 and 1 is 2.25/„, 

and that in elements -2 and 2 is \ AI n . 

At the beam null Eq. (3.80) gives = cos tt/ 4 = 0.707 and cos #/, - 
(0.707 - a)/b = .0206, so u x = 1.5501. But u x = k 0 d cos 0 t = n cos 0„ so 0, = 
cos- , (n l / 7 r)= 1.054 rad = 60.43°. Hence the beam width is 2(90-60.43) = 
59.13°. The array factor is illustrated in Fig. 3.30. ■ 

Example 3.2: Five-element array with a 40° beam width The array of the 
preceding example is to be modified to give a 40° beam width. For this beam 
width 0, = 90° - 20° = 70° and u t = n cos 0, = 1.074. From the first example, 
x, = 0.707, so upon using Fq. (3.81) we get a = 0.156, b = 1.156. From Eq. 
(3.82) we find that R = 2.44. We note that reducing the beam width from 59.13 
to 40° (about a 32 percent reduction) raises the side-lobe level from 20 to 
7.75 dB. The resultant array design is not a very good one. The excitation 
coefficients can be found by using Eq. (3.73). as in the previous 
example. 

\F{u)\ 



f igure 3.30 A five-element Chebyshev array with 20-dB side lobes. 
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Superdirective Arrays 

We have found [see Eq. (3.45)] that for a uniform line array the beam width is 
inversely proportional to the array length measured in wavelengths. In prin¬ 
ciple it is possible to design arrays with a fixed length L to have as narrow a 
beam width and as high a directivity as desired. Any array with a directivity 
significantly greater than that of a uniform array is called a superdirective or 
supergam array. In practice, it turns out that these supcrdirective arrays arc not 
practical for several reasons which we will discuss later. 

. '/ " e , have an arra y of fixcd 'ength L and use 2 N + i elements the spacing 
cl - L/2N. There are 2 N zeros available, and if we locate all of these in visible 
space we can keep the side-lobe level as small as possible and still achieve a 
narrow beam and high directivity. Wc will illustrate a supcrdirective design 
will) u n Chosen equal to zero for simplicity. The major lobe peak will be chosen 
to occur at u = 0, or 0 = rr/2. The visible space corresponds to -k 0 d <; u s k n d. 
or in view of (he restriction placed on d. 



We will design the array as a Chcbyshev array and restrict the array length / to 
equal \ J4 and use seven elements. The side lobes will be made equal to 0.1 of 
the main lobe (20 dB down). 

The required clement spacing is such that k n d = k n L/6, or d = A 0 /24. If wc 

follow the procedure in Example 3.1 we obtain a * -73.01544219, = 

74.55587192, and x { = 1.54042973. The relative values of the currents in the 
elements arc 


-3.99200886 x 10* element no. 0 

3.006383214 x 10* elements no. 1 and -1 

-1.2175861 x 10* elements no. 2 and -2 

2.072123161 x 10' elements no. 3 and -3 


In the broadside direction of the main lobe the field is proportional to the 
algebraic sum of all the currents, since they all contribute in phase. This sum 
equals 10.0002 in spite of the very large currents (millions of amps) In each 
element and is due fo cancellation effects because the currents alternate in sign. 
The beam width can be determined as in Example 3.1 and is 69.7°. It is thus 
seen that even though the array length was restricted to \ a beam width of 
69.T could be obtained with side lobes 20 dB down. The array factor is shown 
in Fig. 3.31. Note the small visible region, which does contain six nulls, and the 
very large value that |F(u)| reaches in invisible space (1.28 x 10 7 versus 10 for 
the main lobe). * = 

This example of a supcrdirective array illustrates very clearly why these 
antennas are not practical. The required current in each element is very large 
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irooi 



Figure 3.31 Array factor for a seven-element supergrain array A 0 /4 long (side lobes 20dB down). 

and results in large ohmic losses. The effective current, producing radiation in 
the direction of the beam maximum, is very small because the currents in 
adjacent elements are of opposite sign. Thus relative to the input currents in 
each element, the radiated power is very small, and hence the radiation 
resistance is small—usually much smaller than the ohmic resistance. The 
required tolerance on the current is severe. A change in the current in one 
element by ten parts in several million could reduce the main lobe amplitude to 
zero. The reactive field is related in amplitude to the value of the array factor 
F(u) in the invisible region and is large (due to the large currents), and hence 
the input reactance of the antenna is very large and the band width of 
operation is vanishingly small. These effects are so severe that in practice only 
a very small amount of supergaining could be incorporated into the antenna 
design. A gain greater than that obtained with a uniform array using \fJ7 
element spacing is difficult to achieve. The term supergain is inappropriate in as 
much as the supcrdirective arrays have a vanishing gain because of the high 
ohmic losses relative to the radiated power. Nevertheless, superdirective 
antennas are interesting from the mathematical viewpoint and have been the 
subject of a large number of papers.t 

% 

Chebyshev Arrays with d > A 0 /2 

The narrowest main beam for a given side-lobe level is achieved by crowding as 
many side lobes as possible into the visible range of u. When d is allowed to be 

t A. Bloch cl at., "Superdirectivity," Proc IRE. vol. 4R. I960, p. 1164. This article contains 3l 
references. 
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greater than AJ2 the spacing d can be optimized to achieve the narrowest 
possible beam width. When d>\ 0 /2, k 0 d is greater than tt. Thus * = 
a + b cos u will reach a minimum value of a - b when k 0 d cos 0 = n and will 
then increase in value as 0 moves further toward the value tt, as shown in Fig 
3.32. W r e can allow x to vary from x, (beam maximum) to -1 and back to 1, 
and this will repeat the side lobes in -1 <x< 1 twice in the visible range of u. 
By referring to Fig. 3.32 we see that we need to choose 


= a + b cos (k 0 d cos 0) = a -f b 6= tt/2 


(3.83 a) 


- \ - a - b 


k n d cos 9 = ±77- 


e = COS,± 2J (3R - V ’ ) 


1 = a + b cos k 0 d 0 = 0, n 

The first two equations may be solved for a and b to give 

2 


(3.83c) 


(3.84 a) 


b = 


x,+ l 


(3.84/.) 


while the third equation gives the optimum spacing d. that is, 

cos k 0 d = —j— = t r<k n d< 2n (3.84c) 

Equation (3.82) for the beam-maximum-to-side-lobe ratio R is still applicable. 
When the beam width 0, is given, we require u, = k„d cos 0, and 

a + bcos u, = x, = cos^ (3.85) 

where is the first zero of T„{x) to the left of x - 1. as given by Eq. (3.80). In 



fpadnVrf 32 Rela ' i0nShiP be ' Ween “ and B and 1 a " d “ f«r a Chebyshev array will, optimum 
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addition. Eq. (3.83b) and (3.83c) must hold, so the required design formulas are 


a = 




cos k 0 d = 


x, - cos u x 

1 + COS II, 

r + cos u, 
l + 2 cos u, - x, 

«• ■ I I ■ ■ ■ ■-..■■■ * 

I + cos u. 


(3.86a) 


(3.86b) 


(3.86c) 


Example 3.3: Five-element array with optimum spacing This example t. 
similar to Example 3.1, except that the spacing d is also optimized. For 
20-dB side lobes R = 10 and x, = 2.3452. Hence, from Eq. (3.84), we obtain 
a = 0.6726, b = 1.6726, and the optimum spacing (M ts greater than n) 


2tt 


cos 


_,3-x 


l + x, 


'- = 0.781 


The beam width may be found from 3 he first zero to the left of 1 (or 
TJx) is at x = 0.707 so u, = 1.55, as in Example 3.1. Thus we obtain 
0 . COS '(« lk„d) = cos-’ 1.55/(2rr X 0.781) = 71.59°, which corresponds to a 
beam width of 2(90 - 71.59) = 36.82°. This is considerably less than the 
59 13° beam width obtained by using d = Ao/2. The reduction m beam wid h 
is a result of making the overall array longer by increasing the spacing d to 
the maximum possible value without allowing a second major lobe to occur 
in visible space. The array pattern is shown in Fig. 3.33. 

In the discussion of SchclkunofTs polynomial representation of the array 
factor it was pointed out that for an array with 2 N + I elements a total of 2N 
zeros could be placed in visible space when the element spacing is less than 
A/2. For element spacings approaching A 0 the zeros are repeated, so a total 


lF(u)l 



- 2 * 


-k 0 d 
x* 1 


x = -1 


x = x, 

•-T 


X l 


*0“ 
x= 1 

e = o 


FiRure 3.33 Array factor for a five-element Chebyshev array with optimum spacing (compare with 
Fig. 3.30). '' 
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4N zeros can be placed in visible space. Urn design procedures described 
above do result in the full use of the maximum available number of zeros. 

Hie transformation x = a + b cos u was introduced by Riblet and is ap¬ 
plicable to arrays with an odd number of elements only.t It may also be 

applied to end-fire arrays, and the design formulas may be found in a paper bv 
DuHamcI.t r 1 3 

In the original paper by Dolph, the transformation x = b cos (u + u a )/2 was 

used. A function such as cos Na can be expressed as a polynomial in cos o 

of degree N and contains only even or odd powers in accordance with whether 

N .s even or odd. This property is readily verified by repeated application of 
the formula 

cos Na = 2 cos a cos (N - \)a - cos(N - 2)a 

The array factor for an array with an odd number of elements and with 
symmetrical excitation has the form 

F.-fii+i 2/„cos2r,(^) 

while an array with an even number of elements has an array factor of the form 

_ £ ,, 2m - 1 

F c = Z 2 /„ cos — (u + u 0 ) 

n -1 ^ 

I hese array factors can be expressed as polynomials of the form 




where the C„ are suitable constants. Since the Chebyshev polynomial 
7„(bcos(n t u 0 )/2| is a polynomial of degree M in cos(m + u n )/2 and contains 
only even or odd powers in accordance with the parity of A/, it follows that for 
both cases the array factor can be represented by a Chebyshev polynomial of 
degree one less than the number of elements in the array. 

For the broadside array case, Dolph's method will not yield optimum 
designs if the spacing is less than Ao/2, since it will not allow the full number of 
available zeros to be utilized. However, for the end-fire array and also for the 
broadside array with optimized spacing, Dolph's method gives optimum 
designs. 71ie optimized designs for broadside arrays using eithef Dolph's 

t il J. Riblet. Discussion on "A Current Distribulion tor Broadside Arrays Which Optimizes 
he Relationship Between Beam Width and Sidelobe Level." Prot. IRE. vol. & Wa^ 1447, pp 
^ 89 - 492 . 

652^659 H DUHamel ’ " 0p ' imum Pa,,erns ,or Endfire Arrays," Pror. IRE. vol. 41, May (95.7. pp 
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transformation or Riblet's transformation are identical- The design formulas 
using Dolph's transformation x = b cos(u + u 0 )/2 are summarized below for 
arrays with N elements and an array factor T N ~,[h cos(u + u 0 )/2]. 


Broadside Array with Optimum Spacing 

1. Side-lobe ratio R specified: 


- cosh ^ 


N - 1 


cosh 


R ) 


cos 


k n d cos 0, cos[tt/2(N - 1)) 


(3.87<i) 


(3.87/>) 


BW= n- 20, 


2. Beam width ( 7 r -20,) specified: 

cos[7t/2(/V - 1)] 
cos[(/c n d cos 0,)/2\ 

R = cosh((/V - 1) cosh 1 /)] 

For both cases the optimum spacing is determined by the relation 

M 1 

cos T = - - 


(3.87c) 


(3.88<») 
(3.88 b) 


(3 89) 


End-fire Arrays 

I. Side-lobe ratio R specified: 


/; = 


x, = coshf-cosh 1 R ) 

\N-l / 

10 1 * ?) 1 2x, c os k 0 d)' 
sin 


w 0 = -2 tan 


,(*i + l)cot(Jc 0 d/2) 


Ac n c/ cos 0 


x,- I 

i.-« 1 -2co.- l [ico ! -^ rr 


Beam width = 0, 


The spacing must satisfy the condition 


k n d < 2 tan 




(3.90«) 


(3.90/>) 


(3.90c) 


(3.90d) 


1 
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Beam width 0 , specified: 


= —£j_sin(A:od/ 2 ) - sin[(A: 0 d cos 0,)/21 
\ 2 / {x, + ] 4- 2x, cos[A:or/(i 4- cos 0,)/2)) m 

(3.91 a) 

where x, - cos - 77 

2(N - I) 

i 

(3.91*) 

b - -sec "° ~ k ° d 

2 

(3.91 r) 

X, - b cox V + “• 

2 

(3.9 Id) 

R = cosh[(A/- l) CO sh“'/)] 

(3.9 le) 


Tor the end-fi,. array the design is optimum for all values of d < A ,2 

>W t a give, 

However, very s.V,,l. r L su ^ s T'"“ » "» h redLd 

cnrrenls and ohmic losses, 1 explained earlte,'"" V ' •"** alon 8 wi 'h high 


38 FEED NETWORKS FOR ARRAYS 

n Z 7 \ ,ha ' Wi ," - Vide '"I™ currents 
plicated, because the Tnprn Im^nce f„ r ^ch ?""'h* be VC,y con,- 

mutual impedance with all npiohh 1 c cmcnf ,s affected by the 

acceptable pe^! M |?f^^T? ,OB '"****"* " «" <«** to obtain 
feed networks the various elements ^n" ba " d ° f frc< l«encics. In typical 
or hays according to the overall svmme| S "'' y 8 rou P ecl into smaller subgroups 

fed from symmetrica,feed tZTTZeZT, *Z Z "* ‘ hcn 
nine-element array arranged into thrrr ha example, Fig. 3.34 shows a 

Each bay is fed by a singi? tranlm ! f ^ CO ™* Un * of ,hrce dements each. 

input transmission line The svmmJT 7’ ** br0Ugh ' back '° ,he "lain 

ensures that the exd.afc^rf .h? T arran ? eme '" <> f ">< feed network 

symmetry independent of impedance mi [match" ^ ° f 

effects. In the array of Fie 3 74 -1 "matches and mutual impedance 

excitation as will elements 2 and 8 e ". 1C '! ,S ’ 3 ’ 7 ' and 9 wil1 have the same 

men's 2 and 8 and also elements 4 and 6. By maintaining 
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Figure 3.34 Nine-element array grouped 
into three bays to obtain a high degree of 
symmetry in the excitation of the elements. 

symmetry in ihc fec<l network the problem of achieving the correct amplitude 
and phase of excitation for each element is greatly simplified.t 

One useful method of feeding an element in an array that will force the 
current in the element to be related directly both in phase and amplitude to the 
voltage on a main feed line is to couple the clement to the feed line through a 
section of transmission line one-quarter wavelength long, as shown in Fig. 
3.35a. Let 7 f be the characteristic impedance of the main line and let 7 a be the 
characteristic impedance of the quarter-wave section. Also, let the antenna 
element input impedance be Z otn . If the voltage at the input to the quarter- 
wave section is V ,. then transmission-line theory requires that the current at the 
input to the quarter-wave section be /, »/*-/; and that V f = Z d (/* + / J. 
where /’ and f~ a are the incident and reflected current waves on the quarter- 
wave section. At the antenna element these current waves arc delayed and 



Figure 3.35 (o) A dipole fed through a quarter-wave section. (6) A thrcc-elemcnt array fed 
through quarter-wave sections to produce currents proportional to Y a . and Y f . 


I f he feed arrangement shown in Fig. 3.34 is often called a corporate feed by analogy with the 
typical management organization in a corporation. If the radiating elements are small horns, 
waveguides arc used in place of transmission lines. 
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advanced by 90° and become 

/ in = /: — - -/(/ :+ ,-) 

= ^=- jY'V, 

in-phase currents proporUonahTy 6 v' Tn^'v SinT'tT , elemen,s wi,h 

mission line between each quarter ^ave ’se1 V ,h h" 8 "’ * ‘ hC ,ra " S ‘ 
a-a, b-b, c-c is H,c same . IS > me voltage at each point 

lional to Ihc characteristic admittances of 'each A C "" C "' S arc P r <’P»r- 

V2 can also be used by reSrih^conn^yt ^ " TranSmission '»** 

for the 180 ° phase difference in thi* on !o clement b to compensate 
elements . ""I 8 ' 8 ‘ ' hiS poim th.l to, 

combination of Z\fZ Z\fZ amTzVz" OI V he ma,n ,ine is thc parallel 

its quarter-wave section fhcn Z cnuafs'S'"' T? cl T cn ' is ma,chc <' '« 
and Z, in qUa,S ,hc para,,cI combination of Z fl1 Z h , 

Butler Matrix 

-lie 

as ssa: Si 

* ( F "g ' k *3W) P in orde 8 ‘t h ' * V4 lon **^ a " Sdemen! 

direction is 45° to the left of iUo ,. * . , phasm * of e,emen( A. This 

C. Hansen 
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(d) 


Figure 3.36 (a) Magic tec hybrid junction, (h) Two-element array with beam-forming matrix, (c) 
Beams formed by exciting ports 1 and 4. (4) Path-length delay / for maximum beam dircct.on for 
port 1 beam. 

and may cxisl separately or simultaneously. The principle involved in this 
two-element array may be extended to arrays with many elements and will 
result in a number of independent uncoupled input ports, each of which 
produces a single beam using the full gain capability of the array. The number 
of elements in the array must equal a power of 2 in order to construct the 

beam-forming matrix using hybrid junctions. 

A Butler beam-forming matrix for a four-element array is shown in Fig. 
3.37a. This matrix uses 90° phase-lag hybrid junctions with the transmission 
properties shown in Fig. 3.376. By tracing the signal from the four input ports 
to the array elements, the reader can readily verify that the following aperture 
relative phase distributions are established: 


Port I: 

0° 

-135° 

-270° 

-405 

Port 2: 

0° 

-45° 

-90° 

-135 

Port 3: 

0° 

45° 

90° 

135 

Port 4: 

0° 

135° 

270° 

405 


The system produces four separate beams. 
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Figure 3.37 (a) A Builcr beam-forming matrix for 
relationships for a 90* phase-lag hybrid junction. 


a four-element 


array. (6) Transmission phase 


Arr.ys in which no. all of .he element, are driven are called parasitic arrays. 

opi.mum spacing,, since these parameters are all interrelated in a complex 
nonlmear way. The best-known parasitic array is the Yagi-Uda army7 P 

Fie ^:T P CS V P r S '" C array ' S ,he ,w °-elem'ent array, which il shown in 
Lfrnri f d wh,c . h . cons,s,s of a driven element and a reflector element It is 

this two element "" maX ' mUm radia,i °" a,0,, e ,he a ” a X a ™- We can view 
' o-elemen. array as a two-terminal pair network. Since clement 1 ti, P 

reflector, ,S no, driven, its terminal voltage is zero. Thus we can wrTe * 


0 = Z„I, + Z l2 l 2 

= z„r, + z n i 2 

We can solve for the currents /, and l 2 to obtain 

/, = —~ Z||V »- 
^»^ 22 ~ Z] 2 

I - Z » V 2 

ZuZ n - z \ 2 


(3.92a) 

(3.92/.) 


(3.93a) 


(3.936) 


" Yj » Antenna ^gnrNBSTwh'Now'^U^ r Ud * " aVaMable; see P Viczhickic. 

lech. Note 688. US. Government Printing Office. Dec.’1976. 







144 ANTENNAS 


Reflector 

Director 


r 

(a) 

Figure 3.38 (rr) A two-cicmcnt parasitic array. ( b) A thrce-clcmcnt parasitic array. 

The ratio of /, to / 2 is -Z 12 /Z„. If we let this ratio be -|Z, 2 /Z„| then the 
array factor will be 


where i/» is the angle relative to the array axis. In order to obtain maximum 
radiation in the <// = 0 direction, we require nd - k 0 d = ±7r or d = >-nl(k n - o). 

If the radiation in the backwards direction .// = n is required to be zero, then 
we also need ad + k n d = 0 or 2rr and |Z 12 /Z,J - I. It is generally not feasible to 
make |Z l2 /Zj equal unity so only a minimum and not a null can be obtained in 
the backward direction. The phase angle of Z„ can be varied by varying the 
element length. When the element is shorter than the resonant length. Z„ has 
a capacitive reactance, and when its length is greater than the resonant length 
the reactance is inductive. The mutual impedance Z 12 depends on the spacing 
d. In practice it is found that the reflector-element length must be greater than 
the resonant length, and the spacing d should be around 0.15A o for the best 
approximation to the desired goals given above. Ideally we should have 
d - An/4, nd = --nil and |Z t2 /Z„| = 1. A spacing d equal to A„/4 results in a 
small value of Z, 2 and hence a small induced current. Thus a spacing smaller 
than An/4 is belter, even though the exact theoretically required value of the 
phase nd can generally not be obtained. With the optimum choice of spacing 
and element length a directivity of around 3 can be achieved. 

If the parasitic element is made shorter than its resonant length it acts as a 
director and maximum radiation occurs in the direction of the director 
element Further improvement in directivity can be obtained by using both 
reflector and director parasitic elements, as shown in Fig. 3.386. Tins array is 

the simplest form of the Yagi-Uda array. 

A serious shortcoming of parasitic arrays is the small value of radiation 

resistance seen from the terminals of the driven element. The reduction in 
radiation resistance with a spacing of 0.1 wavelength for a single parasitic 
element is by a factor of about 0.15, and at a spacing of 0.5A n it is reduced by a 
factor of about 0.3. For a standard half-wave dipole the radiation resistance in 
the presence of a parasitic element would typically be 20 0 or less. This value 




(3.94) 


F(u )= 1 - 
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can be increased by a factor of 4 by using a folded dipole. In addition to the 
decrease m radiation resistance, the frequency band of operation usually does 
not exceed 2 or 3 percent because of the required critical tuning of the parasitic 
elements for optimum results. 

A typical Yagi-Uda array is an end-fire array with one driven clement, one 

rc lector clement, and several director elements, as shown in Fig. 3.39. With 

reference to Fig. 3.39 let Z if be the mutual impedance between elements / and 

/. ct he the self-impedance of element i, and. noting that all terminal 

voltages are zero except V 0 for the driven element, we can write the following 
circuit equations: * 

0 = z -.-.'-i + Z.,,/, + • • • Z. W I N 



/., + z 00 / 0 + 



o Z„_ 1 /-. + Z„ n /„+ . z NN I N (3.95) 

theTadhTJ/r ?! '-n Z \ WC C ° Uld , de,ermine ,he currcn,s '■ *" d 'hen calculate 
the radiated field. The design problem requires that we choose the spacings d, 

and element lengths /, (which control the Z„) such that the currents I, will have 

he proper phase to provide in-phase addition to the radiated field in the 

forward direction. Since (he adjustable parameters arc all interrelated it is 

dill-cult to get good design data. Over the years a number of designs have been 

developed, mostly by experimental methods, and these are used to design 

Yagi-Uda arrays. W.th typical arrays of 8 to 10 elements, gains of around 14 dR 

are obtained, Because of the critical length of each element, the Yagi-Uda 

array ,s a narrow-band antenna and could be expected to operate satisfactorily 

?tructu eT 1 ,d ' h ° f 3 fCW PCrCen ' °" ly - I,S f , °f ,ulari 'y ^ ‘<ue 'o its simple 



-I 

Figure 3.39 The Yagi-Uda array. 


t Useful design information for Yagi-Uda arrays and for parasitic arrays in general may be 

found m .he following references, in addition lo .he technical note by Vier.biclcie, which was fci.ed 
earlier: ( : . 

A.RR.L. Anltnna Handbook. American Radir* Relay league. Inc., Wes. Ifartl^d. Conn.. 

1t56. , # 

A. B. Bailey. TV and Other Receiving Antennas, J. F. Rider, Publisher, Inc., New York, 1950 

R. M. Fishenden and E. R. Wiblin. "Design of Yagi Aerials." Proc. IRFR, Pi HI lol % Jan 

1949. p. 5. ’ 

S. Uda and Y. Mushiake. Yagi-Uda Antenna, Maruzen Co., Led.. Tokyo. 1954 (in English). 





146 ANTENNAS 


DIPOLES. ARRAYS. AND LONG-WIRE ANTENNAS 147 


3.10 LOG-PERIODIC ARRAYS 

A significant advance in antenna design was achieved with the development of 
the log-periodic antennas. These antennas are truly broadband devices and can 
be built to operate over essentially any frequency band desired. Operation over 
a 3-to-l frequency band or more is quite common in log-periodic antennas 
designed for television reception. The log-periodic antenna was developed by 
D. E. Isbell at the University of Illinois and was part of an extensive research 
program on frequency-independent antennas.! 

The underlying concept in log-periodic antenna design is that of building a 

structure that scales into itself periodically as the frequency, and hence 
wavelength, changes. A given antenna that operates satisfactorily at a 
wavelength A, will perform equally well at a wavelength A 2 if its dimensions arc 
changed by the factor A 2 /A,. Many of the central concepts on which frequency- 
independent antennas are based were originated by Professor V. H. Rumsey.t 

Consider the infinite array of dipoles shown in Fig. 3.40a, with the nth 
dipole of length /„. a distance x„ from the apex, spaced <f„ from element x„.„ 
and having a radius a„. All dimensions are related as follows: 

5sH = ^ = 4h!«?2U=t (3.96) 

x„ K d * a « 

The array is completely defined by any two of the parameters t, <j = dJ2l„, or 
the angle a. 

If we multiply all dimensions of this array by r it scales into itself with 
element n becoming element n + 1, element n + 1 becoming element n * 2, etc. 
This self-scaling properly implies that the array will have the same radiating 
properties at all frequencies that are related by a factor r, that is, at /,,/j - T /t, 
f } = f, = r% etc. We note that ln/ 2 //, = In r, In/,//, = In t 1 = 2 In t, etc.; 
hence r is called the log period, from which the array gets its name. 

In order to obtain radiation from the array it must be excited by a feed 
system. It has been found experimentally that it is necessary to introduce a 180° 
phase reversal between elements, and this is accomplished by using a twisted 
transmission line feed, as shown in Fig. 3.40b. It has also been found that at a 
given frequency the currents in all elements except those that are close to 
one-half wavelength long are small because of the highly reactive impedance of 
nonresonant elements. In addition, the current along the feed line decreases 


tE. C. Jordan cl at.. "Devclopmcnls in Broadband Antennas," IEEE Spectrum, vol. 1. April 
1964. pp. 58-71. The invention of the log-periodic dipole antenna was an evolutionary process 
stimulated by earlier work by J. Dyson and R. H. DuHamel on spiral antennas. 
toothed structures, and trapezoidal log-periodic structures at the antenna laboratory of the 
University of Illinois. Hie evaluation of the log-periodic dipole array and the compilation of design 

data were carried out by R. L. Carrel. . - ' • ., 1 . 4,0 

t V.H. Rumscy,"Frequency Independent Antennas.'' IRENat'IConv. Record. i95 .pp- 






Figure 3.40 (<?) Basic log-periodic dipole array, (b) Log-periodic antenna feed system 


rapidly beyond the resonant elements. These properties make it possible to 
terminate the array a few elements beyond those that resonate at the lowest 
frequency of interest and also at the front end a few elements before those that 
resonate at the highest frequency of interest. Over the frequency band thus 
defined the antenna has essentially the same properties at each frequency r'f 
and will have nearly the same performance at the frequencies between t"/ and 
r" / when t is close to 1. 

Theoretical design information for the log-periodic dipole array is not 
available. However, a computer study of this antenna has been carried out by 
R. L. Carrel and design data based on this study is available.t It has been 
found that as r varies from 0.96 to 0.8 the optimum value of a varies linearly 
from 0.18 to 0.14. For r close to 0.96, a gain of 12 dB is obtained, while for 
r = 0.8 the gain drops to 8 dB. 

In addition to the log-periodic dipole array discussed above, other similar 
types of log-periodic structures have also been developed. Some of these 
predate the type of array considered here. Antennas based on the equiangular 
spiral configuration and having circular polarization are also among the class of 
frequency-independent antennas, since spirals are defined on the basis of an 




nanv Nrw Ynrlr iqao c . ' - 1 mcuraw-iim nook lorn- 

Anierma" f ^ * !° * L Carrel - “Analysis and Design of the Log Periodic Dipole 

Antenna. Unw. Ill Amenna Lab. Tech. Rept. 52. 1961. 
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angle and not a characteristic length. A discussion of these other antennas may 
be found in the literature.t 

% 

3.11 OTHER TYPES OF ARRAYS 

The discussion so far is intended to provide a background on the basic 
principles involved in antenna arrays. It is. by no means, a complete discussion 
of arrays as currently used in practice. Antenna arrays are characterized by 
one important feature: The signal input (or output) of each element is 
separately available. This feature opens up the possibility of a variety of signal 
processing schemes that may be implemented in order to enhance the ver¬ 
satility and performance of the antenna system for different applications. A few 
of these special.types of arrays are briefly described below. 

Phased Arrays 

Large antenna systems are difficult to mechanically scan in a rapid fashion, and 
because of this electronically scanned arrays have been developed. These 
arrays, which may have several thousand elements, are scanned by incorporat¬ 
ing either ferrite or diode phase shifters in each feed line. The electronic 
control of these phase shifters to produce incremental changes in phase allows 
very fast scanning of the beam direction in space. Large phased arrays typically 
use open waveguides, small horns, or slots for the radiating elements. (These 
basic antennas are described in Chap. 4.) The array may have a planar 
aperture, or it may be made conformal to fit around cylindrical structures such 
as the fuselage of an aircraft. The applications for large phased arrays are 
mostly in advanced radar systems and in radio astronomy. Smaller phased 
arrays and beam-forming arrays are used as feed systems to illuminate a 
reflector in satellite communication systems when it is necessary to provide 
several spot beams, scanning beams, and/or wide-angle coverage beams from 
the one-antenna system. 

The reader is referred to the papers by Stark and Mailloux for a discussion 
of large phased arrays and the associated problems and solutions that have 
been developed.* Arrays arc also discussed in several specialized books and 
these are listed in the general bibliography at the end of this text. 

Retrodirective or Self-Focusing Arrays 

A retrodirective array is an array that will receive a signal from any direction in 
space and return a signal, usually after suitable modulation and amplification, 

t Jordan cl at., op. cil. 

1 L. Stark. "Microwave Theory of Phased-Array Antennas—A Review," Proc. IEEE. vot. 62, 
Dec. 1974. pp. 1661-1701; R. J. Mailloux, "Phased Array Theory and Technology." Proc. IEEE. 
vol. 70, Mar. 1982, pp. 246-291. 
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back to the source. The returned signal can be at a different carrier frequency if 
desired. A retrodirective array can be effectively used in a mobile com¬ 
munication system such as from a ground station to a moving aircraft or 
satellite. In this type of application the array would be used to receive a pilot 
signal in order to establish the direction of the source. The pilot signal would 
then be amplified, translated by a small increment in frequency, and modulated 
with the information to be sent to the moving aircraft or satellite. The basic 
principle of operation of a retrodirective array is illustrated in Fig. 3.41. Let the 
incoming signal received by element n in the array be A n cos(w,/ - </>„). The 
phase <f> n is a measure of the relative time delays from the source to the various 
elements in the array. In order to send a signal back to the source such that the 
signals from all the elements in the array will arrive with the same phase it is 
necessary to change the phase from <f>„ to -<£„ for transmission. This reversal of 
the phase is equivalent to providing the proper time advance to the transmitted 
signals so that they will arrive at the source in phase. 

The phase reversal may be accomplished by mixing the signal with a 
common local oscillator having a frequency equal to twice that of the incoming 
signal plus the desired offset Aw. For the signal at the nth element the mixing 
operation gives 

A, cos(w,/ - </•„) cos[(2w, + Aw)/] = cos[(w, 

+ Aw)/ + <t> n \ + ^cos[( 3 w, + Aw)/ - </>„] 



Figure 3.41 A retrodirective array. Each 
element has the same electronic circuit. 
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The lower sideband signal is the desired one, since it has the reversed phase. 
This signal is selected by an appropriate filter and then modulated w.th the 
information to be transmitted. A circulator is used to separate the incoming and 
outgoing signal paths. The frequency offset must be kept small since it results 
in some shift in the beam direction from that of the incoming wave. That this is 
the case can be seen by considering the factor k„d cos * + ad that occurs in 
the array factor and establishes the beam direction, which is .//„ = cos (-«/k 0 ) 
Clearly a change in k 0 = <olc will change the beam direction but the change 
will be small if the change in o> is small. 

Adaptive Arrays 

Adaptive arrays are arrays that will self-adapt to various incoming signal 
conditions so as to maximize the signal from a particular source or to null out 
interfering signals. A variety of configurations arc possible. For illustration we 
will consider the self-phasing array, shown in Fig. 3.42, which is designed to 
bring all the signals received by the various elements from a particular source 
into phase. The basic principle that is utilized is to mix all of the incoming 
signals with separate local oscillators whose phases arc adjusted so that a I of 
the signals at the intermediate frequency are in phase and may be added 
together in a summing amplifier. These objectives are achieved by using 



Output 


Figure 3.42 A self-phasing adaptive array. Each element has its own VCO. IF amplifier, and phase 
detector. A common oscillator provides the phase reference signal. 
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phase-locked loop principles. Each local oscillator is a voltage-controlled 
oscillator (VCO) whose instantaneous phase is controlled by an applied vol¬ 
tage. The phase of the mixed signal at the intermediate frequency is compared 
with that of a fixed reference oscillator operating at the intermediate frequency 
(o r A phase detector produces an error voltage V(<f>) with a magnitude 
proportional to the phase error and with a sign that causes the phase of the 
voltage-controlled oscillator to change so as to reduce the phase error to zero. 
The voltage-controlled oscillators are thus forced to track with the frequency co, 
above (or below) the signal frequency and with a phase offset such that the 

intermediate frequency signal has the same phase as that of the reference 
oscillator. 

Other types of signal-processing arrays and adaptive arrays are described 
by Bickmoret and in a special issue of the IEEE Transactions .t 

I here arc also arrays that employ nonlinear signal processing, such as 
multiplying or correlating the signals received on two different arrays. Arrays 

of this type find application in radio astronomy and are described in detail bv 
Ksicnski.§ 


3.12 LONG-WIRE ANTENNAS 

In the frequency band from 2 to 30 MHz long wires (several wavelengths in 
length) supported by suitable towers may be used as efficient antennas. The 
best-known types are the horizontal V antenna, the horizontal rhombic 
antenna, the vertical V and sloping rhombic antennas, the vertical inverted V 
or half-rhombic antenna, and the single-horizontal-wire antenna. Illustrations 
of these antennas are shown in Fig. 3.43. Most long-wire antennas can be 
operated as resonant antennas, in which case the current on the wire will be a 
standing wave with the characteristic sinusoidal variation. These antennas 
usually operate satisfactorily only at a particular frequency and harmonics of 
this frequency. The input impedance will be highly frequency-sensitive, so only 
narrow-band operation is possible. Most long-wire antennas can also be 
operated as traveling-wave or nonresonant structures by terminating the far 
end of the wire (or wires) in a suitable resistance having a value equal to the 
characteristic impedance of the antenna viewed as a transmission line. In this 
mode of operation the useful frequency band can be quite large, with an 
acceptable impedance match over the whole range of frequencies. 

Various types of long-wire antennas are used for commercial shortwave 
transmission in the frequertcy range from 2 to 30 MHz when propagation is by 
means of ionospheric reflection. For these applications the optimum angle of 

t R. W. Bickmore, - Adaptive Antenna Arrays." Spectrum, vol. t. Aug. 1964, pp. 78-88 
t IEEE Tram. Antennas f'ropag.. vol. AP-12, March 1964. 

5 A. A. Ksienski. '‘Signal Processing Antennas." Chap. 27 in R. E. Collin and-F. J. Zuckcr 
(eds ). Antenna Theory, Part II. McGraw-Hill Book Company. New York. 1969. 
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Figure 3.43 Long-wite antennas. Dashed lines represent support towers, (n) Horizontal V. (h) 
Horizontal rhombic, (c) Vertical V. (d) Sloping rhombic, (e) Inverted V. (/) Horizontal straight 
wire. 


radiation is usually from 10 to 30° relative to the horizontal line in the direction 
of the receiving station. 

Since long-wire antennas are located in the presence of the ground, the 
latter has an important effect on the radiation pattern and must be taken into 
account in the design of the antenna configuration. In general, the design 
problem is one of obtaining a directive beam at the desired angle relative to the 
ground for optimum long-distance communication via reflection from the 
ionosphere (ionospheric propagation is discussed in Chap. 6). along with 
acceptable input impedance characteristics that will facilitate matching the 
antenna to its feed line. 

In this section we will first examine some of the radiation characteristics of 
typical long-wire antennas in free space. The effect the ground has on the 
radiation pattern will then be introduced by applying the principle of pattern 
multiplication from array theory. From the results thus obtained it will be 
possible to predict the main features associated with long-wire antennas in the 
presence of the ground. • 


Radiation from a Resonant Long-Wire Antenna .. 

Figure 3.44 shows a long-wire antenna of length / = n\J2 with a current 
distribution /(*) = /osin/c n x. It will be convenient to use the angle t// as the 






Figure 3.44 Slraighl-wirc antenna with sinusoidal current dislrihution. 


polar angle relative to the direction of the wire and to express the radiated 
electric field as E,. The field may be found in the same manner as used for the 
half-wave dipole antenna in Chap. 2; it is given by 



jk 0 I 0 Z 0 . f 

^ I, 


nXrtfl 


sin k 0 x' e -f k * ,k f k o* eni + 



L “ft? 0-/*O'*/(""/2XDcm*) 
2 nr 


sin(zizr/2 ) cos[(nzr/2) cos tp) 
sin t// 

cos(n7r/2) sin[( zi7r/2) cos <//] 
sin t// 





MX 


sin[n7r sin ? (t^/2)j 
sin t/i 


ft, odd 


n, even 


(3.97) 


The last expression is obtained by replacing cos t p by 

1 - 2 sin*(t/f/2) 

and expanding the trigonometric functions. The resultant radiation patterns for 

n ~ 2 ' 3 ’ and 4 are shown in Fi 8- 3- 4 5. The patterns shown should be revolved 
around the axis of the wire to get the three-dimensional radiation patterns, 
which are then seen to consist of several cones of radiation In general, the 
number of lobes or cones formed is equal to n. The pattern is symmetrical with 
respect to the plane that is perpendicular to the midpoint of the wire. When n 
is even, there is a null in the direction >/> = n/2, that is, perpendicular to the 
wire. As n increases, the lobes become sharper. The first major lobe makes a 
smaller angle with respect to (he wire axis as n increases in value. As the length 
of the antenna increases, the maximum directivity increases along with the 
radiation resistance referred to the current maximum, that is, \l\R a = P,. Tabic 
3.2 lists representative values for the directivity and radiation resistance. 

The long-wire antenna may be fed at one end, as shown in Fig. 3.46a and 
b. However, because of the unsymmetrical arrangement the currents in the 
transmission line will not be balanced, and some radiation will occur from the 
feed line itself. A more satisfactory feed arrangement is to connect the 
transmission line at the center of a current loop as close to the midpoint of the 
antennas as possible, as in Fig. 3.466. A XJ4 transformer can be used to 
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/ = X 0 


Figure 3.45 Radiation patterns 
for the long-wire antenna with 
sinusoidal current distribution. 

transform the radiation resistance to the commonly used 600-H two-wire 
transmission line. The r equired characteristic impedance of the matching 
section is given by Z f = V600 R a . 




Radiation from a V Antenna 


The V antenna shown in Fig. 3.47 consists of two straight-wire antennas 
arranged so as to subtend an angle t// 0 . The radiation is the superposition of that 
from each straight-wire section. The objective in the design of a V antenna is to 
choose the angle «// 0 so as to align the two lobes produced by each straight-wire 
section. If a maximum in the direction of the V antenna and in the plane of the 
V antenna is desired, then the optimum value for the angle i// 0 is twice the angle 
that the radiation lobe makes with the wire axis for a straight-wire antenna. If 


each arm of the V antenna is ?>\J2 long, this optimum angle is 84°, as reference 
to Fig. 3.45 shows. For / = 2A 0 , the optimum angle is approximately 72°. The 
currents on the two arms of the V antenna are out of phase, but this is just the 
condition required for the electric field E+ radiated by each arm to be in phase 
in the direction of maximum radiation. The resultant radiation pattern of the V 
antenna will have a maximum lobe in both the forward and backward direc¬ 
tions. Smaller minor lobes will occur in between. 

For a horizontal V antenna designed to radiate with a maximum at an 

Table 3.2 



105 114 121 


126 131 135 
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P* Ur ,' H 44 Mcl, ’ 0ds ,eedin * a ,0 "8-*" e an'enna. (a) End feed using a ,esona». feed line (M 
End feed using a malch.ng sec,ion. (c) Feed a, cur.en, maximum near midpoint of wire 


angle y relative to the horizontal plane, the angle * 0 must be reduced to bring 

Ihe lobes into alignment. That this is the case may be seen by recalling that the 

pattern from a single wire is a cone of radiation, so that in order to bring the 

points labeled P, and P 2 in Fig. 3.48 into coincidence, the V angle must he 

reduced. An alternative procedure is to slope the V antenna upwards by the 
required elevalion angle y. 

The discussion above applies in general to the rhombic antenna also. The 
design objective is to choose the angular orientation of each straight-wire 
section so as to align the radiation lobes from the four individual sections in 



Figure 3.47 Lobe alignment for V antenna. 
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Figure 3.48 Radiation cone alignment for V antenna. 


one common direction. In addition, the length of each arm must be chosen so 
as to obtain in-phase addition of the field radiated by each straight-wire 
section. 


Radiation from a Long-Wire Antenna with Traveling Wave Current 

If the far end of the straight-wire antenna is terminated in a matched 
resistance, as shown schematically in Fig. 3.49, the current distribution on the 
antenna can be approximated as a traveling wave of the form / = I 0 e The 
resultant radiation pattern is given by 

F = 'Wo sjn ^ f' e -w~» dx - 

4rrr J n 


jloZo 

4 nr 


*)| 


sin i// 


sin[ l c„/ sin ? (i/>/2)] 
sin J (i/»/2) 


(3.98) 


The lobe maxima are determined by 



(3.99) 


where 0 = k n l sin J (.///2). For k„l 1 the solution is /3 = 1.165. For other values 



Figure 3.49 Traveling-wave antenna. 
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of k 0 l, this value can be used for 0 on the right-hand side in Eq. (3.99) to obtain 

a corrected value JTor p. A somewhat more realistic approximation for the 

current is I 0 e ° , where the attenuation constant a accounts for radiation 

oss from the anter*a as the current wave propagates along the wire. The 

attenuation factor a is small and produces only a small change in the radiation 
pattern, so we are neglecting this effect. 

The radiation pattern for the traveling-wave antenna is shown in Fig 3 50 
for two different antenna lengths /. The main feature exhibited by these 
patterns is a major cone of radiation in the forward direction and the absence 
of a major cone of radiation in the backward direction. As the length of the 
antenna is increased, the angle of the major cone decreases. If / = „A 0 there 
will be a total of 2 n lobes. 0 

inp Jtl V amCnna b ! conver,ed 10 a traveling-wave antenna by terminal 
g each arm ,n a matched resistance. The optimum V angle is chosen to align 

1 rinrinle ■ TV , ^ " "' e ° ne COmmon desircd direction. The 

principles involved are the same as those for the resonant V antenna 

ins,rTLV m v C K. an,Cnna Can alS ° bC madC in, ° a 'raveling-wave antenna by 
mser.ing a suitable resistance a. the vertex farthest away from the feed end 

n.c current on each wire in the rhombus will then be a traveling current wave 

analogous to that on a transmission line terminated in a matched load The 

nominal input resistance of the rhombic antenna is in the range of 700 to 800 fl 

is mo 0 ' raVC ,ng - WaV " a " ,Cnnas have ,he advantage that the input impedance 
nas wi , ,Ve and rcla '. ,ve| y "'dependent of frequency. Thus these ante.,- 

orhJ T °r Cr a y bmad frec l ucnc y ba " d - The limiting factor is 
changed misahgnment of the lobes that takes place as the frequency is 

Ground Interference Effects 

Consider the long-horizontal-wirc antenna shown in Fig. 3.51. For radiation at 



,aX o /= 2 A 0 


Figure 3.50 Radiation pattern for a traveling-wave antenna 
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For a horizontal wire the reflected field is out of phase with the direct 
radiation, as shown in Fig. 3.51; that is, the image current is out of phase with ' 
the antenna current, so the appropriate array factor to use is 2|sin(/c 0 /i sin t//)|, 
which is approximately equal to 2|sin k 0 h*l/\ for the range of angles ij/ of interest 
in practice. T he array factor is shown in Fig. 3.52 for values of h corresponding 
to Ao/4, and A 0 . It is readily seen that the reflection from the ground will 
reduce the far field significantly at low elevation angles unless the antenna 
height is large enough so that the array factor itself will exhibit a lobe 
maximum in the desired direction. For example, for a maximum at i// = 20° we 
require k 0 lul/ = 90° or h = 2.25A 0 /7r = 0.72A 0 . With this height the frec-space 
field is doubled in value by the reflected field adding in phase. With an actual 
ground the reflection coefficient p will be less than unity; nevertheless a 
significant reinforcement of the direct radiation will occur when the antenna 
height is appropriately chosen. 

In a later chapter where propagation at frequencies below 2 MHz. is 
discussed it is shown that the dominant mode of propagation is by means of the 
surface wave. For this mode of propagation horizontally polarized fields arc 
attenuated much more rapidly than vertically polarized fields. For this reason 
horizontally oriented long-wire antennas are normally not used below 2 MHz. 

In the shortwave band from 2 to 30 MHz, where propagation is via ionospheric 
reflection, long-wire antennas arc effective and because of their simple struc¬ 
ture arc commonly used. Rhombic and V antennas also find some applications 
at frequencies from 30 to 60 MHz. 

A considerable amount of design data for long-wire antennas has been 
worked out, and the reader is referred to the literature for this information. I 



Figure 3.52 Array factor for horizontal antenna above a perfect ground. 


+ A.R R.L. Antenna Handbook , op. cit. 

Jasik, op. cit. , 

A. E. Harper. Rhombic Antenna Design, D. Van Nostrand Co., Inc., Princeton. N.J., 1941. 
D. Foster. “Radiation from Rhombic Antennas," Proc. IRE. vol. 25. Oct., 1937. p. 1327. 
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PROBLEMS 

3.1 Let a transmission line have inductance L and capacitance C per unit length. Then 
the following relations hold: 

^ = ( UC)' n 

Use these relations, along with Eq. (3.10), to show that for a biconical antenna 

L = (mo«o ) u7 Z* = — In cot 

7T 2 



0io*o y n Y< = 


7T(o 

In cot(0o/2) 


3.2 A biconical antenna has an input impedance of 130 + /40 H and is connected to a 
transmission line with characteristic impedance of 158 0. Find the power reflection 
coefficient and the VSWR on the input transmission line. 

3.3 Find the radiation pattern of a dipole antenna of total length 3A 0 /2. The antenna is 
located along the z axis between -3Ao/4 and 3A 0 /4. The current on the antenna is given 
by / O cos knZ. Sketch the radiation pattern and compare the field strength in the 0 = n/2 
plane with that produced by a dipole A n /2 long. Give a physical reason why the longer 
antenna does not produce a larger field strength. 

3.4 Find the maximum field strength along the x axis for the V-shaped dipole antenna 
shown in Fig. P3.4. Consider the two cases when / 0 = A 0 /4 and / 0 = 3A 0 /4. Compare the 
field strength for the two cases with that obtained in Prob 3.3 when n = 30 and 45°. 
Hint: Show that on the x axis E# is given by 

n, = jcA, = 2/„cos « ["cos du 

AttX Jn 


The current is / O cos k 0 u. 


2 




3.5 A two-wire transmission line is required to have a characteristic impedance of 73 Cl. 
The conductors have a diameter of 0.5 in. Find the required spacing D. See Fig. II-2 in 
Appendix II. Is this a practical transmission line? 

J’ • 

3.6 For the transmission line circuit shown in Fig. 3.10 let /(z) = / 0 sin(<* - fc 0 z)/sin o. 
Use ai/az = -jcoCoV to find V{z). At z = 1/2 the terminal condition / = jeoCV must 
hold. Use these results to derive Eq. (3.33) where X e = 1/wC. 

3.7 Hie transmission-line model of the dual-band dipole antenna shown in Fig. 3.11 is 
like that shown in Fig. 3.8 but with U/2 replaced by the parallel resonant L,C, circuit. It 
is desired to operate this antenna at a frequency /, and also at / 2 = 1.5/,. Find the 
required lengths /,. / and the parameters L u C, when /, = 50 MHz a nd the antenna 
characteristic impedance Z, equals 600 Cl. A practical value to use for VL,/Ci is 600 U. 
Hint: The input impedance in the transmission-line model must vanish at both frequen¬ 
cies. At / 2 the resonant circuits have infinite (in practice, very large) impedance. 

3.8 A uniform line array of five elements has a spacing of d = 0.4A n . Find the phasing in 
order to produce a beam at 45° to the array axis, that is, at 0 = tt/ 4. Plot the array factor 
|F| and show the visible region. Sketch the main lobe radiation pattern. 

3.9 A line array is required that will produce beams at *// = 0, n/2, and tt. Find the 
required spacing d and the phase of excitation of each clement. 

3.10 An antenna produces a field E # = Ceos’ a(e^ ko, /4nr) where C is a constant. The 
pattern consists of beams along the ±z axis. 

(a) Find the total radiated power. 

({>) Find the directivity D at 0 = 0. 

(c) Find the half-power beam width. 

(d) Find the solid angle occupied by the beam up to the half-power angle. This is 
given by the area intercepted by the beam on a sphere of unit radius. 

(e) Estimate the directivity by dividing An by the solid angle of the two beams up 
to the half-power angle and compare with the exact result obtained in (/>). 

3.11 Consider the two-element array, shown in Fig. P3.ll, consisting of half-wave 
dipoles at x = 0, x = d on the x axis. The current in the two dipoles is / 0 and 7 0 e fnH . 
Find n and the spacing d so that zero radiation occurs in the -x direction and 
maximum radiation occurs in the +x direction. Sketch the radiation pattern in the xy 
plane. 


2 



Figure P3.4 


Figure P3.ll 


DIPOLES. ARRAYS. AND LONG WIRE ANTENNAS 163 


162 ANTENNAS 


3.12 Use the Fourier series method to find a seven-element array that will produce a 
least-mean-square error approximation to the array factor Fd shown in Fig. P3.12. 
Sketch the approximate pattern. Assume d = A 0 /2. 



3.13 Use the array polynomial method to design a six-element broadside array with a 
radiation pattern having nulls at 0 = 0, rr/6, rr/3, 2 tt/ 3, 5 rr/6 and n. Choose d = A 0 /2 and 
find the relative values of the required current in each element. Sketch the array factor. 
Note that the zeros at 0 - 0. rr both correspond to Z = -1. 

3.14 Design a seven-element broadside array having double zeros in its radiation 
pattern at 0 = 0, tt/4. 3tt/ 4, and tt. Assume that d = A 0 /2. Find the relative value of the 
required current in each clement. Sketch the array factor. Note that the zeros at 0 = 0. 
n both correspond to Z = -1. Repeat the design when d = Ao/3 and nine elements are 
used. 

3.15 Design a seven-element Chcbyshev array with d ~ A 0 /2 having side lobes 26dB 
below the main lobe. Find the excitation coefficients and the beam width. Sketch the 
array factor |F(u)|. 

3.16 Find the excitation coefficients and side-lobe level for a five-element broadside 
Chcbyshev array with element spacing d = A 0 /2 and having a beam width of 55°. 

3.17 Find the currents for a five-element superdirective array of length L = A 0 /4 and 
with side lobes 20 dB down. Find the beam width. Sketch the array factor. Find the 
effective radiating current in the direction of the main lobe. You will need six-figure 
accuracy in the computations. 

3.18 Repeat Prob. 3.17 but use an array length L = A 0 . What is the peak value of F(n) 
in the invisible region? This occurs when x = a + b cos it = a + h cos n = a - b and 
may be found from 7'j(*) for this value of x. 

3.19 Design a five-element optimum Chebyshev array having the specifications given in 
Example 3.3. Use the design formulas given by Eq. (3.87). Note that the same results as 
in Example 3.3 are obtained. 

3.20 Design an optimum end-fire array with five elements using the design formulas 
given by Eq. (3.90). Carry out the design for the three cases— k 0 d = 0.6 tt, OAtt , and 
0.1 rr—and compare the beam widths in the three cases. The smaller spacings result in a 
supergain design with extreme values for the currents. The side lobe ratio R - 10. 

Answer: The beam widths are 56.3, 50.6, and 47.5°. For kod - 0.01 n the beam width 
is 47.34°. 



3.21 For the four-element array driven through the Butler beam-forming matrix shown 
in Fig. 3.37 verify that the relative aperture phase distributions are as given in the text. 
If the element spacing d equals A 0 /2, find the directions in space of the four beams. 

3.22 Consider the two-element array shown in Fig. P3.22. This array is fed through a 90° 
phase-lag hybrid junction, and a -90° phase shifter is incorporated in one feed line. The 
element spacing d = 3A 0 /4. Find the directions of the beams that are formed by exciting 
ports 1 and 2. 


I - -^ 



3.23 Find the optimum angle fa for a V antenna, having arms 2A 0 long, which will 
produce maximum radiation at an elevation angle of 10 °. 

3.24 For the inverted V antenna shown in Fig. P3.24 find the optimum angle fa in order 
to obtain maximum radiation at an elevation angle of 0°. Each leg of the antenna 
is 3 a 0 /2 long. Can the lobes be aligned for maximum radiation at a finite elevation 
angle y? 


Figure P3.24 

3.25 C arry out the basic design of a traveling-wave rhombic antenna with arms that are 
4Ao long. Specify the angles that will align the lobes in the plane of the rhombus. Will 
this angle cause the field radiated from each arm of the rhombus to add in phase in the 
desiicd direction? Find the angles that will result in the correct phase. Hint : Consider 
the relative propagation delay from the middle of each wire. The electric field in the 
aligned lobes is oppositely oriented corresponding to a relative phase of n radians. 
Since I = 4A 0 , the current at the center of each leg is in phase. Thus the center of the 
forward leg should be nAo + Ao/2 ahead of the center of the leg at the feed end. Change 
the rhombus angle to obtain correct phasing. Plot the resultant pattern. 1 




CHAPTER 

FOUR _ 

APERTURE-TYPE ANTENNAS 


All of the antennas discussed so far could be analyzed in terms of the current 
distribution on the antenna. There is another broad class of antennas, more 
conveniently viewed as aperture antennas , in which the radiation is considered 
to occur from an aperture. Two common antennas in this class are the 
paraboloidal reflector antenna and the horn antenna. An aperture-type 
antenna must have an aperture length and width of at least several wavelengths 
in order to have a high gain. Thus it is no surprise that aperture-type antennas 
find their most important applications in the microwave frequency band where 
the wavelength is only a few centimeters. 

In the first part of this chapter we will develop the necessary theory for 
calculating the radiation field in terms of an assumed known field distribution 
over the aperture of the antenna. This theory is the counterpart of the theory 
used to calculate the radiation field in terms of an assumed current distribution. 

After the basic theory has been developed, we will apply it to analyze some 
of the more important features associated with open waveguide and horn 
antennas, lenses, and paraboloidal reflector antennas; radiation from slots and 
waveguide slot arrays; and microstrip antennas. 

4.1. RADIATION FROM A PLANAR APERTURE: THE FOURIER 
TRANSFORM METHOD 

The first approach that we will use to find the field radiated from a planaf 
aperture will be based on Fourier transforms. The importance of this method is 
that it shows that the radiation-field pattern is the Fourier transform of the 
aperture field. This enables one to use many of the known properties of 
Fourier transform pairs to predict the performance of aperture-type antennas. 
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In Fig. 4.1 we show an aperture S a located in the r = 0 plane. We assume 
that we know the tangential components of the electric field on this aperture 
surface and let E, denote this field. We wish to determine the radiated field in 

' , ' eg '°" * > 0 We can ima 8 ine 'hat the aperture field is somehow 
established by means of suitable sources in the region 2 <0. We do not need to 

know these sources since the field E„ on the aperture will uniquely determine 
the field in the half space z > 0. 

If we have a function of x, say, w(x), its Fourier transform is 

W(k,)=J w(x) e'*-' dx (4.1a) 

and the inverse relation is 

w(x)= b\ w ^) e ' ik " dk . (4,i/>) 

Ihe variables k and x play the same role as time / and radian frequency in 

the Founer analysis of time signals. In a similar manner, if we have a function 

of both x and y, say, u(x, y), we can apply the Fourier transform to both 
variables; thus 

9 M 

U ( k - ky)= If U(x, y) e*'""'” dx dy (4 2a) 



Figure 4.1 An aperture in the 2 = 0 plane. 
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for which the inverse relation is 


y) - j^JJ Uik,.k,)e^- ^dk,dk, 


(4.2 b) 


t hese arc the basic formulas we will use. . 

In Chap. 2 it was shown that the electric field satisfied the following 

equation [Eq. (2.12)): 

Vx VxE-JcjE = -ywMoJ 

Now V x V x E - VV • E - V ? E, and in the region z > 0 both J and p arc zero, so 
V • E = 0, and the equation satisfied by E becomes 

V 2 E+ fcjE = 0 ( 4 - 3fl ) 

V • E = 0 (4.3ft) 

For the conventional Fourier transform we have the operational property 
that 



i<o9,s(t) 


(4.4) 


that is, the Fourier transform of the time derivative of a function equals jto 
times the Fourier transform of the function. In a similar manner we w.ll have 

= y) < 4 - 5fl > 

dX 

t 

ox 

v yx = - k y) (4 5c) 

and so forth. In the above the script letter 9 with a subscript is a symbolic way 
of indicating that the Fourier transform is to be taken with respect to the 
variable corresponding to the subscript The minus sign occurs in Eq^ ( .. a) 
and not F.q. (4.4) because x corresponds to to, and k, corresponds to r in the 

basic relation given by Eq. (4.1a). 

Equation (4.3) can be expressed in the form 



If we Fourier transform both of these equations with respect to x and y we 
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obtain 

T d 2 

[^( k l- k l- k l)]E(k„k y ,z) = 0 (4.7 a) 

k ‘ E '( k " k y , z) + k y E y (k„ k r z) + jj- E,(k„ k y ,z) = 0 (4.7ft) 

I h f re k r z } is ,he Fourier transform of the electric field with respect to * 
and y. We are using the same symbol E, but the arguments are shown explicit 

Twe let* ( " k> ' Z) ‘ S ^ entiTely differenl func ' ion from E(x, y z). 

k l= *o“*i-*J (4.8) 

then Eq. (4.7a) becomes 

3 2 E(k„ k y , z) , 

Sz 2 + k ,E(k„ k^ z) *= 0 ( 49 ) 

which has solutions of the form «***•• Since the fi.M c hr...i,i ■ ■ , 

:rt g ,r ds ? ,on , g 2 from ,he aper,ure ' ° n,y ^ ^o7 e s -*zzi 

valid. Thus the general solution to Eq. (4.9) is 

W..k r z)^t(k„k y )e-' i " (4 l0) 

where f(fc r . k y ) is still to be found. 

When we use Eq. (4.10) in Eq. (4.7ft) we find that 

k J, + k y f y + k,f, = 0 (4.11 a ) 

or ' 

k ' ,= 0 (4.11ft) 

where k is the vector with components k„ k y , k,. Equation ( 4 . 11 ) tells us that 

o ly two components of the vector f are independent, and this reflects (he 

corresponding restriction on the electric field imposed by the vanishing of the 
divergence as expressed by Eqs. (4.3ft) and (4 6ft) vanishing of the 

- —»-<■» 

OE 

E{X ' y - Z) ~&ll t(k « k ,)* ik, dk x dk y (4.12) 

where we have introduced the compact notation k • r = k x + k y + "k z This 

representecTaTa'^* T *^7 e,CC,rk f ' eld ".If ‘space d > o'c,n be 

whh vector amn |i P H C ? m plane waves since k y )e ik ' is a plane wave 

k Note that the H r pr ° pa f a ‘ mg ln ,he direction of the propagation vector 
Note that the defimhon of k, is such that |k| = ft„. For kl + k\>kl the 
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propagation constant k, is imaginary, and the plane waves in this part of the 
spectrum are exponentially decaying or evanescent in the z direction. These 
evanescent waves make up the near-zone field in front of the aperture. Only 
those plane waves that come from the part of the spectrum corresponding to 
values of k\ + kl inside the circle of radius k 0 in the k, - k y plane contr.bute to 
the radiation field, since only these waves are outward-propagating waves. 

When z = 0 our solution for the x and y components of the electric field 
must equal the assumed known aperture tangential field. Thus if we let f, 
denote the x and y components of f we must have 

E.(x.y)= E,.„(x, y, 0) 


This expression can he recognized as a two-dimensional F ourier transform, and 
thus from Eq. (4.2a) we see that 


*,(*.. M - If F u {x, y) e*-"*’’ dx dy (4.14) 

s. 

so f, is given in terms of the Fourier transform of the aperture field. From Eq. 
(4.1 lft) we can find /„ and it is given by 



(4.15) 


We have now found a formal solution for the electric field everywhere in 
the region z >0, provided we can evaluate the integral in Eq. (4.12). In general 
this is difficult to do except in the radiation zone where r is large compared 
with A 0 , i.c., k„r is large. Since we arc primarily interested in the radiation field 
the asymptotic value of Eq. (4.12) as r tends to infinity is all we need to know. 
This asymptotic evaluation is carried out in the appendix to this chapter, and 
the result is 


E(r) 


jk 0 cos 0 
2 it r 


e~ ,kor l{k 0 s\n 0 cos </>, Jc 0 sin 0 sin </>) 


(4.16) 


where 0 and 4> arc the spherical coordinate angles shown in Fig. 4.1. This 
rather remarkable result shows that the far-zone radiation field, which is the 
diffraction pattern of the aperture field, is simply related to the Fourier 
transform of the aperture field with k, put equal to fc 0 sin 0 cos <t>. and k y set 
equal to /c n sin 0 sin </>. These are the appropriate components of the pro* 
pagation vector for a wave propagating radially outwards along r in the 
direction specified by the angles 0 and </>. In the evaluation of f, the integrals 
over x and y are taken over all portions of the z = 0 plane on which nonzerd 
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values of the tangential electric field exist. If S a is an opening cut in a perfectly 
conducting screen, then everywhere outside S a there will be zero tangential 
electric field. 

For an aperture that is large in terms of wavelength, f, is highly peaked in 
the forward direction along the z axis, and in this direction f t k very small and 
cos 1. Tlius the radiated field is given very nearly by f, in this region and is 
related directly to the Fourier transform of the aperture field. 

Since V*E = 0, k*f = 0 and hence f does not have a component in the 
direction of observation, which is the direction of the propagation vector k. 
Thus the field is a TEM field in the radiation zone. Along the z axis cos 0 = I 
and E(r) has only x and y components proportional to f t and / y , which arc the 
Fourier transforms of the aperture electric field. For other directions of 
observation it is convenient to express the field in terms of its spherical 
components; thus we have 

e 

E ( r ) = Ao 2 ^- I a #(/„ cos <b+ f y sin 4>) + cos 0(/ y cos <f> - /, sin </>)) 

(4.17n) 

The magnetic field in the radiation zone is given by 

H=V 0 a, XR (4.17ft) 

We will now consider several examples that will illustrate the use of Eqs. 
(4.16) and (4.17) and will also show the similarity between aperture radiation 
and radiation from arrays. 

Radiafion from a Rectangular Aperture 

A rectangular aperture of dimensions 2 a along x and 2ft along y and located in 
the z = 0 plane is shown in Fig. 4.2n. We will assume that the field in the 
aperture is uniform and is given by 

F.„ = E 0 a, M « a |y| s ft 

= 0 otherwise 

We then have 


f, = E 0 a 


■ 0 > 




dy dx 


' sin k t a sin <c Y , 
= tabEM—i -—* 

. k x a k y b 


= 4abt? 0 a s * n ^ co ^ sin (k 0 b sin 0 sin </>) 

k 0 a sin 0 cos <f> k 0 b sin 0 sin <p 


• t 

= 4abE 0 a x 


sin u sin i; 

. • • • 

u v 
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( b) 

Figure 4.2 (n) Rectangular aperture with a uniform field (h) Radiation-field pattern 


where u = k n a sin 0 cos v = k n b sin 0 sin The radiated electric field is 
given by Eq. (4.17a) and is 


E(r) 


ikjMbE 0 , tt . r sin u sin v 


2 t rr 


(a, cos <{> - a, sin </> cos 0) 


(4.19) 


This expression is similar to that given by Eq. (3.55) for the broadside array, 
and indeed the radiation patterns are nearly identical in the visible region of uv 
space, which extends over |u| * k 0 a and \v\*kj>. For an array the pattern 
repeats periodically, while for an aperture the side-lobe pattern continues to 
decrease as u and v move into the invisible region. For a large array the range 
of w and v to cover visible space is small enough that the sin m/2 sin v/2 term in 
the denominator of the array factor can be replaced by uu/4, in which case the 
pattern for a uniform two-dimensional array of dipoles becomes identical with 
the pattern from a uniformly illuminated aperture. Note, however, ^at for an 
array we defined u to be equal to k 0 d sin 0 cos * [see Eq. (3.55)] where d is the 
element spacing. A one-to-one correspondence with the aperture pwb e 
would require defining « as fe 0 [{N + l)/2]d sin 0 cos <f> for the array.. Bu* this -s 
simply a change in scale for u and does not change the pattern. The above 
remarks also apply to the variable v. 
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In a principal plane, say, </> = 0, we have 




E = jk, 


2 nr 


a-4 abE. 


sin (k 0 a sin 0) 
k n a sin 0 


(4.20) 


A sketch of |R| is given in Fig. 4.2b as a function of u. The main diffraction lobe 
has an angular width A 0 given by 


BW = A0 = 2 sin' 1 = 2 sin' 1 — — 

k 0 a 2a a 


for a $> A n 


I bus the diffraction lobe has an angular width inversely proportional to the 

aperture width measured in wavelengths, which was also found to be the case 
for an array. 


Radiation from a Circular Aperture 

Figure 4.3 a shows a circular aperture of radius a in the z = f) plane. A linearly 




Figure 4.3 (a) A circular aperture with uniform field. (I,) Radiation-field pattern. 
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polarized uniform electric field given by 

E„ = E 0 a, x 7 +y 
= 0, otherwise 

will be assumed for the aperture field. We then have 


f, = E n a, j \ dx dy 


In ord er to e valuate this integral we introduce cylindrical coordinates p % <f>‘ with 
p = Vx 2 + y 2 ; thus x » p cos </>', y = p sin </>'. We also have fc, = /c 0 sin 0 cos r/», 
A: = A n sin 0 sin </>. I fence 


a -7n 


= E n a, f f 

•'ft J 0 


,/kat* **" 0cot(4- 6') 


p d<fj ’ dp 


We now note that 




Jo(w)~ 2[./ J (ii )cos2(</> - (/>) -7 4 (w)cos4(</> - </>') + ■ ■ ] 


+ 2y[J,(w-)cos(</> - </>')- J,(w) cos 3(</» - </>') + • ■ •] 

where /„(iv) is a Bessel function of the first kind and order n. By using this 
expansion the </>' integration is readily done. All terms integrate to zero except 
the term involving the J n function. The remaining integral over p can be done 
and gives 


= E 0 a, sin 0 )p dp 

* t\ 


= 2na 7 F 0 B K 


J { {k 0 a sin 0) 


k 0 n sin 0 


(4.21) 


upon using 


\ «'J, ,(") 


du = z'J.{z) 


The Bessel function J,(jt) is similar to a damped sinusoid and for large values of 
.t equals {2 /ttx)'' 2 sin(x - tt/ 4). In the d> = 0 plane the radiated field is 
proportional to f v as Eq. (4.17n) shows. The di(Traction or radiation 
pattern described by Eq. (4.21) is shown in Fig. 4.3 b. It is similar to the 
radiation pattern from a rectangular aperture, except that the decaying 
behavior of the J x function makes the side lobes Smaller. 'Pie main lobe goes to 
zero at k 0 a sin 0 = 3.832, which is the first zero for the Bessel function J,. Thus 
the angular width of the main lobe is 


. . .,3.832 3.832 A 0 

BW = A0 = 2 sin 1 --~-2 

k n a 7 t a 


• 1 


(4.22) 


7r a 
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The first side lobe has an amplitude of 0.13 (-17.6dB) relative to the main 
lobe. 


Uniform Aperture Field with a Linear Phase Variation 

We will now reconsider the rectangular aperture problem shown in Fig. 4.2 but 
assume that the aperture field has a linear phase variation; that is, 

E„ = E 0 a, |x| s a |y| s b (4.23) 

For this aperture distribution 


(4.23) 


f, = E 0 a, f f dydx 


which shows that the only modification in the pattern is that brought about by 
replacing k, and k f by k, - a and k y - (3. Hence if we call oa = u„, /3b = v„, we 
obtain by direct analogy with Eq. (4.19) 

( ) 2irr * u-u. * ~ »* sm <f> cos 0) 


cos ^ *»n cos 0 ) 


(4.24) 

In t/i> space the pattern is the same as before, except for a shift of the 
maximum from u = v * 0 to u ■ u 0 , v = v Q . In physical space this means that 
the radiation lobe is no longer along the z axis but instead occurs at the angles 
specified by 

k 0 a sin 0 cos <f> = u 0 * aa 
k n b sin 0 sin <f> = v 0 ~ [3b 

Tliese relations can also be expressed in the form 


(3 

tan <f> = — 
a 


sin 0 = 


(« 2 +/n 


2\I/J 


(4.25(1) 


(4.25ft) 


The beam can be scanned or positioned in any desired direction by controlling 
the linear phase variation of the aperture field in a manner analogous to what 
was found for the two-dimensional array. 

If P-0, then the direction of maximum radiation is in the </> = () 
or xz plane at an angle 0 = 0 O given by sin'‘(a/fc 0 ) = sin*'(crAaftir). The 
beam nulls occur where u-u n =±n or at u = «„ + n = k 0 a sin 0 = 
/c 0 fl[sin 0 O + cos 0 O (0 - 0 O )] upon using a Taylor series expansion of sin 9 about 
0 O , the position of the maximum as given by k n a sin 0 O = u 0 . the beam width 
between nulls is thus given by 


BW = 2(0 - 0 O ) 


k 0 a cos 0 O a cos 0, 


(4.26) 
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Wc find that when the beam is scanned away from the normal to the aperture 
the beam width is increased inversely with the reduced or projected width of 
the aperture in the direction of the main lobe. This same result was also found 
for the array. 

Tapered Aperture Field 

In many applications of antennas it is desired to have very low side-lobe levels 
in order to reduce interference effects. A strong interfering signal incident on a 
receiving antenna in a direction corresponding to a side lobe will interact with a 
weaker desired signal incident along the direction of the main lobe. It is often 
necessary to reduce the side-lobe level to 30 dB or more below the main lobe. 
For a rectangular aperture with a uniform field the first side lobe is down by 
only 13 dB. For a uniformly illuminated circular aperture the first side lobe is 
about 17.6 dB below the main lobe, which is only a modest amount better. In 
the study of arrays it was found that the side-lobe level could be reduced by 
tapering the clement excitations toward the ends of the array. This same 
technique works with apertures as well. A tapered aperture-field distribution 
will generally result in a reduction of the side-lobe level. The penalty paid is an 
increase in the beam width and a reduction in the directivity brought about by 
a reduced efficiency of utilization of the available aperture area. 

In order to illustrate the effect of a tapered aperture field we will consider 
the rectangular aperture with a triangular aperture-field distribution of the 
form 

F.= \x\sa \y\*b (4.27) 

For this aperture field 
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2abE'ft 0 lrn for a uniformly illuminaled aperture. This reduction is due to using 
a triangular aperture field. The pattern function along u now involves the 
square of (sin u/2)/(u/2) in place of the function (sin u)/u and this means that 
T? " ,,d ' 1 h be,ween nulls has been doubled, but at the same time the first 

f om s be . en K reduccd from 13 '« 26 dB below the main lobe. I, is clear 
from this example that tapering the aperture field can have a pronounced effect 

n the side-lobe level. Tire radiation pattern along u has double zeros and is 

distribution ^ 327 for ' hC ^ wi,h current 

Although the Fourier transform theory provides a convenient formulation 
or calculating the radiated field from a known aperture field on a plane 
surface, it cannot be applied directly to the case of an aperture cut in a curved 
urface such as on a cylinder or sphere. Therefore it is necessary to develop a 

KSS? 1 '° aPer '“" radia,i °"' *" d lhis is '"P- '"ken »p i„ 

sssr so ’ jrcf - s and 

We will show shortly that it is convenient and useful to introduce fictitious 
magnetic currents and charges as a technique to aid in the analysis of the 
radiation from an aperture. Magnetic currents J„ and charges p can be 

1 " andTelectric°charo"" S ^ ana '° gy wi,h "’ C Way elec,ric " «'"ents 

electric charge p t enter into these equations, in the following way: 


V x F. =* -/dB - J_ (4.30a) 

VxH = /w D+J t (4.30 ft) 

V ' B = P - (4.30c) 

VI>= '^ (4.30d) 


When both types of sources are present the resultant field is a superposition of 
that produced by the electric sources p, and the magnetic sources J , p 

usin' ?Z P 7'? y C field Pr ° duced by ,he elec,r ' c sources is readily found 
using the electric-type vector potential, which we now denote by A, instead of 

shown in Chap. 2. By means of a similar development, the field radiated 
> magnetic sources can be found using a magnetic-type vector potential A , as 
shown in Prob. 2.1.t The total field is thus determined by solving 

,( vJ+ *o)A, = -MoT • (4.31a) 

<? 2+k l)K = -e„J m . .' (4.31ft) 

vector^poIenUabso'as lo be dcsi ' h ,' WO,ds elecrric *1* and type in referring (o the 

terminology used for the closely -*** °' *° mCe invo,vcd and corisislenl with the 

terminology; e^g /[° caJled°a^ T P ° ,C " ,ia,S M *" y aU,h ™ lhe °PPOsite 

c-n, f\ f .s called a magnetic t*ctor potential. 
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VV ■ A, 1 

E=-/o>A, + -- --’xA. 

j(on 0 e 0 e 0 

VV• A m 1 _ . 

H = -/«iA„ + --+ — V x A, 

ja>n„€ 0 n„ 

In (he radiation zone ihe solutions for A, and A m are [see Eq. (2.48)] 


(4.31c) 

(4.31d) 



€**■ '' dr' 


(4.32 a) 


A.(r) = j*-e-** f J„(r ) dr (4.32ft) 

47rr J v 

where dr' stands for an element of volume dV'. The corresponding expression 
for the electric and magnetic fields in the radiation zone are 

E, = -ja,A., - i<oZ 0 A mt (4 -33a) 

E t = -jwA lt + jo>Z 0 A m , (4.33ft) 

H, = - Y 0 E 4 (4.33c) 

//* = V 0 E, (4.33d) 

The application of these equations will be deferred until later. 


Field-Equivalence Principles 

In order to introduce some basic concepts in connection with what are called 
field-equivalence principles we will consider an elementary electrostatic field 
problem. A point charge q at the origin, as in Fig. 4.4 a, will produce an electric 
field given by 

E = —^-5 a. 

4rr e n r 

l.et us now focus attention on (he field outside the spherical surface of radius 
r 0 . We can maintain the same field F. in the region r > r„ by removing the point 
charge q and placing a surface density of charge p, = <?/4nrJ on the surface 
r = r 0 , as in Fig. 4.4ft. The charge density p, provides the proper termination of 
Ihe lines of force associated with E at the surface r = r 0 . This new source 
produces a null field interior to the surface r = r 0 . The new source placed ort 
r = r n is equivalent to the original point charge q as far as the field outside the 
surface r = r 0 is concerned. This is an example of what is called a field- 
equivalence principle. 

We can modify the above problem in the following way without affecting 
the field for r > r„. Let us postulate the existence of a uniform field E, = £ n aj,id 
the interior r < r„, as shown in Fig. 4.4c. The field for r>r 0 is to remain 
unchanged. Thus on the surface r=r 0 we must place the charge density q! 4VfJ 
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Figure 4.4 Equivalent charge and magnetic current distributions needed to support 
r > r 0 and a field Fo», in r < r 0 . 


lo support the field E for r>r 0 and also place a charge density -€ (l a, • E n a, = 
~€ 0 E 0 s\n 0 cos <{> to terminate the normal component of the field E, at the 
surface r = r 0 so that it will not contribute to the field in r > r n . 

We must also place a static magnetic current sheet on the sphere to 
terminate the tangential electric field in the interior. A surface on which an 
clcctnc current sheet of density J„ Rows results in a discontinuous change in 
the tangential magnetic field according to the relation n x (H 2 - H,) = J fs . I he 
corresponding relationship for the discontinuity in the tangential electric field 
across a magnetic current sheet of density J mf is 

-nX(E 2 -E.) = J m , 

Hence we require a magnetic current sheet J m> = a, x = a „fc- sin + 
a,fc 0 cos 0 cos on the surface r = r 0 in addition to the layer of electric charge. 

In essence we can place on the surface r = r 0 an equivalent layer of charge 
and magnetic current that will produce the original field from the point charge 
q outside of r = r„ and that will terminate any arbitrary source-free field that we 
wish to postulate for the interior region. The charge and field configuration that 
we have set up is indeed a solution to Maxwell's equations, since everywhere 
except at r = r 0 both V x E and V • F, vanish, as does V x E, and V ■ F., by 
hypothesis. At the surface, r = r 0 , • (E - E,) = p„ and -a, x (E - E,) = J mj by 

construction. Hence Maxwell’s equations and the required boundary conditions 
are satisfied. When we choose E, to be zero we can place a conducting 
spherical shell just inside the surface r = r 0 without affecting the exterior field. 

The conclusion to be drawn from this example is that there are many 
equivalent-source distributions that may be placed on a closed surface 
surrounding the original sources and that will produce the same field outside of 


I 
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this surface as the original sources produced. The concepts involved can also be 
applied to a time-varying electromagnetic field as we now show. 

Let a system of electric sources J,, p, contained in a volume l', bounded by 
a closed surface S radiate a field E, H, as in F : ig. 4.5a. We now remove the 
sources .1,, p ( and postulate the existence of an arbitrary source-free field E„ II, 
inside 5 and the original field E. II in V 2 outside of S, as in Fig. 4.5/>. The 
postulated total fields are a valid solution only if they are properly joined 
across the common boundary 5. This is accomplished by offsetting the 
discontinuity in the tangential field components by surface currents given by 

= n x (II-II,) (4.34a) 

J m5 “ -n x (E - E.) (4-34 h) 

Equation (4.34a) is just the boundary condition for the magnetic field across a 
current sheet. In order that we can have a discontinuous change in the 
tangential electric field we must postulate the existence of an equivalent layer 
of magnetic surface current J mt . It is this requirement that motivated the 
introduction of magnetic sources in the beginning of this section. The fields E„ 
II, in V, and E, II in V 2> along with the currents on S , are a valid solution to 
the generalized Maxwell’s equations everywhere. Since the solution is unique, 
when all boundary conditions are satisfied the currents given by Eq. (4.34) must 
radiate the postulated fields. Hence, as far as the fields in V 2 are concerned, the 
currents given by Eq. (4.34) are fully equivalent to the original set of sources. 
Furthermore, E,, II, are arbitrary, so we may choose this as a null field. Thus 



Figure 4.5 Equivalent source*; for the field E. II outside 5. 
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surface currents given by 

J « = nxH (4.35rt) 

J -' = -" xE (4.356) 

placed on 5 will radiate the original field outside S and a null field inside 5 as 
•" F,g. 4.5c Tins is the mathematical statement of Huygen’s principle and 

;rz™ pri " cip ' r TheCl ™ ,S ‘SX 

found uc- ,i 35 d m a free ’ s P ace environment, and the field may be 
found using the vector potential functions A and A 

If we choose a null field in V, then wc can tcplace .9 by a perfect electric 

f “rv ~ 

n H "*• V in ^ b ' '°™« eleciric "u,“„ 

V. j u 1 L d a perfecl ma 8 n etic conducting surface 9 The fields 
radtated by the equivalent surface currents C alone or .1 alone must of 

7 r" ,h f lhe b0 ”" d ' r » °" Ihe "enclosed'per.eid 

electric and magnetic conductors are satisfied. P 

It is not necessary to impose any boundary conditions on the norm-,I 
components of the fields a, the surface .9 since, if the tangemia! field 
components arc properly matched by suitable current sheets Maxwell ' 

the surfaceT'iT^'r'ad n °™ a ' COmponen,s wi " ,lav e »'<= Proper behavior a, 
c surface 9 71,e reader w.shmg to pursue field-equivalence principles in 

ur. e, depth . referred to the literature.! For our purpose the r^ions 

e, ?4 34)” ,°M 3 T C . ’ C T f radia,i ° n from a P er, "re arc either the 
et (4.34) or (4.35), dependmg on how we wish to specify E„ II, [„ the ncxl 

z:,e7Zd:, ho ” ,h “ c n " d 

aperttjre^iadiation I ^' I jD *^' Q ^ IV ^^ NC ^ ^aiNCiPLES T" 

Consider again the aperture in a conducting screen shown in Fig 4 I . I et 
F.„. H. be (he tangential fields on the z = 0 plane, which wc assume that we 
have somehow determined. Note that E. = 0 outside the aperture opening, but 

to Radia^Sems •• 'J™. Equiv, !* nc * ™ eorems of Electromagnetics and Thai, Applicaiions 
,o Kad.at.on Problems, Bell Systems Tech Jour., vol. 15. 1936, pp. 92-112. 

Theorems " Commun Kl, ‘ hho,, j F ” rmula - " s Vec,or Analogue and Ollier Field Equivalence 
neorems, Commun. Pure Appl. Math., vol. 4, June 1951, pp. 43-59. 

York. 1961. a, " ng,0n ' 7W " am °™ Electromagnetic Reids. McGraw-Hill Book Company, New 

Unive B ,5i,%”e^New d Y o r k R |9W PSOn ' Ma ' hema,ical n < Hagen's Prineiple. Oxford 
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H is not zero in general. The radiation field may be found from the currents 
.1 " - n x H„. J m> = -n x E, using Eqs. (4.32) and (4.33). These currents are 

considered''radiating into a free-space environment. ... 

We could also replace the whole z = 0 plane by a perfect conductor and 

find the fields from a magnetic current distribution .I m , - a, x E alone If we 
use image theory we can remove the screen and find the total field from a 
current source 2J m , = -2a, x F, on z = 0 and considered as radiating into a 
free-space environment. Alternatively we can replace the z = 0 plane by a 
perfect magnetic conductor and find the field for z>0 from J„ - n H. 
alone, or use image theory and find the field from a current source 2J„ - 
2n x II on z = 0 considered as radiating into free space. 

We will work out the result in detail only for the case where wc use the 
equivalent source 2J,„, = -2a, x E. radiating in free space. From Eq. (4 32 b) 

the solution for A m is 


-e 0 e <tor 

A-w—tr-* 


a.xf Je .V./X'^'-^dx-dy' 


Now a, ■ a, = sin 0 cos </>, a, ■ a y = sin 0 sin <f>, and the integrand may be 
recognized as f,(* 0 sin 0 cos </>, k 0 sin 0 sin *) by comparing it with the definition 
of f, given by Eq. (4.14). If we now use Eq. (4.33) and note that 

a? x a, = a v = a, sin 0 sin <t> + a, cos 0 sin </> + a* cos <t> 


and 


a, x a„ 


-a = - a. sin 0 cos <t> - a, cos 0 sin <t> + a 4 sin <f> 


we find that 


E(r ) = cos </> • f, sin <f>) + ».(/„ cos </>-/. sin </.) cos 0] 

2 nr 

where wc have also put «i«„Z« « k 0 . This solution is the same as that obtained 

using Fourier transforms and given by Eq. (4.17a). 

I he solution using the other two possible equivalent sources 23 fS or J„ and 

I may be derived in a similar way. The results are summarized below. The 
function g, is defined as the Fourier transform of the tangential magnetic field in 

the aperture plane and is 


g,(fc,, k r )= fl ”„(*', y') dx' dy' 


(4.36) 




In terms of the equivalent sources J fS , J mj ; 2J„,; or 2J m , we then find that the 
electric field is given by 
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2J m , 

E » = J^r e ltV V’ cos ^ + fy sin <t>) (4.39a) 

_ jk n COS 0 

E * = — 2nr~ ^ ° C ° S * ‘ sin (4.39/;) 

Wc have already seen that Eq. (4.39) agrees with the results obtained earlier by 
using Fourier transforms. The solution given by Eq. (4.37) is the average of 
Eqs. (4.38) and (4.39). If the correct aperture fields arc known, all three of the 
above procedures give identical results. However, when approximate aperture 
fields E a , H fl are used, the three formulations generally disagree. There is some 
advantage in using Eq. (4.38) or (4.39) alone, since only one of E 0 or H fl needs 
to be specified. On a curved surface, image theory cannot, of course, be used. 
In that case wc must use Eqs. (4.32) and (4.33) directly. 

Obviously the above theory is of little use unless one is able to find a 
satisfactory estimate of either the aperture electric field or aperture magnetic 
field. For many practical antennas it is possible to use the geometrical ray 
optics theory or other means to find approximate solutions for the aperture 
fields. Some of these techniques will be explored in the remaining sections of 
this chapter. 

Magnetic sources do not have a physical existence, but they may, 
nevertheless, be introduced as part of the equivalent system of sources needed 
to produce the same field in a restricted region of space as some Other real 
physical sources do. It is in this context that magnetic sources are used, and for 
this purpose they provide a convenient mathematical artifice to aid in the 
calculation of fields radiated by aperture-field distributions. 

I he steps leading to the result of Eq. (4.39), which is the same as given by 
Eq. (4.17a) and obtained by using Fourier transforms, are an independent way 
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of finding the asymptotic value of the integral (4.12) for the total field as k 0 r 
becomes large. 

If we refer to F : .qs. (4.32) and (4.35) we see that an element of area dS, with 
unit normal n and on which the tangential fields are E„(r'), H a (r'), will 
contribute to the vector potentials in the following way: 

d\Ar) = — e'‘°'n x H.(r’) c' 1 ”*' v dS (4.40a) 

4 ttt 

d\ m (r) = - e '‘"'n x F(r) dS (4.40/,) 

4 nr 

The evaluation of the radiation from an aperture in a conducting enclosure 
such as a cylinder or a sphere is more difficult to carry out than that of an 
aperture in a conducting plane. The formulation that is usually used is to close 
the aperture by a perfect conductor and place a magnetic current sheet 
J MJ s -nxE in front. The radiated field may be found from this magnetic 
current source but must be determined so that nxE will vanish on the 
conducting surface. The magnetic current cannot be considered as radiating in 
a free-space environment. If a good estimate for J ms cannot be made, then J mj 
must be treated as an unknown quantity. The boundary-value problem requires 
that the total electromagnetic field both inside and outside the enclosure be 
found such that the tangential components are continuous across the aperture 
opening. The frcc-spacc formulas (4.40) can only be applied if we know both 
n x H fl and n x E a over the total surface enclosing the structure of interest. 

4.4 OPEN WAVEGUIDES AND HORN ANTENNAS 

An open rectangular or circular waveguide is not normally used as an antenna 
by itself because of its low directivity. However, waveguides are frequently 
used as the primary feed to illuminate a paraboloidal reflector, so it is of some 
interest to examine their radiation characteristics. 

Rectangular Waveguides 

Figure 4.6 a shows a rectangular waveguide of dimensions a x b, with the 
aperture located in the z = 0 plane. The dominant propagating mode in the 
rectangular waveguide is the TE, 0 (transverse electric) mode, which has a y 
component of electric field and x and z components of magnetic field. The x and y 
field components arc given by 


i 
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Figure 4.« („) Open rectangular waveguide, (b) Radiation-field pattern. 

where the propagation constant ft = (ftj- rr ’/a 2 ) 1 '* and the wave admittance V 
for the .node ts given by V„ = 0YJk,. At z = 0 the dominant mode fields arc 


r r nx 
E w = COS- 


H, = -Y W E 0 cos — 

a 


(4.42a) 

(4.24/,) 


With the guide terminated at z = 0. a reflected dominant mode plus higher- 
ordei modes of small amplitude are excited near the open end. If these arc 
neglected and if we also assume that outside the aperture on the z = 0 plane 
the x and y components of the field are negligible, then F.q. (4.42) may be 
considered to specify the aperture fields on the z = 0 plane. This 
approximation, in practice, gives a reasonably good estimate of the main 
radiation lobe even though it does not give a very accurate estimate of the side 
lobes in the radiation pattern In the application of waveguides as feeds for 
paraboloidal reflectors we are mainly interested in the characteristics of the 

main lobe, so the assumptions made above are usually acceptable for this 
purpose. 

In order to calculate the radiation field it is simpler to use a single current 
source, which we choose to be the magnetic current source 

A 

^t».f = ~ n x = -a, x ayE 0 cos — 5 


= a r E 0 cos 


(4.43) 


i 
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The radiated far-zone field is given by Eq. (4.39), with /, = 0 and 


HI ,af7 


L = E„ f [ cos — rfx dy 

J-b/2 J -al2 Q 


— 2nabE t 


sin[ fe y (fr/2)] cos[/c,(q/2)| 

k,W 2) *MM) 2 


(4.44) 


where /c r = /c n sin 0 cos </> and Jc y = /c 0 sin 0 sin </>. 

In the = n/2 plane, i.c., the yz plane, the radiated field E„ is proportional 
to f y = (2/n)abE 0 s\n[k 0 (bl2)s\n 0]/[k 0 {bl2)s\n 0] which is the characteristic 
pattern associated with uniform illumination of the aperture along the y 
direction. In the xz plane where </> = 0 the radiated field E+ is described by the 
factor 


cos[/c 0 (a/2) sin 0] 
tt 1 - (k 0 a sin 0) 1 

which is the pattern associated with a cosinusoidal aperture field. The two 
principal plane patterns arc shown in Fig. 4.6 b, without the cos 0 factor for E+, 
as functions of u = k n (a/2) sin 0 and v = k 0 (bl 2) sin 0. Note from Eq. (4.39 b) 
that, because of the cos 0 factor, E+ vanishes on the z - 0 plane, and hence the 
far-zone radiation field does not have an x or y component on the z = 0 plane. 
This, of course, must be the case since we made this assumption in specifying 
the aperture field, and the theory should be self-consistent. 

The aperture of a rectangular waveguide is small in terms of wavelength. 
For example, at X band (8 to 12 GHz) the wavelength ranges from 3.75 to 
2.5 cm, while the standard WR-90 waveguide has dimensions a- 0.9 in = 
2.29 cm and b = 0.4 in = 1.02cm. Consequently, the beam width is quite large 
and the directivity is small. If we assume A 0 = 3 cm, then the beam width in the 
<t> = 7t/ 2 plane (E plane) is not defined, since b is too small for a null to occur in 
visible space; that is, the first null occurs where v = (k 0 b/2) sin 0 = n = 
(7r/;/A 0 )sin 0> which requires sin 0 > 1 and hence is in invisible space. In the 
<b - 0 plane (// plane) the null occurs where (/c 0 a/2)sin 0 = 3tt/ 2 or for sin 0 - 
3A n /2fl, and this also does not occur in visible space unless A 0 <2n/3. 

The total power radiated may be found from the integral of the complex 
Poynting vector over the aperture when we assume that the aperture fields arc 
known and are given by Eq. (4.42). For this aperture field wc obtain 

f bt2 . 

P, = \ I [ EX cos 2 — dydx = - YJSl 

-all J -hl2 * a . 4 


From Eq. (4.39), along with Eq. (4.44), we find that the maximum radiated 
power per unit solid angle along the z axis is 



2nabE 0 \ 2 
tt 2 / 


klYtEfobf 

2 TT* 
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Hence the directivity is given by 


2 P, PX 0 Al (4 45 > 

For A„ = 3 cm and a WR-90 waveguide D = 3.5. 

If Hie radiated field is calculated from both J„ and using Eq. (4 37) it is 
found that E, is modified by a factor (* 0 + 0 cos 0)/2k„ and E. is modified by 
a factor (fc 0 cos 0 + /3)/(2fe„cos 0), and the directivity D is found to differ from 
that given by Eq. (4.45) by a factor (* 0 + /J)’/4*J. For the example given above 

lh,s would give D = 3.07. The difference is due to the fact that the assumed 
aperture fields are only approximately correct. 


64 ab 


Circular Waveguides 

For a circular waveguide of radius a as shown in Fig. 4.7 the dominant mode is the 
I E„ mode for which the electric field distribution over the cross section is 

2sm^ (, 
p \ a! 

E _ 2 a cos <f> dJ,( F84 p/a) 

I -84 dp 

where J, is the Bessel function of the first kind and order 1 and p is the 
cylindrical radial coordinate shown in Fig. 4.7. In rectangular coordinates the 
expressions for the field distribution are given by 

E, = E n cos ( jt - E t sin 4> 

E y = E v sin <t> + E t cos <f> 

If the following Bessel function recurrence relations arc used: 


dJM , 


2K-.(«)-4,.l(")l 


m . 

-^00 = 1 K -,(« 0 +^. 1 ( m )1 



'1»L 

coi 6 


^ = 0 


Figure 4.7 Open circular waveguide and typical principal-plane radiation-field patterns. 
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it is readily found that 


B t = 7 2 (l.84 ~) sin 20 
: y = J 0 (l.84 ^ - 7 2 (l.84 ^ cos 20 


(4.46a) 


(4.46/j) 


If we assume that the aperture field can be approximated by these expressions, 
then it is relatively easy to derive the corresponding radiation field. 

In order to find f x and f y an integration over the circular aperture is 
required. The exponential factor involved is e' k,x t,kyV . Now 

k r x' + k y y' = knp sin 0(cos <f> cos 0' + sin </> sin </»') 

= knf) sin 0 cos(0 - </>') 

By using the same expansion for exp [jk 0 p sin 6 cos(0 - 0 )] as was used in Sec. 
4.1 for the uniformly illuminated circular aperture, along with the Lommcl 
integral formula 

r u u dJ n ((3u) r , dJ n (au) ] 

J uJ B {«u)J K {Pu) du = n \_ pi J A"“) —^- JAM du | 

it is possible to evaluate f, and f r Thus we find, after a considerable amount of 
algebraic manipulation, that 


r l .84 u 


* cos .[^ 


1.847,(1.84) dJ^u) 


(4.47a) 


(4.47/7) 


where u = k 0 a sin 0. 

It is seen that in the 0 = nil plane (H plane) the pattern is the same as for 
a uniformly illuminated aperture (see Eq. (4.21)]. In the H plane where 0 = 0 
the pattern is quite similar to that for the //-plane pattern of the rectangular 
waveguide. Typical principal-plane patterns arc shown in Fig. 4.1b. 

The directivity may be found in the same way as for the rectangular 
waveguide and ist 


D-^ (4.48) 

p\ n a ; 

where ft = [k 2 0 ~ (1.84/a) 2 ) 1 ' 7 and is the propagation constant for the TE„ mode 


tS. Silver (cd ). Microwave Antenna Theory and Design. McGraw-Hill Book Company, New 
York, 1949. Silver uses both electric and magnetic currents, so his expression for D differs by a 
factor (fc 0 + /*) 7 /4fcS. See also comments made after Eq. (4.45) for the directivity of the rectangular 
waveguide. 


m a circular waveguide. This expression is very nearly (lie same as that for the 
rectangular waveguide except for the difference in the formulas for the area of 
the aperture. 

It is possible to solve the problem of radiation from a circular waveguide 
exactly, and thus a comparison of the approximate theory given above with the 
exact results can be made. This comparison is given in a later section covering 
feeds with low cross-polarization properties. 


//-Plane Horns 

In order to obtain a sharper beam and higher directivity than that given by a 
simple open waveguide radiator, the waveguide may be flared into a horn with 
a much larger aperture opening. If the width <i of the rectangular waveguide is 
increased to a' by flaring the waveguide in the II plane, the //-plane horn 
shown in Fig. 4.8 is obtained. The field launched in the horn from the input 
waveguide is a cylindrical wave with a circular constant-phase front. In order 
that the aperture field will be nearly in-phase over the aperture, the flare angle 
must be small. The gain and radiation pattern are very close to those for a 
constant-phase aperture field, provided the phase error does not exceed + n/4 

at the sides of the aperture. With reference to Fig. 4.8 this restriction on phase 
error can be staled as 

^|) ^ "T 
4 

From Fig 4.8 it is seen that R, = R , c os 0/2 and a' = 2/?, sin 0/2. lienee 




phase from Figure 4.8 //-plane horn. 
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The maximum value of •// that satisfies this equation is plotted as a function of 
o'/A in Fig. 4.9. It should be apparent from this figure that in order to have a 
large aperture opening the flare angle will be small, resulting in a very long and 
bulky horn This feature has limited the application of horns to those instances 
where only a modest gain is needed, such that the aperture is usually less than 
10 wavelengths in width. Even for a'= 10A o the horn will be close to 100 

wavelengths long. ... 

When the phase variation in the aperture field can be neglected the 

aperture-field distribution may be assumed to be the same as for the dominant 

TE I0 mode in the input waveguide; that is, 



= a y E n cos — 


7 TX 
/ 



(450) 


The radiated field is thus given by the same formulas as for the rectangular 
waveguide, with a replaced by a\ and hence upon using Eqs. (4.39) and (4.44) 
wc obtain 



jk n a bh Q >Ao , 

V 

4r 


sin v 
sin (f) - 


cos u 


V (nllf-u 7 


(4.5 In) 



k„a bE a ... . „ sin v cos i / 

—- 2 e cos </> cos e - ——5 - 5 

4 r v (n/2) - u 


(4.51 h) 


where u = (fc 0 W2) sin 6 sin and „ = (Ic 0 a72)sin 0 cos 4>. The directivity is 
given by Eq. (4.45) with p = (kj- tt V 2 )" 2 - k„; so 

D = 10.2 —y ( 4 -52) 

The gain of the horn antenna is essentially equal to the directivity since the 

losses are normally negligible. .... 

If the horn length is fixed, a larger gain can be obtained by increasing the 



x o 


Figure 4.9 Flare angle tp as fc 
function of a'Mo for the /f-plane 
horn in Fig. 4.8. 


flare angle somewhat and allowing a larger phase error, since the increased 
aperture width more than compensates for the decrease in gain brought about 
by the larger phase error. By analyzing the effects of phase error on gain it is 
found that for a fixed length the maximum gain is obtained by increasing the 
aperture width a' until a phase error of around 0.75 tt occurs. This optimum 
value of gain or directivity is a factor of about 1.3 less than that given by Eq. 
(4.52) and illustrates the effect a phase error has on antenna gain, 

E-Plane Horns 

If a rectangular waveguide is flared in the E plane, as shown in Fig. 4.10, an 
E-plane horn is obtained. The same considerations regarding phase error and 
flare angle apply to the E-plane horn as to the //-plane horn. Thus the flare 
angle versus aperture height h' is given in Fig. 4.9, with b' replacing a'. The 
radiated field and directivity are given by Eqs. (4.51) and (4.52), with b 
replaced by b' and a' replaced by a. 

If the horn length is fixed, the maximum gain is obtained by increasing b' 
until a phase error of around 0.5 tt occurs. The tolerable phase error for the 
//-plane horn is larger, because (he aperture field goes to zero at the sides or 
the aperture in the // plane, while for the E-plane horn the aperture field is 
constant in the E plane. For the optimum-gain horn the effect of the phase 
error reduces the directivity from that given by Eq. (4.52) by a factor of about 
1.25. 


Pyramidal Horns 

For a given length of horn the greatest gain is obtained by flaring the 
waveguide in both the H plane and E plane to obtain the pyramidal horn 
shown in Fig. 4.11. In order to have a negligible phase error the flare angle in 
both planes should satisfy the condition (4.49). The radiated field and direc¬ 
tivity are given by Eqs. (4.51) and (4.52), with b replaced by b'. 

For a horn of fixed length the maximum gain is obtained by increasing the 
flare angles to allow a phase error of around 0.75ir in the H plane and 0.5 tt in 
the E plane. For a horn designed according to this criterion, the directivity as 



Figure 4.10 The E*plane horn. 
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Figure 4.11 The pyramidal horn. 

given by Kq. (4.52) should be multiplied by a factor of 0.63 to give 

a'b ' 

D = 6.4 —y optimum-gain horn (4.53) 

The design of pyramidal horns is discussed in the book by Jasik.t A 
common use for a pyramidal horn is as a standard-gain horn for determining 
the gain of other antennas by comparison. Small pyramidal horns are also used 
as feed horns for paraboloidal reflectors. 

4.5 RAY OPTICS 

At optical frequencies lenses and reflectors are designed on the basis of 
geometrical or ray optics. The success of this method is due to the large 
dimensions of the lenses and reflectors used relative to the wavelength, which is 
only a few micrometers (10 6 meters) or less. The same techniques arc 
applicable to the design of lenses and reflectors in the microwave frequency 
band, since again these structures are usually large in terms of wavelength, 
which is only a few centimeters. Geometrical or ray optics has a theoretical 
foundation based on Maxwell s equations and results from an asymptotic 
solution to these equations as the frequency <o tends to infinity. The basic 
elements of this theory arc given in App. IV. For our purpose we will 
summarize in this section the results that we will need to analyze reflector 
antennas. 

According to ray optics the electromagnetic field everywhere is locally a 
plane wave and propagates in straight lines, i.c., along straight rays, in 
homogeneous media. At a boundary between two different media the rays are 
reflected or refracted at the tangent plane according to Snell s law, and the 
Fresnel reflection coefiicients hold. The power is viewed as flowing in flux 
tubes, and if a flux tube is reflected from a perfectly conducting surface the 
power in the reflected flux tube equals that in the incident flux tube. If the 


f H. Jasik, Antenna F-nf>ineerinf’ Handbook . McGraw- J litl Rook Company. New Yoik. 1961. 
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reflecting surface is a plane, the solid angle of the incident and reflected flux 
tubes are the same. If the reflecting surface is curved, the rays forming the 
boundary of the reflected flux tube may have a greater divergence than those of 
the incident flux tube or they may converge, depending on whether the surface 
is convex or concave. The electric and magnetic fields are transported along the 
flux tubes, and their polarization or orientation in space does not change except 
upon reflection or refraction at a boundary. The electric and magnetic fields are 
mutually perpendicular and orthogonal to the rays. 

Figure 4.12 shows a flux lube with bounding rays emanating from a 
common point P and incident on a plane reflecting surface. The reflected rays 
make an angle 0, with the normal n to the reflector that is equal to the angle of 
incidence 0 r The reflected rays appear to come from the image P' of the point 
P in the reflector, as shown. 

If s, is a unit vector along the incident ray and s, is a unit vector along the 
reflected ray, then Snell s law of reflection can be stated as 

*V = s,-2(n-s,)n (4.54) 

since only the normal component of the incident ray unit vector is reversed in 
direction upon reflection. 

At the reflector surface the tangential electric field must vanish. Thus if F, ( 
is the incident field and E, is the reflected field wc must have 

nx(E,+ E,)=0 (4.55fl) 

where n is the unit normal at the surface. The normal component of the electric 
field in the reflected wave equals the normal component in the incident wave, 
since the total electric field must be perpendicular to the ray; thus 

n • E f = n • E, (4.55/;) 



4.12 Reflection of a flux tube at a plane reflector 
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We can rewrite the condition (4.55a) as 

E, - (n • E> = -E, + (n • E> 

When we make use of Eq. (4.556) we find that 

E, = -E, + 2(n-E> (4.56a) 

which can also he expressed in the form 

E r = (n • E,)n + n x (n x E-) (4-566) 

The relations (4.55a) and (4.556) show that the normal components of E, 
and E, as well as the corresponding tangential components are equal in 
magnitude. Thus we also have 

|I\I = |E,| (4.56c) 

Only the direction of the electric field is changed upon reflection. The above 
equations determine the electric field at the input end of the reflected flux tube. 
As the field propagates along the (lux tube its amplitude decreases inversely 
with the square root of the cross-sectional area of the flux tube, since the power 
in a flux tube is conserved. 

In general, the rays in the incident flux tube will not come from a common 
point P. They may come from a line or other focal surface. Figure 4.13 shows a 
flux tube in which the wave front, which is the surface that is everywhere 
normal to the rays, is not part of a spherical surface. Let OP be a line from a 
point O that passes through the wave front at P and that coincides with the 
normal unit vector n to the surface at P. For any smooth surface there are two 
mutually orthogonal curves C, and C 2 that can be drawn that have a maximum 
radius of curvature /?, and a minimum radius of curvature R 2 ■ All rays in the 
plane containing C, appear to come from a point a distance /?, from P on the 
line OP, while those rays in the plane containing C 2 appear to come from a 



Figure 4.13 Wave front of a general flux tube showing the two principal radii of curvature. 
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point a distance R 2 from P and again lying on the line OP. For other curves C 
drawn on the wave-front surface the radius of curvature R will be between R t 
and R 2 in value and the corresponding rays will appear to come from a point 
on OP a distance R from P. If dr) x and d-q 2 are the angular separations of the 
rays in the two principal planes, as shown in Fig. 4.13, then dA = R x R 2 drj ] drj 2 
is the cross-sectional area of the flux tube. The power density is inversely 
proportional to dA and hence inversely proportional to R y R 2 , since d^ } drj 2 
docs not vary along the flux tube. The reciprocal of the product of the 
maximum and minimum radii of curvature is called the gaussian curvature of 
the wave-front surface. 

When an arbitrary flux tube is incident on a curved reflector, it is generally 
difficult to calculate the principal radii of curvature for the reflected flux tube. 
In the special case when the incident rays all come from a common point () so 
that the wave front is spherical, then it can be shown that the gaussian 
curvature K'(P) of the reflected flux tube at the point P on the surface of the 
reflector is given byt 


k \n = 



/?;/?■ 


(4 R 2 + R u R v )qos Of + 2R(R U sin 7 y, 4- R v sin 7 y 2 ) 

R 7 R u R v cos 6, 


(4.57) 


where 0, is the angle between the incident central ray and the normal n to the 
reflector surface at P, y, and y 2 are the angles between the incident central ray 
and the two principal directions on the reflector surface shown as the curves u 
and v in Fig. 4.14, R u and R r are the principal radii of curvature of the 



t Silver, op. cil.. p. 143. 
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reflector surface at P (these are positive for a convex surface and negative for a 
concave surface), R is the radius of curvature of the incident wave front at P, 
and K'( P) is the gaussian curvature of the reflected wave front. 

The two principal radii of curvature R\ and R' 2 for the reflected flux tube 
are in general not equal. However, at a long distance r from the point P along 
the central ray of the reflected flux tube the two radii of curvature /?J + r and 
R\ v r of the reflected wave front will be essentially the same and equal to r. 
Since the powei density per unit area is proportional to the gaussian curvature 
of the wave front, the reflected power density P,( r ) at r related to that at the 
point P on the reflector surface as follows: 


' ' rW r 2 r 7 K'(P) 


(4.58) 


The gaussian curvature K'( P) of the reflected wave front at the point P on the 
reflector surface multiplied by R ? is the reciprocal of the divergence factor of 
the surface. The latter is denoted by the symbol £>(P), thus 


D(P) = 


R 2 K{P) 


(4.59) 


where K'(P) is given by Eq. (4.57). When D is introduced, Eq. (4.58) becomes 


P f (r)=-/7(P)P,(P) 


(4.60) 


The reflected field at r is then obtained by using Eq. (4.566) and noting that the 
field strength is proportional to [P,(r)) l/2 so that 


E,(r) - — D m e tknr [(n • E> + n x (n x E.)J 


(4.61) 


In practice, for many reflectors of interest the relationship between the 
incident and reflected flux tubes is simple enough that it is not necessary to 
evaluate the reflector-surface divergence factor. As an example in illustrating 
the application of ray optics, we will apply the concepts to a microwave lens to 
find the aperture-field distribution. 


Microwave Lens 

Figure 4.15 shows a typical microwave lens made from dielectric material with 
dielectric constant k. The index of refraction n equals Vk. A point source is 
located at O a distance /, called the focal length, from the rear surface as 
shown. We want to find the equation of the rear surface so that the rays 
emerging from the front surface are all parallel. The front surface of the lens is 
thus an equiphase surface. The propagation constant in the lens medium is 
MV fj Q e = nk 0 . The optical path length is equal to the physical path length 
multiplied by the index of refraction n. In order that the front surface of the 
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Figure 4.15 A microwave lens. 


lens coincides with an equiphase wave front the optical path length from O to 
any point on the front surface must be the same for all rays (the same 
propagation-phase delay, which equals <c 0 times the optical path length). With 
reference to Fig. 4.15 it is seen that we require 

/ + nt = r + nBC 

Since the two paths BC and AD are equal we can write 

/ + n(r cos 0-f)=r 

which can be put in the form 


(" - «)/ 
n cos 0 - I 


(4.62) 


I Ins equation describes a hyperboloid surface (hyperbola of revolution), which 
is the required surface for the back surface of the lens. If the lens diameter 2a 
is small relative to the focal length /. the maximum value of 0 is small and the 
portion of the hyperboloid surface involved can be approximated by a spherical 
surface. Although this approximation frequently holds for optical lenses it 
rarely applies for a microwave lens. The maximum angle 0 is that which makes 
a cos 0 = I so cos 0„„ = l/»t. A typical dielectric material might have n = 1.6, in 
which case 0 m> , = 51.3". In practice the angle would be limited to about 30" foi 
this value of ;i For a given (? m .. the lens radius is given by * - r cos ft and 
upon using F.q. (4.62) for r. 

o _ _ 2 (/' - 1)/ cos 0 m „ 

~'cosO a „-r < 4 '«> 

The F number for the lens is f/2a. With „ = 1.6 and 0 m „ = 30". the F number is 
which is quite small compared to values usually encountered in optics. A 
small F number is desirable from the point of view of having a large lens 
diameter for a given focal length 
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In order to find the field distribution over the aperture it is necessary to 
know the field radiated by the feed antenna located at the point O. A suitable 
feed antenna for a microwave lens is an open circular waveguide that has a 
radiation pattern given by [see Eq. (4.47)] 


E ' ,k ° r * 1.84 k 0 r„sinff 


(4.64a) 


E t = jk„ - e cos <f> cos 0 


1.847,(1.84) r/J|(/c„r„sin 0) 
1 84 2 - ( k„r„ sin 0) J </(ft„r n sin 0) 


(4.64ft) 


where r„ now stands for the radius of the circular waveguide. 

With reference to Fig. 4.16 the incident field at some point on the lens 
surface is given by Eq. (4.64), with r having the value specified by Eq. (4.62). 
Part of the incident field is reflected from the surface. There is also reflection 
from the front surface and multiple reflections within the lens from the two 
surfaces. These reflections will seriously degrade the performance of the lens, 
since the aperture field will no longer be a constant-phase field. In practice, it is 
necessary to match the lens surfaces to free space to prevent reflection at the 
surface. (In optics this is known as lens blooming because of the characteristic 
color associated with a coated lens.) flic front surface of the lens can be 
matched by a quarter-wave layer having an index of refraction n, given by 
/i, = \//? and a thickness equal to one-quarter wavelength (A 0 /4n l ) in the 
matching medium. A matching layer of this type is analogous to a quarter-wave 
transformer. The rear surface can be matched in a similar way but requires an 
index of refraction and a thickness that depends on both the angle of incidence 



i 

* 


Figure 4.16 Reflection and transmission at the surface of a lens. 
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and the polarization of the incident electric field. Since the incident field has 
both a 0 and a (f> component a perfect match for both polarizations cannot be 
achieved. For the purpose of discussion here we will assume that only the front 
surface of the lens is matched. 

The 0 component of the incident electric field is in the plane of incidence, 
which is the plane containing the radius vector r and the unit normal ri (not to 
be confused with the index of refraction n) for which the Fresnel reflection and 
transmission coefficients are given by (this is the parallel polarization casc)1 



k cos 0 i - 

\/ k - sin 2 0: 


1 .(0) = 

K cos 0, + 

1 

(4.65a) 


Vk - sin 2 0, 




n cos 0, 


T,W) 

= 0-r,)- 

i 

/- 

(4.65ft) 


1 

v k - sin 0. 


of incidence shown 

in Fig. 4.16. The 

transmitted electric 


field in the lens and also at the front surface of the lens is in the p direction, 
where p is the cylindrical radial coordinate (x 2 + y ? ) ,/? . Tlius apart from an 
irrelevant phase the electric field in the aperture, at a distance p = r sin 0 from 
the lens axis, due to E 9 is given by 

2*o r S . ^,^(1-84) ./.(Vo sin 0 ) 

fc =-sin d>T. *(0)- (4.66) 

' r 9K J 1.84 fc 0 r 0 sin 0 v ; 


where in this expression we must put r = (n - 1 )f/(n cos 0 - 1) from Eq. (4.62) 
and evaluate T„ according to Eq. (4.65fc). The unit normal to the lens surface 
is given by 


n = 


(1 - n cos 0)a r + n sin 0a* 


k + 1 - 2/i cos 0 


(4.67) 


and hence 


cos 0, = - a, • n = 


n cos 0 - 1 
Vk + I — 2/f cos 0 


(4.68) 


This is sufficient information to find E p . A convenient way to proceed is to find 
E p as a function of 0 first and then convert this to a function of p by using 
p = r sin 0 = (n - 1)/ sin 0/(n cos 0 - 1). 

The field component E+ becomes an E+ component on the aperture 
surface. For E^, which corresponds to perpendicular polarization, the reflection 
and transmission coefficients are 

(4.69(7) 
(4.69 b) 

t Most lexis on electromagnetic fields give a derivation of these formulas. 
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The aperture field E* is given by multiplying Eq. (4.64 b) by 1 6 and in order to 
correspond to Eq. (4.66) the phase factor j e ’ kn ' should be dropped. 

The above analysis is quite complex, so in practice a simpler, but less 
accurate, method is sometimes used. If the back surface of the lens is reason¬ 
ably well matched and we let g(0, <f))!r 2 be the power per unit area radiated by 
the feed, then the power incident in an angular sector d(f> dO is proportional to 


r 7 sin 0 dO d<f> 


8(0, *) 


= %(0, </>) sin 0 d9 d(f> 


This power must also How through the annular ring of radius p = r sin 0 and 
w idth dp, as shown in Fig. 4.16. Hence if P[p. </>) is the power density per unit 
area in the aperture we must have 

P(p, <f>)r sin 0 dp d<f> = g(fl, <t>) sin 0 dO d<f> 

and thus 

v 1 dO 

r(r<<f>) = 8(o,<f>)~-r- 

r dp 

Since p = r sin 0 ~ (/i - 1)/ sin 0/(n cos 0 - 1), upon using Eq. (4.62) we find that 

dp _ ( n - !)/ (;» - co s 0) 
dO (ncos0-l) ? 

By using this result the expression for the power density in the aperture 
becomes 


r(p.<i>) = g(o,<t>) 


(n cos 0 - 1)' 

(ft ~cos ~0)(n~7) r f 


(4.70) 


with p given in terms of 0 by the expression given earlier. The aperture-field 
amplitude will be proportional to the square root of P(p, «/>). This approach 
neglects the polarization properties of the aperture field. Usually if the feed is 
linearly polarized the aperture field can be assumed, without serious error for 
the purpose of calculating the radiation pattern, to be linearly polarized also.t 
The aperture-field amplitude variation is shown in Fig. 4.17 for a typical case 
when #i = 1.5 and g{0, <f>) is a constant. The natural tapering of the field 
amplitude is due to each segment dO of the incident flux tube mapping into a 
ring of increasing width dp as 0 increases, along with the decrease in the 
incident power density due to the 1/r 2 factor. 

A solid dielectric lens is heavy and bulky, so microwave lenses are usually 
designed with a stepped surface or by using an artificial dielectric medium. A 
variety of special lenses have been developed for use in scanning antenna 


t This approximation cannot be made if the cross-polarized radiation pattern is to be found. 
Cross polarization is discussed in Sec. 4.7. 
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4 ,1 -mpli.ude to, a len, illuminated by an iaotropic point source. 

sy S .cms.t Microwave lenses are no. widely used cxcep. in specialised an- 

P ' nS ’ S " ,CC , for n,osl communications purposes .he paraboloidal reflector 
antenna is simpler and more economical. 


4.6 PARABOLOIDAL REFLF.CTOR ANTFNNAS 


most useful and Widely used antenna for communications purposes Tile 

ri.TpLnb,,Wda^toe commu,death" links use paraboloidal reflector antennas, 
the paraboloidal reflector has a surface generated by revolving ihe parabolic 
curve shown m Fig. 4.18 about .he axis and is given by P C 


2 / . ,0 

i + coT r /Me 2 


(4.71) 


I be re (led or is commonly illuminated by a small feed born located al the 
prime focus a distance / from the vertex. 

torn, hC par „ ab< ! l !, id , SUrfa L CC has ,he P r °P er, y ">at all rays originating from the 
on.irs ' from ,hc s,,rfacc parallel to the axis. This would imply, if ray 

Sb ^e C ana, eXaC, r?h H°n’ fadia,ed beam would have zero beam 

lot d Hi r I? aC ‘ Cd fidd may bc Carricd 0l " ^ ray optics 

he narlholoM °" P ' ane ’ Whid ’ iS ' he CirCU,ar <lisk i" front of 

orSSS. « a het7'! f t r ' 8 ’ ****"* ,hc fortml,as earlier 

illernm v , rad,a,cd field from a k "«n aperture-field distribution. An 

alternative procedure ,s to determine the surface currents on the paraboloidal 


t Jasik. op cit.. Chap. 14. 

NSW “"Ci ^ "" "• ..*«* 
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Feed horn 




Aperture surface 


Figure 4.18 Paraboloidal reflector an¬ 


tenna. 


surface and then find the radiated field from these by using the same basic 
formula as used for the dipole antenna. The induced-current method is 
described in Sec. 4.8. Both methods yield results that are essentially the same 
for the principal polarized radiation pattern and agree quite well with experi¬ 
mental results as long as the aperture is large in terms of wavelength. 

In some radio astronomy applications the prime-focus feed system is not 
used because the radiation pattern of the feed does not go to zero at the edge 
of the reflector; with the reflector pointed toward the sky the feed is pointed 
toward the ground and will receive thermal noise from the ground, which 
reduces the sensitivity of the system. An alternative feed system that generally 
has a better performance in this respect is the Cassegrain system shown in Fig. 
4.19. In this system the primary feed is located at the vertex and is used to 
illuminate a subrcflcctor located between the focus and main reflector. This 


Hypcrboloidal 

subrcflcctor 


Primary 

feed 


Figure 4.19 The Cassegrain feed system. 
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subreflcctor provides illumination of the paraboloidal reflector. The required 
surface for the subreflector is a hyperboloid surface. 


21 


Aperture Efficiency 

In order to establish some of the important factors involved in the design 
of a paraboloidal antenna system we will let </») be the power-radiation 
pnttern of the feed located at the focus. The power incident on the reflector in 
the flux tube of angular width dO d<t> is given by 

P i(0* </>) = d>) sin 0 dO d<f> 

This same power must appear in the reflected flux tube of width dp on the 
aperture surface, as shown in Fig. 4.18, and hence 

P{p. <f>)r sin 0d<f> dp = g( 0 , <t>) sin 0 dO d<f> 


p (p- d>) = g{0, </>) 


[dO 
r dp 


(4-72) 


where P(p, 4>) is the power density per unit area on the aperture surface. This 
relation is the same as that found for the microwave lens. By using Eq (4 7H 
we find that '' v ' ' 


r sin 0 


2/ sin 0 dp 

1 + cos 0 do 

n *f 7 -n 2 
COS 0 - -=-- 

4/ ? -*V 


1 + cos 0 


and hence 


p (p<t>) = 


(i + cos oy 




16/ 


(4.73) 


If g(0. <f>) is a constant then P(0. <f>) is proportional to (1 + cos Of = 4 cos 4 (f?/2). 
If we wish to have a uniform aperture power distribution the feed power- 
radiation pattern would be required to vary proportional to sec 4 (0/2) For 
g{0,4>) equal to a constant, Eq. (4.73) gives the aperture-field taper as a 
function of p. For a paraboloidal reflector with an angular aperture of i// (twice 
the maximum value of 0) the normalized aperture field [P{p)tP( 0)] ,/J is ihown 

in Fig. 4.20. For later use we note that the half-angular aperture of the 
paraboloidal reflector is given by i///2, where 


2/ sin 4il2 . ib 

p=a ~-u 


(4.74) 


When the radiation pattern of the feed is also taken into account, the effect 
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<x o 


0-10. 


Figure 4.20 Amplitude of aperture field for a paraboloid illuminated by an isotropic feed for 
various angular apertures •//. 

is to increase the amplitude taper in the aperture held, which leads to a 
lowering of the aperture illumination efficiency. This tapering reduces the 
directivity of the antenna and increases the beam width, both of which arc 
undesirable effects. On the other hand, a tapered aperture-field distribution 
generally results in lower side-lobe amplitudes, which is desirable since it 
reduces interference effects in a communication system. 

There is some power lost, and hence a reduction in antenna gain, because 
of radiation from the feed that is not intercepted by the reflector. This loss, 
which is called spillover loss . is given by integrating the power pattern of the 
feed over the angular region outside of that subtended by the reflector. The 
efficiency factor r; ? due to spillover is the ratio of the power intercepted by the 
reflector to the total power radiated by the feed and is given by 


^5 = 


SI ft' 2 8(0, <£) Sin 0d0d</> 

~Sl n ~SZ do d<t> 


(4.75n) 


The expression for the spillover efficiency can be written in a simpler form by 
introducing the directivity D f of the feed. The feed directivity is equal to 
47 rg(0,0) divided by the total power radiated by the feed. Consequently, Eq. 
(4.75 a) can be reexpressed in the form 


2 " _ f /2 


W I. 


8(0'*) 

4n-g(0,0) 


sin 0d6d<f> 


(4.75 b) 


The loss in gain due to a tapered aperture-field distribution, nonconstant 
phase for the aperture field, and the presence of unwanted cross-polarized 
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Se'“riLT7„^ " y 0 [ac,or lh '— Pnr>n , cu ., „ 

dM " c fi " d be " p,essed in ie ' ms »' us 

K(P'*) = E'{p, *)a x + E y (p, <t>) ay 

following MpreMten: P ° WCr ^ "" aper,Ure is * iven approximately by the 

y r 2n c a 
'of I 


P ‘ = T°I 0 ( (l£,M E/) P dpdd> 


?n -a 


f \ f f ) )p dp dif> 


r'ip to if.T "’ a ' "h ap ' r "’ re f,eld iS « * P'-»e lor which 

- ■ j P denS,ty on ,hc aperture surface (this approximation i, 

Bt\eTh Cd F m0 M C .'7r e ^ IIy la,er ° n) Along ,he z axis " ,c radiated electric field is 
has a magn?tudc givel°by ^ ^ ^ — *’ = *> = " ™ JTe5 


7n e n 


S j F -« (P-*)p dp d<f> 


~ 2irr I J n J 9 W'<P)r<lpd* | 

e rCS "" aM ' radia,i ° n inlensi,y ’ ,ha ' is - P° wer density per unit solid angle, will 




If the total radiated power P„ from the aperture were distributed uniformly over 
he aperturewith, a density P Jna* the resultant aperture electric field lould 

>„) , provided the field is linearly polarized and has , 

onThc'z ST"" fiCl 1 d J OU ' d P r0 f ,CC a P° wer <lc " si| y Per unit solid angle, 
dwewlch T - Usual, y only one polarization is desired 

the ratio o , y ' P ° ,an ' Zed field The a Pcrture efficiency is 

which w^d h C : n ' aX ; S ra ?'r a,,Pn in,enSi,y from ,he desired polarization to that 

ape. lure field radiating the same total power. Hence we have 


*o Y 0 




Va = 


j I E y (P'4>)p dp d<t> 

1 J o J n _ 

~((*ij*™ 2 )/47r 2 ]P~ 


__ l/o Jo* E,(p , 4>)p dp d<b | 2 

nal /o 2 ” /o’ (IHJ 2 + \EJ 2 )p dp dj) 


(4-76) 


upon substituting for P„ from the expression given earlier. 
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The aperture efficiency can be expressed as a product of three terms that 
account for loss due to nonuniform illumination (I - ??,), loss due to noncon¬ 
stant phase of the aperture field (I - rj r ), and cross-polarization loss (1 - tjJ; 
thus t) a = The factoring of ti a into the above form depends on how the 

various losses are defined. Suitable definitions for these efficiency factors arc 
given below. (Other definitions can be used, but the ones adopted in this text 
are felt by the author to be the most appropriate ones.t) 

The on-axis gain of the antenna can be expressed as 



where / is the radiation intensity in watts per unit solid angle for the desired 
polarization and P tn is the input power to the feed. The power radiated by the 
feed is P T - r) f l’ in , where ^ is the efficiency of the feed, flic power intercepted by 
the aperture is £ P r = P a from the definition of spillover efficiency. Wc can thus 

express G in the form 


° kkk ,' 



Let E be the desired aperture-field polarization, which we will call the 
copolarized field. The x component E , of the aperture field is then the 
cross-polarized field (co- and cross-polarized fields are defined more carefully in 
Sec. 4.7), The power radiated by the copolarized and cross-polarized aperture 
fields will be denoted by P„ and P,, respectively. The sum of these powers 
equals the total power radiated from the aperture because the two polariza¬ 
tions are orthogonal. The desired term is P c „. so the cross-polarization 
efficiency will be defined by the relationship 



We now obtain 

/ P I 

G = Ij.yljr — —= v,v,v, 4 IT — 

* co * a 1 CO 

fhe desired aperture field E y (x y y) can be separated into even and odd 
functions of x and y. The part that is an even function of x is 

E„, = 3[E,(x,y)+£,(-*. y)l 

while the part that is an odd function of x is 

E„, = H E,ix,y)-E,(-x.y)) 


t For a discussion of olher definitions see A. C. Ludwig. "Antenna Feed Efficiency,” Space 
Programs Summary 37-26 , vol. IV, Jet Prop. Lab., C.I.T.. Pasadena, Calif.. 1965, pp. 200-208. 
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Each of these funct.ons may be further split into functions that are even and 
odd with respect to y. Only .hat part of E, that is even in both k and y will 

K , ° n ' aXiS radia,ed f,eld for 3 s y mme * r ic aperture, since the 
given hy * m,Cgra,e '° zero 71,6 com P'e'e even function is E y , and is 

= ft *?,(*. y) + E y (-x, y) + E y (x, -y) + E„(-Jr, -y)] 

We now adopt the following definition for phase-error efficiency: the phase- 
error efficiency is the ratio of the on-axis intensity / produced by the even part 
f* ° f , copolarized aperture field to the maximum radiation intensity / 
that would be obtained when E„ has a constant phase. This ratio is given by 

_ JL _ l/o’ Jo a F „(.P.<P)pdp d<f >\ 2 


[/<?’ fo\Ey'(/>, <P)\p dp dtp I’ 

where cylindrical coordinates have been introduced to carry out the in¬ 
tegration. We can now express G in the form 

G = V/V,V,V p 4it ^ 

If the total copolarized power were radiated by a constant-amplitude, 
constant-phase, linearly polarized aperture field, the resultant on-axis radiation 
intensity would be /„= k^PJAn'. The ratio gives the illumination 

efficiency 77 ,, Wc now obtain our final factored form for G: 

G = V,V,V,V 'pV,4”y- 


(. klna\ 

= VfV.V.VpV^Tr-j-yj 

= W.n.VpV,^ na’) 


(4.77) 


The product of the three factors 77 , 77 , 77 , is the aperture efficiency given in 
Eq. (4.76). The explicit expressions for 77 ,, 77 ,, and 77 , are [note that E t can be 
replaced by in Eq. (4.76)] 


V, = 


V P = 


Jo' Jo IE»(p. <P)\ 2 p dp dt p 

Jo'So (\FJ + \E y \’)p dp dtf, 

l/o’ So E„{p, 4>)p dp d<t >| ? 
Uo" So I Eytip, d>)\P dp dtp] 2 


(4.78rt) 


(4.78/>) 


L [/>" Jo I E„ (p, tp)\p dp dtp]' 


Vi = 


n ° 2 So" Jo I Eyt(p< <f>)\ 2 p dp dtp 


(4.78c) 
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T he reader can readily verify that the product of these three factors equals t) a , 
as given in Eq. (4.76). 

When we assume that the aperture field has a constant phase and is linearly 
polarized, the phase-error efliciency and cross-polarization efficiency both 
equal unity. The aperture efficiency for this case is equal to the illumination 
efficiency and can be expressed in the form 

1 [Jo" Jo [P{p.4>)] m pdpd4>] 2 


s; w j;p(p,4>)pdpd4> 

Since the gain function g(0, </>) for the feed is usually known, the integrals arc 
best carried out by transforming back to the variable 0 using Eq. (4.73) and the 
relations preceding Eq. (4.73); that is. 


pdp = 


4/*sin Ode 
(1 +cos 0? 


We then find that 


= *fl l/o /o [g(g. ’/Or lan(g/2) d6d*\ 

1,1 ~ /o'TsfMIsin 0 d0dj> 


(4.79) 


In order to have a uniform aperture distribution. g(0, (ft) = scc 4 (fl/2). as noted 
earlier. In this case 

4/ ? „ I/,** scc ? ( 0 / 2 ) tan( 0 / 2 ) def 
Vi ~ “—5 Z rr- 

J 0 " 2 sec 4 ^ si n 0 dO 

4 / 2 W' 

= —t tan 2 —= 1 


upon using Eq. (4.74). This, of course, is the expected result in view of the 
definition of rj t . 


Aperture Directivity 

For a uniform constant-phase aperture field with linear polarization, the 
radiated field is given by Eq. (4.17 a) along with Eq. (4.21), from which wc find 
that on the z axis (note that J y [u)/u equals 1/2 when u = 0) 

2nr 

The power density per unit solid angle is 

E,|’ = J*’E 2 V 0 a 4 

The total radiated power may be found from an integral of the complex 
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Poynling vector over the aperture. This is given approximately by 


P ‘ ~ 5 f o J y oE „p dp d<f> = }7 T a 7 Y n E 2 n 


Tlie directivity D A of the aperture is thus 




A 


(4.80) 


I he max mum direct,v,«y obtainable from an aperture antenna with a constant- 
ph se field equals 4 jt/aJ times the aperture area. For a paraboloidal antenna 
w.th an aperture efficiency V/t , the aperture directivity is reduced by the facto, 

-a.S'h spmover cmcie,,cy «** 


° = TT 


(4.81) 


IltSlid. in ° rllcr ln " hievcdirc " ivilv ,he <™ d ”' "’"*1 

I he aperture efficiency can be increased by using a reflector with a small 

<*»« *,m , reed having ,tdi»Z 

P h, T 17 If aS n early P r °P° r,ional lo s ec 4 -fl/2 as possible over the 
angle subtended by the reflector. The latter requirement cannot be met without 

effitcienrv and'io' n 5 ° a i°|»P romi « e between high aperture-illumination 
h maximbed 7 P Tefficency must be sought such that the product V{ , h 

mav be oh. ,T ' he rela,ionshi P s between these parameters 

may be obtained by constdermg the family of feed radiation patternst: 

g( 0 )= 2 (n + l)cos" 0 ()s9< tt /2 

= 0 0 > rr /2 

The constant 2(n + 1) is a normalization factor chosen to make the total power 
radiated by the feed equal to 4 tt; that is, 

r 7 ’ r n . r n 

L J n g ( ff )* ln eded d> = 4 »r = 4 tt(h f I) I cos” 0 si undo 

J o 

With this normalization g(0) becomes the directivity function for the feed 
antenna and D f = 2(/i + 1). 

By using Eq. (4.75fc) we find that the spillover efficiency v , is given by 


>, = (« + !)/ 


*' J / -Ax "* 1 


cos" 0 sin 0 dO 


= 1 ~ ^cos 


(4.82) 


f Silver, op. cil. 
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The aperture illumination efficiency, as given by Eq. (4.79), is 

4 f 2 r f* 2 0 i ? 

T,, = -^ 2 (rt + l)|J (cos 0)"' 2 tan — rffl J 

where Eq. (4.82) has been used to evaluate the denominator in Eq. (4.79). Now 
cos 0 = 2 cos 2 012 - 1, and if we assume that n is even and put n/2 = in we 
obtain 


9 = vsh = 


*/ 2 o> + i) 


f ( 2 cos*?-.) 

a 7 J n V 2 / cos 0/2 J 


The in t CRi a I can be evaluated and yields 


24 sin 


.,</'.. '/'\ 2 


(7/ I// \ 

— + In cos —) 
4 4/ 


n = 2 


/ . •/' t ^\ 2 

40(sin “+ In cos--J 


/i = 4 


9= * cot 


14 [5 sin 2 y + l(l - cos^) + 2 In cos~j 




n = 6 


18 lsin 2 ^ + t(l-c<;>s|) + 2 In cos j- l(l - cos 4 j 


(483) 


it =8 


> 

where we have replaced 2 //a by cot i/''/4 from Eq. (4.74). In big. 4.21 the overall 
efficiency 77 , 77 . is shown as a function of the angular aperture 1 //. It is seen that 
an efficiency of greater than 80 percent can be achieved with the optimum 
choice of angular aperture for a given feed pattern. Figure 4.22 shows the 
spillover efficiency, which is seen to approach 100 percent more rapidly for the 
larger values of n. This is to be [expected, since the larger values of n 
correspond to a higher-gain feed and;hence a narrower radiation beam for the 
feed, with a consequent smaller amount of power spillover. 

In a paraboloidal antenna system there will be additional losses due to 
cross-polarized radiation, scattering from the feed-support structure, partial 
blocking of the radiation from the paraboloid by the feed, and, of course, 
feed-radiation patterns that do not coincide with those assumed to obtain the 
results shown in Figs. 4.21 and 4.22. For paraboloids fed by small horns or open 
waveguides typical values of overall efficiency realized in practice usually fall in 
the range of 50 to 65 percent. With optimum feed design efficiencies as high as 
75 percent or more can be achieved. 

For the optimum angular aperture obtained from Fig. 4.21 the normalized 
value of the feed-radiation pattern [at the edge of the reflector is given by 
cos ' 1 i/z/2. The corresponding value of the aperture power density is [Eq. (4.73)), 
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Figure 4.21 Efficiency factor rj.rj, as a function of angular aperture 


P(a) = cos" 


(1 + cos </// 2 ) ? 

2 4 r 


2(n + 1) 


I lie aperture-field amplitude at the edge is proportional to VP(rt) and, when 



degrees 

Figure 4.22 Spillover efficiency for a paraboloid as a function of the angular aperture. 
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normalized to its value at the center, is given by j(cos ^/2)" ,2 (1 + cos (///2). The 
variation of the normalized amplitude of the aperture field at the edge of the 
reflector as a function of n is shown in Fig. 4.23 and is seen to be essentially 
constant at a value of 0.3. This corresponds to a level of 10.5 dB below the field 
at the center of the aperture. Hence for optimum gain, approximately 10 dB of 
taper should be employed in the aperture-field distribution. The corresponding 
taper in the feed-radiation pattern is between 7.5 and 9.5 dB, as shown in Fig. 
4.23. It should be recalled however, that it may be desirable to use a greater 
amount of amplitude taper in order to achieve a lower side-lobe level. 

The effect that tapering the amplitude distribution has on the beam width 
and side-lobe level may be assessed by considering the family of linearly 
polarized aperture fields given by 



where A is a parameter that determines the relative value of the field at the 
edge of the aperture. This relative value is (l- A)E 0 . For the above aperture 
field f x - 0 and f y is given by 



jknr « 1 " 9 cr*{6-6 




p dp d<f>' 


where we have expressed k t x + k y y in cylindrical coordinates, as was done in 
Sec. 4.1 for the circular aperture. The integral over <f>' is the same as that 
encountered in the circular aperture problem and gives 27r./ n (/< 0 p sin 0). Hence we 



Figure 4.23 Aperture field at reflector edge for the optimum angular aperture and the relative feed 
gain in dB. 


have 
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4 - 2itE « l n -h(Kp sin <9)[(l - A) + A (l - !Ly Jp dp 

field %T5r ! aCl ° r ° " A) giVCS ,hC Uniform a P er,ure 

use^th^resultThaf° " ' A)7 ' ( “ )|/ " ^ si " * -her term we 

/„ J 9 (k B p sin 0)^ 1 - !pj p dp = a 2 j J 0 (ux)(l - x 2 ) n xdx 

_ a * 2”n\J ntl (u) 

2 «"*' 

resuhis 7 ”*' ^ lhC BeSSCl fUnC,i ° n ° f ' he firs ' kind and " + I. Our final 


U = 2(1 ~A)^ + A2"n ! 

L u | 

By using Fq. (4 39) we can find (he radiated field, which is 


(4.84) 


7*o *•' 
2 nr 


E ~ } ~ S tr W<,JE °[ 2(1 " A) ~ 4j+ A2 " n! si " * 4 cos 4 , cos 0 ) 

(4.85) 

I-or a high-gain antenna the radiation pattern is essentially that given by F<. 
(4 84) both the * - 0 and * = n,2 planes, since cos (9 varies slowly and can 

sideTbes e A . C ° nS, r' "’ a ' inC ’ Udc "’ e main ,obe a " d ‘he ncar-in 

lobes. A typical pattern is shown in Fig. 4.24 for A = 0.9, n = 2 5 which 

corresponds to a 20-dB taper. For comparison, the uniform aperture S 

almost' 'tJiceirr ^ = °V ^ "' M Wi "’ 3 20 * dB ,a P cr ,he 'obc. is 
almost tw.ee as broad as that for a uniform aperture field. However, the 

side-obe level ,s reduced to below the -40-dB level, whereas for the uniform 

aper ure field the first side lobe is only 17.6 dB below the main lobe 

rhe parameter A governs the edge illumination level, while the parameter 

::?v h vr a ' w ic " "r aprr, " re ne,d 

SZS/JKT* " vel - —.-^1 IE 

haveTln e! S a POin !t" ,e 8eneral properties of a paraboloidal refieetor anienna 

whhout referenTto 7 ° 7'T assumcd a P^-re-fie!d distributions 

is obtained b r * 7 7 an,enna ' ac '« a ' aperture field .ha, 

t o d a u' n ; aC h V s dependent on the type of feed antenna used. When 

oo i nrin r 7 ^ ' hC fie,d ca " be found using ray 

?rom the " "k S t hT n aPer ' UrC f,eld ' huS de '™ ed the radiation field 
paraboloidal refieetor can be found by the methods already described 





Relative power, dB 
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i< B k n ft sin 0 


Figure 4.24 Radiation patterns for circular aperture. 


In order to illustrate the procedure we will assume that the feed is a 
pyramidal horn of dimensions a' by b' and with an aperture field 
EfP y cmirxla\ For this horn the radiation field of the horn is given by Fq. 
(4.51) and is (the polar axis is directed toward the center of the reflector, as in 
Fig. 4.18) 




/ y (a, sin if) + cos <t> cos 



(4.86) 



0.5 1.0 1.5 20 2.5 


n 

Figure 4.25 Aperture illumination efficiency and maximum side-lobe level for aperture field 
( 1 -/\)+ A[\-p 7 /a J r. 
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where / = ”'A' E ° sin » cos “ . 

4 „ (n/2 )*- M 5 

v = (Jc 0 672)sin 6 sin rf> 

u = (k 0 a'l2) sin 0 cos </> 

This is the field incident on the reflector. 

In order to find the reflected field using Eq. (4.56a) we need to know the 
un" normal n to the reflector surface. The equation for the reflector surface is 

given by relation (4.71) as r-f sec 2 0/2=0. The gradient of this function is 
normal to the surface and has the value 

n 9 2° f 7 0 0 o 

' ; *• M Sec 2 ” ~ r SCC 2 ,an 2^ = a '“ ,an 2 a - 

I he unit inward normal to the surface is then seen to be 


e . e 

n = -a, cos “ + a„ sin- 


(4.87) 


At the reflector surface the reflected electric field, as given by Eq. (4.56a). is 

E, = 2(n • E,)n - E, 

When we make use of Eqs. (4.86) and (4.87) we find that 


F - 7* o''** ■ , . 0 / . 0 0\ i 

2m y V Sm ^ S,n 2 \ * Sm 2 ~ C ° S 2/ ~ t a * sin ** + a * cos cos 0) 


-/‘o' 


This expression can be simplified by using 


, . e 0 

1 sin - cos - - sin 0 

2 2 

Q 

2 sin 5 - = 1 - cos 0 


and noting that a y - (a, sin 0 + a, cos 0)sin <f>. By means of these relations the 
expression for E, can be written as 


E = 


-7* o< /v 

2 nr 


/,(a, + a 4 cos cos 0) 


(4.88) 


At the reflector surface we also have 


cos 0 _ cos 0 ( 1 + co s 0) 4/(4/ 5 - p 5 ) 

r 2 / ” (4 r+tf 


(4.89) 


as obtained by using p = r sin ft the equation for the reflector surface, and 
solving for cos 0 in terms of the radial coordinate p. In place of Eq. (4.88) we 
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now obtain 


E,= 


-jk pe* ,,, (4/ 2 + p 2 )a, + (4/ 2 -p 2 )cos 0a, 
rr (4/ 2 + p 2 ) 2 


(4.90) 


Since the reflected field propagates as a plane wave to the aperture surface, Eq. 
(4.90) also gives the field on the aperture plane if the phase term -je~' knr is 
replaced by - je where d is the distance to the aperture surface from the 
reflector. The phase term is the same for ail rays, so it may be ignored. Thus we 
may take the aperture field to be given by 

kJa'b'E 0 sin v cos u (4 f 2 + p 2 ) a y ■*• (4 f 2 - p 2 ) cos <f> k n fa'b'E 0 s\n v 

E * = T 7' (tt/2) 2 - m 2 (4/ 2 + p 2 ) 2 2 u 

cos « [2(4/ 2 + p 2 ) + (4/ 2 - p 2 )(l + cos 2</>))a - (4/ 2 - p 2 ) sin 2</>a, 


(tt/ 2) 2 - ti : 


2(4/ 2 + p 2 ) : 


(4.91) 


In this expression u and u must be expressed in terms of p by using 
sin 0 = plr = p(l -f cos 0)/2f = 4fpl(4f 7 -f p ? ). This completes the derivation of 
the aperture field as a function of the aperture coordinates p and </>. 

fhe component of the field along a, represents the cross-polarized com¬ 
ponent. A sketch of the aperture field is shown in Fig. 4.26. From this figure it 
can be seen that, because of the antisymmetrica! distribution, the cross- 
polarized component will not contribute to the radiated field along the z axis. 
The major cfTect of the cross-polarized component is to produce cross- 
polarized lobes that have maxima in the planes that are located ±45° from the 
principal E and // planes. There is also a small loss in gain due to a finite 
amount of power radiated by the cross-polarized field. The principal E- and 
//-plane patterns arc also not affected by the cross-polarized aperture field 
component, as may be seen from the antisymmctrical distribution of the 
cross-polarized field on the aperture plane. 

In general it is difficult to analytically evaluate the radiated field from the 
aperture field given by Eq. (4.91) because of its complex dependence on p and 



Figure 4.26 Illustration of aperture-field polarization for a 
paraboloid with pyramidal-horn feed. . ; 
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</>. However, numerical integration can be used to evaluate the radiated field 
for any particular case. 


Aperture Radiated Power: Exact Equations 

In the preceding discussion it was assumed that the power radiated from the 

aperture could be found from an integral of |Ej 2 /2Z 0 over the aperture surface 

In the case of a large aperture and with E„ having constant phase and varying 

slowly over a distance of one wavelength, the aperture magnetic field H is very 

nearly equal to (a, x E„)/Z 0 , so |EJ 2 /2Z 0 is then equal to the Poynting-Vector 

power flux on the aperture surface. It is of some interest to compare this 

method of determining the radiated power with an exact method that is based 

on the use of the exact expression for the complex Poynting vector at the 
aperture surface. 

In Sec. 4.1 the tangential electric field on the aperture was expressed in the 
form 


l ‘ (X ' y)= (dfl I ,l(k " K) e ~*" d k,dk y 


(4.92) 


The Fourier transform of Maxwell’s equation VxE = -jt»n 0 n gives 

lift i ^ - k x E( - k " *») _ k x f 


m, k f )= 


*«Z, 


o'-o 




Consequently at 2 = 0 we can express H(x, y) in the form 


»(*, 


• y) " (2^ k ' x *3 


(4.93) 


The complex Poynting vector in the 2 direction is E(x. y) x H*(x, y) • a, and 
involves the quantity 

k r ) X |k' X f(*;, *;)]*. 8j = f,(fc t , k r ) ■ 1 ;(*;, *;)(*;)* -1 ,(k„ k y ) ■ Kf’AK k ;) 

Since k,f, = -k, •(, this expression is real for k] = k\ + k)rs k 2 0 and imaginary 
for k, > k 0 , since for the latter condition k x is pure imaginary. When we use the 
above result we find that the total radiated power from the aperture is given by 


P ‘ 2k„Z„(27r) 4 1. 11 II MM')' 1 *****?** 


A,s* 0 kfrko 


- » "M *” f “ *-V 

+ t,(k„ k y ) ■ k;k; • !•(»;, fc;)(fc;r? A;dk' y dk x dk y Jx d y ", 

(4.94) 

The integral over * gives 2ir8(k, - k'J, while that over y gives 2nS(k - k ') where 
S(k, - k' s ) is the Dirac delta function. The aperture field is defined over the whole 
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xy plane and is taken to he zero outside the actual physical aperture, thus allowing 
the integration over x and y to go from minus to plus infinity. The integrals over 
k',,k' can be performed and simply result in the replacement of k'„ k' y by k,. k y . 
Consequently the expression for the total radiated power reduces to the 

following: 

ff [If,(*, M 2 + I/>(*•■ M*l*. dk, dk, (4.95) 

2k 0 Z 0 (Z7t) j j 
*i«*n 

If we sfarled with the expression E a (x, >•) • E*(x, y), a similar derivation would 
show that 

~ |j |F. 0 (x, y)| J dx dy = ~^\\ II, (*, M’ dk, dk f (4.96) 

This expression is a statement of Parseval s theorem for Fourier transforms. 

Equation (4.96) is the approximate expression used earlier for the radiated 
power. The exact expression is given by Eq. (4.95). However, for a large 
aperture with a slowly varying constant-phase aperture field, f, is highly peaked 
near k, = 0. For k, > k n , f, is very small. Furthermore, for k, *0, k t ~ *o and /, 
is very small. When these approximations hold we can drop the term | f t \ in Fq. 
(4.95), replace k t by k 0% and extend the integration over the whole k v k y plane. 
The result is then identical to that given by Eq. (4.96). 


4.7 CROSS POLARIZATION 

There is considerable interest in the development of the 12-GHz-band 
television broadcast system using satellites in a geostationary orbit. There is 
only one geostationary orbit, the equatorial orbit, and hence it is anticipated 
that the demand for satellite positions in this orbit will continue to increase. In 
order to achieve a high utilization of this orbit it is necessary to space the 
satellites as closely as possible.t This will require the ground receiving antennas 
to have very low side-lobe levels in order to keep interfering signals below the 
level at which they cause objectionable interference with the desired signal. A 
side-lobe level 35 dB below the main lobe is desirable. In addition, if the 
cross-polarized radiation can be kept below this level also, then signals may be 
received on opposite polarizations without serious cross interference. These 
stringent requirements have resulted in considerable effort to develop feed 
antennas that will give the required low side-lobe levels and cross polarization 
and yet produce a high aperture efficiency with low spillover loss. Considerable 


t The new FCC regulations will require T spacing between satellites launched in the future. '• 
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progress has been achieved in this direction with the development of cor¬ 
rugated horns and dual-mode horns and coaxial waveguide feeds. A discussion 
of cross polarization and some of these newer feeds is given in this section. An 
excellent survey of work in this area is available in a recent review paper on the 
subject, and the interested reader is referred to this paper for a more detailed 
coverage.t 

Consider a paraboloidal reflector antenna system that radiates an electro¬ 
magnetic field that has both an E x and an E y component of electric field 
along the z axis or bore-sight direction. If a small dipole antenna is used as a 
receiving antenna and is oriented with its axis parallel to E y , then the received 
signal will not have any contribution from the cross-polarized component E x . 
The power radiated in the cross-polarized field is wasted, and this reduces the 
effective gain of the system. If the desired polarization is in the y direction 
along the axis of the paraboloidal antenna, then for directions ofT-axis the two 
field components E e and E+ must have a particular relationship to each other 
in order that the resultant field will correspond to a pure, linearly polarized 
field having the optimum orientation in space. The required relationship can be 
established by considering the antenna system shown in Fig. 4.27. We will 
assume that on-axis the radiated field is in the y direction, which is thus the 
desired polarization. This field may be received by a small dipole antenna 
having its axis parallel to the y axis. When we move the dipole off axis in any 
direction but do not rotate it, i.e., if it is always kept oriented parallel to the yz 
plane, then it receives the component of the radiated field that is called the 
copolarized field The field component that is perpendicular to this polarization 
is called the cross polarized field.% Insteady of moving the dipole ofT-axis we 
can keep the dipole fixed and rotate the transmitting antenna such that its 
bore-sight axis moves along a great circle at some particular angle «£. Let the 
radiated field at the point P specified by the angles 0 and </> be E(0, </>) = 
+ T*(0, </>)a^. When the point P is rotated so it coincides with the z 
axis the field E(0, </>) can be resolved into x and y components, which, from 
Fig. 4.276, are readily seen to be given by 

E, = E 9 cos </>“£* sin (4.97*) 

E y = E, sin + E* cos </> (4.976) 

b a is the cross-polarized field, and E y is the desired copolarized field. In order 
that the cross-polarized field be zero we see that the radiated field must have 
the property that 

E„(0, $) cos 4> = E^(0, </>) sin </> (4.98) 

t P. J. B. Clarricoats and G. T. Poulton, "High-Efficiency Microwave Reflector Antennas—A 
Review,- Proc. IEEE, vol. 65, Oct. 1977. pp. 1470-1504. 

t Other definitions of co- and cross-polarized radiation arc possible. However, the one used in 
this text is generally the most useful one and corresponds to Ludwig s definition three. See A. C. 
Ludwig. “The Definition of Cross-Polarization, “IEEE Trans., vol. AP-21, Jan. 1973, pp. 1 16-119 
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z 



Figure 4.27 Illustration of field components radiated by an antenna system. 


for all values of 0 and «/». A sufficient condition for this relation to hold is that 
the field have the following form: 

E*(0, </>) = e(0) sin <f) (4.99a) 

E+(0,<{>)=e(O)cos<t> (4.99 b) 

If these relations hold then E t = 0, and the cross-polarized field is zero in all 
directions, while the copolariz.ed field equals e(0)(sin 2 </* + cos 2 </>) = e(Q) in all 
directions. The copolarized field is oriented along the unit vector a, given by 

a, = a* sin </> 4- a* cos </> (4.100a) 

and the cross-polarized unit vector, which is perpendicular to a„ is 

a 2 = a* cos (f> - a^ sin <t> (4.100fc) 

It should be apparent that a, • E gives the copolarized field while a 2 * E gives the 
cross-polarized field. [Compare these scalar products with the expressions in 
Eq- (4.97).] 

When the relations given in Eq. (4.99) hold, the radiation pattern of the 
antenna exhibits rotational symmetry about the axis. The E-plane pattern 
would be measured by rotating the antenna along the <f) = tt/2 arc, and the 
measured pattern would be E g (0, 7t/2) = e(Q). The //-plane pattern would be 
measured by rotating the antenna along the <f> = 0 arc and would be E^(0, 0) = 
e(0). Thus the E- and H -plane patterns are identical, as are the patterns in any 
other plane as well. 

In order for a paraboloidal reflector antenna to produce a radiated field 
with negligible cross polarization, it must be illuminated by a feed whostf 
radiation pattern also has no cross polarization. That this is the case will be 
established in the next section where radiation from a paraboloidal reflector is 
analyzed in terms of the induced currents on the reflector surface. 
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4.8 RADIATION FROM PARABOLOIDAL RF.FI FCTORS- 
INDUCED CURRENT METHOD EEC TORS. 


A fe ed with equal E- and //-plane amplitude and phase patterns and which 
-at.sfies the relation (41.99) has zero cross polarization. Such a feed when used 

aTwm' b ; zt b °lr" s in ,n an,enna whh ,e,y smai1 p*™- 

Circular waveguide coaxial feeds excited by a mixture of TE, (transverse 

Sn’onhe,™:- (l ' aasve '“ "’ aen " ie) "™ de!i >™ d ''" a P™»'V 


r') 


)sin T €+ (()') cos ] (4.101) 


vhere c,(0) and e,(0) depend on the particular feed and excitation used. In 
the discussion below we assume that the feed pattern has this form. The 

feed oaf 6 ^ r a* T Rg ’ 4 ‘ 28 - The po,ar axis for describing the 
feed pa le rn is directed toward the reflector, while that used to describe the 

, fiC,d “ d,r , CC ' ed awa y from "te reflector. In rectangular coordinates the 
Iced field is given by 


€ ~ iknp 

E / = l a .(e« cos fl cos </> sin <f, - ^ sin <f> cos <f>) 

+ M p « cos 0 sin 2 rf, + e t cos 2 <f>) - a,r, sin 0 sin 0] (4 |„ 2) 

-n dlVn , and 9 r 7 ~ *’■ as shoWn in Fi 8- 4 28 Now assume that at 
n ,S , po,ar,zed alo "8 * « h «" e» = a. 9 = 0 . In the 4 > = 0 plane or 
// plane the feed pattern ,s proportional to a v r, = e,a #f while in the «/> = nil or 

b P ' ane ,hc pa " ern is Proportional to n v e, cos 0 - a,r, sin 0 = e„a fl The E- and 



Figure 4.28 Coordina.es used ,0 describe a field associated with a paraboloidal antenna. 



H-plane patterns will be equal if e $ ($) = e+(0) for all values of 0. The 
cross-polarized pattern will then also be zero for all values of 0 and 4 >• 

The incident magnetic field on the paraboloid is \\ f = V 0 a p x E f , where E f is 
given by Eq. (4.101) in terms of the variables B\ </>', p. On the paraboloid 
surface p = 2//(l 4- cos O') = / sec 2 (0'/2). If each portion of the paraboloid is 
treated as a flat reflecting surface, then the surface current produced on the 
paraboloid is given by 

J, = 2nxH / = 2y o nx(a p xE / ) 


-flop 


Z,* 


1 0’ 

cos — (e 0 sin 4>'*o + <V cos ^ a <* ) 


O' . 1 

4- sin — e 9 sin 4>' a,, | 


(4.103) 


upon using » = -a p cos(0’/2) 4- a e sin(0'/2). In terms of this current, which is 
called the physical optics current, the radiated electric field is found to be 


E(r) = -££2 e-' v f [J(r') - a, • J(r» ( ‘»*'' dS 
4 nr J s 


(4.104) 


where r' is the position vector to a point on the paraboloid (see Sec. 2.6). By 
using Eq. (4.103) in Eq. (4.104) and carrying out the integration over 4> we 
obtain 

ik f e ~ ik(tr (* n r 

E(r) = - ( e 9 4- e 4 )-/ 0 (i» l )(a„ cos 0 sin </> + n, cos </>) 

r J 0 l 

- (<V " e* cos ^ sin ^ - a* cos 4>) 

O' 1/ 0'\ 

- 2/J 1 (u 1 )*v sin 0 sin </> tan y a„ ,n tan yj ^ (4.105) 


where u, = 2 k n f sin 0 tan y 

... 1 l* cos 0 cos O' 

v 2 = 2 k J —-- 

1 4- cos O' 


J n = Bessel function of order n 

and 2 0 0 = 4 / is the angular aperture of the paraboloid with focal length /. 

In the aperture-field method the reflected field at the aperture surface is 
first found from the relation 


E r = -E, + 2n-E,n (4.106) 

This field is assumed to propagate as a plane wave to the aperture surface* 
which will be taken as the z = 0 plane. The total path length is 2/, and hence 


we find that the * and y components of the aperture field are 

E * = - «r) sin <y cos <{>' + a t e 4 . cos' <*' + 0y e r sin' d>"\ (4.107) 

When e, = e+ Ihe aperture field is linearly polarized in the y direction. In terms 
of the aperture electric field alone, the radiated electric field is given by 


E( r ) = - ((e, + «,.)/„( t>,) (a„ sin <f> + a# cos 0 cos j>) - (e 


•• ~ <V) 


\J 

x J 2 { i>,)(a„ sin 4 > - a* cos 0 cos </>)] tan y d0' 


(4.1 OR) 


If the radiated field is determined in terms of the tangential magnetic field 
alone on the aperture surface, then it is found that 

E( r ) = - f [(e r 4- e* )/ 0 (o,) 

f ■'o 

x (a„ cos 0 sin 4 > + a, cos 4 >) - (<? r - c^.) 


* /*(*>,)(«, cos 0 sin <£ - a, cos <£)] tan — dO' 


(4.109) 


If a formulation in terms of both electric and magnetic fields on the aperture 
surface is used, the result is the average of Eqs. (4.108) and (4.109). Ihe latter 
formulation is commonly used. The various formulations give very nearly the 
same results for the copolarizcd radiation field but show a more pronounced 
difference for the cross-polarized radiated field, as will be seen later. 

In the region close to the axis, that is. 0 small, the use of the approximation 
cos 0 = I makes u, in Eq. (4.105) equal to 2k,f. With this approximation. Eqs. 
(4.105) and (4.109) will agree, with the exception of the small term involving 
J,(v,) in Eq. (4.105). ITiis latter term vanishes at 0 = 0 and remains small since 
it is multiplied by sin 0. It is due to the z component of current on the 
paraboloid. 

I he difference in the phase function in the surface-current formulation and 
that in the aperture-field method is due to the difference in path lengths, as 
shown in Fig. 4.29. In the aperture-field method propagation from the 
paraboloid surface to the aperture surface is along a path parallel to the z axis 
in accordance with the geometrical optics theory that is used to determine Ihe 
aperture field. The difference in phase between the two methods is 


2 kj- V} = 2 k 0 f 


(1 - cos 0 ) cos 0 ' 

1 4- COS O' 


For a paraboloid with /= 18A 0 and 0 = 10" this phase difference varies from 
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Figure 4.29 Path lengths OP,P 2 for aperture- 
field method and OP,P, for surface-current 
method of computing radiation from a 
paraboloid. 


0.5477T at 0’ - 0° to 0.365w n( O' - 60°, or a total variation of 0.18 tt (32.4°) over 
the aperture. This amount of phase variation docs not produce a significant 
change in the radiated pattern in the region 0 < 10°. 

All of the above formulas show that low cross-polarization is achieved by 
making e 9 = e+ . As long as cos 0 can be approximated by unity the radiated 
electric field will then satisfy the relationship given by Eq. (4.99), provided the 
small term involving 7,(t),) in the expression for E, in Eq. (4.105) is neglected. 
This approximation will be good for values of 0 up to at least 10°, where 
cos 0 = 0.985 and hence the cross polarization will be small over the region of 
interest for paraboloids with diameters exceeding 50 wavelengths. It is thus 
concluded that the desirable feed pattern should be of the form given by Eq. 
(4.101) with e v -e^. This type of feed pattern also leads to small cross¬ 
polarization loss in a paraboloidal antenna. The objective in coaxial waveguide 
feed design is to excite the proper combination of TE, m and TM |B1 modes in 
the aperture of the feed so as to obtain a pattern of the desired form as given 
by Eq. (4.101). The paraboloidal antenna side-lobe level is determined by the 
amplitude taper over the paraboloid, and this is directly related to the direc¬ 
tivity of the feed pattern. 

With reference to Eq. (4.101) it is seen that the dominant part of the 
radiated field comes from the terms multiplied by J n (t>,). The radiated field can 
be resolved as components along the unit vectors a, = (a* sin </> + a^ cos </>) and 
»2 = ( a o cos (f> - a* sin <f>), which define the copolarized and cross-polarized 
fields. It is then found that the copolarized field in the </> = 7r/4 plane is given by 




+ e t )Uv,)( 


cos 0 I 





cos 0 - 1 


) - iMv,)e 




do' 

(4.110) 


The term multiplied by J ( is the contribution from the copolarized feed pattern, 
the term multiplied by J 2 comes from the feed cross-polarized pattern, and the 
last term multiplied by 7, sin 0 comes from the z component of the induced 
current on the reflector. 
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The cross-polarized field is given by the scalar product of Eq. (4.105) with 
the unit vector a 2 ; thus . 

£«<». = r e ' J" [( e r + ^)f 0 (v,)(cos 0 - 1) sin rf> cos <f> - (e, - e t )J 2 (v t ) 

* (cos 0 + 1 ) sin <f> cos rj> - 2jJ,(v,)e, 

x sin 0 sin <f> cos </> Ian 'an y) d0' (4.111) 

The three terms contributing to the cross-polarized field consist of a con¬ 
tribution from the feed copolarized pattern (term with ./ 0 factor) caused by 
reflector depolarization, a contribution from the feed cross-polarized pattern, 
and a contribution from the z component of the induced current. Usually the 
amount of depolarization caused by the reflector is small. Note that the 
cross-polarized field is zero in the principal planes and is a maximum in the 
±45° planes. 

The various aperture-field methods give different results for the cross- 
polarized field. If the aperture magnetic field formulation, i.e., F.q. (4.109), is 
used, the results obtained are the same as with Eq. (4.111), except that the 
small term involving J,(u,) is not present. When the aperture electric field 
method, i.e., Eq. (4.108), is used, the term multiplied by J 0 (v ,) has the factor 
(1 - cos 0) and is thus reversed in phase. When both the aperture electric and 
magnetic fields are used the term involving J„(v,) is not even present. These 
differences are difficult to resolve, so in order to avoid this ambiguity the 
induced-current method will be accepted as the preferred evaluation of the 
cross-polarized field until better evidence to the contrary is obtained. However, 
it should be noted that the term y n (u,)(l - cos 0) contributes only a very small 
amount to the cross-polarized field for reflectors 20A„ or more in diameter. 
That this is the case may be seen by comparing this cross-polarized term with 
the corresponding copolarized term, which has the factor / n (u,)(l + cos 0)/2 >» 
Uv,) for 0 less than 25°. The cross-polarized term is smaller by the factor 


Z 



Figure 4.30 Elementary feed?: (a) dipole and (ft) Huygen's source. 
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(1 - cos 0). For 0 less than 10 c this factor is less than -36 dB, which means that 
the cross-polarized held contribution is more than -36 dB below the 
copolarized field. For a reflector 20A 0 or more in diameter the copolarizcd field 
is very small for 0 > 10°, so even when (1 - cos 0) becomes larger the cross- 
polarized contribution from this term remains very small relative to the on-axis 
field. 

Significant cross polarization will occur only when e 9 / e#. For example, 
consider the x-directed dipole field shown in Fig. 4.30a. Apart from irrelevant 
constants the feed pattern is given by 

e' lkft ' 

Ej =-(a„ cos 0 cos </» - a* sin (/>) 

e ikor 

=-[(cos 0 cos 7 c/> + sin 7 »/>)(a, cos </> 

r 


- a^ sin «/>)] +-[? sin 7 </>(cos 0 - 1) 


x (a# sin </> + a* cos (/>)) 


The second term is the cross-polarized field, and since 0 can be as large as the 
half-angular width of the reflector, the reflector illumination will have a 
significant cross-polarized component over the outer regions. At 0 = 45° the 
cross-polarized field is only 15 dB below the copolarized component. Thus a 
dipole feed does not give a low cross polarization when used to illuminate a 
paraboloidal reflector. 

A Huygen’s source is a small patch of a plane electromagnetic wave, as 
shown in Fig. 4.306. If the radiation from this patch is calculated using both 
electric and magnetic equivalent currents, it is found that 


e 

F, =-(1 + cos 0)f t (n„ cos </> - a* sin </>) 

' r 


where f x is the pattern function 

sin k x a sinJc y a 
k x a k y a 

with k x = kn sin 0 cos <f> y k y - Jc 0 sin 0 sin <f>. This feed pattern has zero cross 
polarization. 

If the radiation from the Huygen’s source is calculated using only the 
equivalent electric current or only the equivalent magnetic current, then it is 
found that the feed pattern is proportional to a„ cos </> - a^ cos 0 sin <t> and 
a* cos 0 cos (fy - a* sin </>, respectively. These patterns have the same level of 
cross polarization as the dipole feed does, so, depending on the point of view, 
the Huygen’s source can be considered to either have no cross polarization or 
to have the same cross polarization as a dipole. 
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Aperture Efficiency 


Feeds with radiation patterns of the type described by Eq. (4.101) are an 
important class of feeds. It is therefore of interest to derive explicit formulas 
for the aperture efficiency and associated cross polarization, phase error, and 
illumination efficiency of paraboloidal reflectors illuminated by these feeds. 

By using Eq. (4.105) the radiated copolarized field on the z axis is readily 
found by setting 0 = 0; thus 

EM = &£«-/*-«. (* + . w) *! dr 

r J o 2 

The radiated power per unit solid angle is }V 0 r ? |E| 2 . Let P 0 be the total power 
radiated from the aperture. With uniform illumination the radiated power per 
unit solid angle on the z axis would be 


» y r i( _ 2 r \ 2 k\na 


as shown in the previous section. The aperture efficiency rj„ is given by 

_ IVlEp AgV/lEP 

* k\na\PJ4ir 7 ) 2na’r a ~ 

The total power radiated from the aperture equals the incident power from the 
feed that is intercepted by the aperture; thus 

. 7»r -On 

(krl* sin 2 <t>’ + k*-| J cos* <f>') sin O' d0' d<f>' 

J o J n 
nY f 9 * 

— .. 0 I /I _ I? • I . l2\ • 


( (W* + kj 2 ) Sin O' d0' 
J 0 


I Icncc 


= til l/ o'fa f <V)tan(Q72)<y of 
VA Jo* (krl* t k* I 2 ) sin 9' d0' 

For a feed with a very low cross polarization e „.*» e t . and then 

_ 8»/* IC e,. tan(072) dOf 


(4.112) 


Va = 


/#*" krl* sin O' d0' 


(4-1 H) 


which agrees with Eq. (4.79) given earlier. The definition used here for the 
aperture efficiency includes aperture-illumination loss, phase-error loss, and 
cross-polarization loss, as described in Sec. 4.6. The aperture efficiency can 
be factored into the product of Vi , r, p , and j?„ as defined by Ludwig and used by 
Thomas.t However, we will use somewhat different definitions that provide a 
clearer separation of the various losses discussed in Sec. 4.6. 

tB. MacA. Thomas, "Theorelical Performance of Prime-Focus Paraboloids Using hybrid- 
Mode Feeds," Prnc. IEB, vol. 118, 1971, pp. 1539-1549. 


I 
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The gain of the antenna can be expressed in the form given by Eq. (4.77), 
which we repeat for convenience: 

G = ~.^VaV.V,™ 1 (4.114) 

A 0 

where 77 , is the spillover efficiency and r) f is the feed efficiency that accounts for 
feed losses. For a large-edge taper of order -20 dB, the spillover efficiency is 
close to unity. The expression (4.112) can be rewritten in the following form: 

_ U ' nf l (Ckr* <v|ta n( 072)rfg’) ? 

Va ~ tt(j 2 J* (2|e 9 . + + \e t - - e 4 f) sin fl' dO ' 

x Uo* ( c * + e *y lan ( g '/2) dOf 

(/o'” le. + ej lan(fl-/2) rfO') 5 

y Jo* (2k„ + <y| 2 + le,. - g» l ? ) Sin O' dO ' 

4/o*(k,| J +KP) S infl'^' { ) 

The first factor is the illumination efficiency rj t , while the second and third 
factors give the phase-error efficiency r) p and cross-polarization efficiency rj t . 
Note that the copolarizcd field for the feed is proportional to 

. ? , .. e 6 + (e..- <v)(cos 2(t>') 

e„- sin 2 <f>‘ + <v cos 2 <t> = - -— 


This expression was used to find the total copolarizcd feed power intercepted 
by the paraboloid. Phase-error losses occur when the constant-phase surfaces of 
the feed pattern arc not spherical surfaces, when there arc surface deviations 
away from a true paraboloidal surface in the reflector, and when the feed-phase 
center is displaced from the focal point. 'These losses are normally quite small 
and often negligible. Phase errors will, in general, lead to cross-polarization 
loss. When e„(0) = e^(O') there is no cross-polarized radiation, and rj g = 1 even 
though the phase of this field may vary with the angle O'. If |<vl = |e*-| but the 
phase of e 9 is different from that of there will be a cross-polarization loss. 
The expression used by Thomas for tj, gives zero cross-polarization loss 
whenever |e„| = which is not generally true. In Eq. (4.115) the last factor, 
which equals Tj r , is the ratio of the total copolarized radiated power to the total 
radiated power from the feed that is intercepted by the aperture. Since the 
reflector produces very little depolarization, this is essentially the polarization 
efficiency of the reflector as well. 

The expression for the phase-error efficiency is based on the following 
considerations. From Eq. (4.110) the on-axis copolarized radiated electric field 
is given by the integral of + Maximum radiated electric field strength i i 
obtained when the phase of e 9 . + e is constant. Thus the phase-error efficiency 
is chosen as the ratio of the on-axis radiation intensity produced by the field 
<?** + e * to that produced by |e r + e+\. Since r] A = i],r) p rj v the expression for the 
illumination efficiency is determined once rj r and rj t are specified. The illu¬ 
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mination efficiency is the ratio of the on-axis radiation intensity produced by 
the held le, + eJ to that produced by a uniformly illuminated aperture radiat¬ 
ing the same total copolarized power in accord with the definition given in Sec. 
4.6. 

Let E,(0) and E h (0) be the measured E-plane and H-plane radiation 
patterns (magnitude and phase). A useful expression for the cross-polarized 
pattern in the <f> = ±45° planes is 


crow 


\EA0)-E„{0)\ 

2 


(4.116) 


This result follows from the fact that e, gives the E-plane pattern, while e. 
gives the //-plane pattern. For zero cross polarization both the magnitude and 
phase of E, and E h must be equal. 


4.9 FEEDS WITH LOW CROSS POLARIZATION 

A very simple feed that has a cross polarization somewhat below -30 dll is 

a circular waveguide excited in the TE„-dominant mode, provided its diameter 

is in the range of 0.8 to 1.15A 0 . However, such a feed has a rather broad 

radiation pattern, with its -!0-dB beam width being 140° and dropping to 104" 

for the larger diameter. Thus this simple feed is useful only for paraboloidal 

reflectors with an angular aperture of around 115" (///2-0.45) In order to 

obtain feeds with higher directivity and yet maintain low cross polarization, it is 

necessary to use a larger aperture and to excite a mixture of a TE„ and a TM n 

mode in the aperture. A variety of methods exist for accomplishing this 

objective. Feeds that utilize this principle are called dual-mode feeds. Another 

useful approach in obtaining low cross polarization is to use a conical horn with 

a corrugated or grooved inner surface. In a structure of this type the dominant 

mode of propagation is a hybrid mode that consists of a combined TE„ and 

TMn mode that radiates with an inherently low cross polarization. The 

corrugated horn has a greater bandwidth of operation relative to that of 
dual-mode feeds. 

In this section we will present some theoretical results pertaining to the 
simple circular waveguide feed, one type of dual-mode feed, and the cor- 
rugated horn. 


Circular Waveguide Feed with TE„-Mode Excitation 

The radiation pattern for a circular waveguide was computed in< an ap¬ 
proximate manner in Sec. 4.4 using the field of the TE„ mode as the aperture 
field. This calculation is not very accurate because of the small aperture 
involved. It might be considered acceptable for the copolarized and principal 
plane patterns, but it is entirely inadequate for giving the cross-polarized 


pattern. The latter, as noted at the end of the previous section, is critically 
dependent on the difference between the E- and //-plane patterns (both in 
amplitude as well as phase). Thus a small error in the principal-plane patterns 

leads to a large error in the cross-polarized pattern. 

Fortunately the problem of radiation from a circular waveguide with 
infinitely thin walls can be found exactly by solving an integral equation of the 
Wiener-Hopf type.t It is thus possible to evaluate the performance of a circular 
waveguide radiator excited by an incident TE„ mode. The results of such an 
evaluation are summarized below. 

In Fie 4 31 the principal E- and //-plane normalized patterns are shown 
for a waveguide with diameter 2a = 0.8A 0 . Figure 4.32 shows the corresponding 
co- and cross-polarized patterns in the 4> = 45° plane The cross polarization 
remains below -30 dB for 0 up to 72°. The cross polarization is, to a large 
extent, caused by the phase difference between the E- and //-plane patterns^ 
The phase of the radiated field is also shown in Fig. 4 31. Figures 4. 33-4.36 
show similar results for waveguide diameters equal to 0.96 and '-pA,- Again, 
the cross polarization remains below -30 dB. For a waveguide radius of 0.96A, 
the - 10-dB E- and //-plane patterns are almost identical. However, the 
relative phase is 8.5°, which results in a cross polarization of 
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0. degrees I 

Figure 4.31 Normalized radiation patterns and phase error for TE„ mode in a circular wavegu.cfe 
with 2 a - 0.8A„. E and H refer lo E-plane and H-plane patterns. 

11. A. Weinstein, The Theory of Diffraction and the Factorization Method, Golem PresS, 
Boulder, Colo.. 1969. The computations were carried out by Dr. H. Schilling Vf, 
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0, degrees 


Figure 4.32 Co- and cross-polarired radiation patterns in = 45” plane lo. TE„ mode in a circular 
waveguide with 2o = 0.8A,. 

which is quite close to that shown in Fig. 4.34. Figure 4.37 shows the E- and 
//-plane -10-dB beam widths as a function of 2a/A 0 . For small diameters the 
E-plane pattern is broader, but for large diameters it is narrower than the 
//-plane beam width. The crossover occurs for 2 a equal to 0.96A o . 

The aperture efficiency, spillover efficiency, and total efficiency that can be 
obtained with a TE„-mode circular waveguide feed depends on the ffD 
parameter for the rcffector. Typical results arc shown in Fig. 4.38 for an 
optimum circular waveguide with 2a = 0.96A„. An overall efficiency of 74 
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0. degrees 

Normalized radiation patterns and phase error for TE„ mode in a circular Waveguide 
with 2a = 0.96A 0 . E and H refer to E-plane and H-plane patterns. 



percent is predicted with a reflector having f/D equal to 0.44. The optimum 
angular aperture is 118°. The feed radiation pattern is -lOdB below its on-axis 
value at 0 = 59°, and the aperture edge illumination is -12.4dB below its peak 
value at the center of the reflector. The magnitude of the input reflection 
coefficient is less than 0.07 for 2tf/A 0 in the range 0.8 to 1.2. Thus the 
TE,,-mode circular waveguide is well matched to free space. 
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0, degrees 

Figure 4.35 Normalized radialion patterns and phase error for TE,, mode in a circular waveguide 
with 2 a = 1.12A„. E and H refer to E-plane and H-plane patterns. 
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X!r t SOn 1, e f Xac, , and appr0X,ma,e radialio " The comparison of 

the exact results for the radiation pattern of a circular waveguide excited with a 

Ib„ mode and the approximate patterns obtained by calculating the radiated 

held from the tangential electric field in the aperture and those obtained using 
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Figure 4.38 Aperture, spillover, 
and total efficiency of paraboloi¬ 
dal antenna illuminated with 
a TEn mode in a circular wave¬ 
guide as a function of fID 2fl/A 0 

-0.96, 


a combination of the tangential electric and magnetic fields in the aperture are 
shown in Figs. 4.39 through 4.44 for three different waveguide radii, namely. 
2a = 0.8, 1.28. and 1.6A 0 .t The agreement of the approximate patterns with the 
exact results is quite good but, as noted earlier, not adequate for determining 
the cross-polarized radiation patterns. Expressions for the approximate pat¬ 
terns are given below. 

When both the aperture electric and magnetic fields are used to compute 
the radiation field, then from the TE„ mode (apart from irrelevant constants) 
the radiated field is given by 

E, = q,(0) sin <t> (4.117a) 

Ej, = q 2 (0) cos d> (4.1176) 


wh ""''" (p) 


J\(k 0 a sin 0) 
k Q a sin 6 


fk 0 \' n a iP J\(k o<* sin 0) 

qt ~\p) {kW-\)' n \k 0 cme J\-{ki/k))^0 


J\(k r a) = 0 k,a= 1.841 p 2 = k 2 „-k] 


t The approximate patterns were computed by Georg Karawas, while the exact patterns were 
computed by H. Schilling. 
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Figure 4.41 Comparison of exact and approximate E-plane radiation patterns for a TEu mode in a 
circular waveguide. Diameter 2a « 1.28A* Solid curve is exact result. Curve labeled E is based on 
the aperture electric field, while curve labeled EH is based on the aperture electric and magnetic 

fields. 



0, degrees 


Figure 4.42 Comparison of exact and approximate //-plane radiation patterns for a TEu mode in a 
circular waveguide. Diameter 2a = 1.28A 0 . Solid curve is exact result. Curve labeled E is based on 
the aperture electric field, while curve labeled E-H is based on the aperture electric and magnetic 
fields. 
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FlRur. 4.43 Comparison o( exac, and approximate E-plane radiation patterns (or a TE„ mode in a 
circular wavegu.de. D.mne.er 2* *■ I.6A,. Solid eurve is exac, result. Curve labeled E is based on 

fields ' * ' C " rVe bCled F ' H iS ha ' ed ° n ,he apcr,mf e,ec,ric and »i»»nelic 



Figure 4.44 Compartson of exac, and approximate //-plane radiation patterns (or a TE„ ijiode in a 
circular waveguide. Diameter 2 a = 1.6A 0 . Solid curve is exact result. Curve labeled E ii based on 
^aperture electr.c field, while eurve labeled E-H is based on the aperture electric and magnetic 

: i . 
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J, is the Bessel function of order 1 and the prime denotes the derivative with 
respect to the argument. 

If the patterns are computed using only the electric field in the aperture, 
then the radiation fields for the TE„ mode are 

E„ = p^O) sin ft (4.1IRa) 

E 4 = p 2 (0) cos 4* cos 0 (4.118ft) 

where ( I + 7 - cos o\p r = 2 q ] 

\ k n > 

2 «7 

The E- and //-plane principal patterns are given by q,(0) and q 2 {0) for the 
first case and by p } (0) and p 2 (0) cos 0 for the second case. The 011 -axis field is 
not the same for the two formulations because of the factor I + p/k 0 , which 
does not equal 2. The patterns are all normalized relative to unity for the exact 
field on-axis. 


4* cos 


sfl)pj = 


Dual-Mode Coaxial Waveguide Feed 

A dual-mode coaxial waveguide feed is shown in Fig. 4.45. The feed is excited 
by an incident TE n mode in the input waveguide. The large output waveguide 
allows both the TE„ and I'M,, modes to propagate. The TM„ mode is excited 
by the internal bifurcation junction. The correct phasing between the TE„ and 
TM„ modes is obtained by adjusting the length 7 of the output waveguide. 

In order to obtain very low cross polarization the ratio of the amplitude of 
the TE„ mode to that of the TM U mode, which is incident on the feed 
aperture, must be carefully controlled. The optimum moding ratio is shown in 
Fig. 4.46 as a function of outer guide radius ft divided by A 0 . The moding ratio 
is defined with respect to normalized TE„- and I'M,,-mode functions, the 
normalization being such that the power carried by the mode equals one-half of 
the magnitude of its amplitude squared. A moding ratio of -2.5 implies that 
the incident power in the TE,, mode is a factor of (2.5 ) 7 = 6.25 greater than that 
of the TM m mode. The transverse electric fields for the two modes are given by 



[ - 2/c 0 Z 0 | 

1/3,7 T{k]b 2 - 1)1 


a , x Vi(fe|0 
•MM) 


COS <t 


(4.119) 
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™ di "‘ — C "' C » TE„TM„ coaxial 


where /»*,»)-0, 0, . <»■-*•>«, J, „ ,„ e Bcs!el , onc|toll ^ ^ 


o \ 1/2 V # 7,(/,r) sin </> 


v »»*. > i x bj\{i,b) 


(4.120) 


^ y ' = ( - k l-'T- The moding ralio is given bv C 1C 
which is the ratio of the mode amplitudes. ‘ g ' VC '’ Y tc/C ™’ 

IheapeMurcirnist be lake™ l„.„ a cco„. opti J, 

dimcns'ons The rat.o of the total TE, ,-mode field to that of the total TM - 
mode field in the aperture is " 


(1 + f ||)C re + f 

0 + + r l2 c TC 


(4.121) 


When the feed dimensions are optimized so as to produce the lowesi cross 
-SSdBaMhe d S f ' ha ' ' he cross Po'arization is no greater than about 
pattern is chn 8 n Tl"?' A C0 ‘ and c ^ss-polarized 'radiation 

(12 GHz) For This"! '' g ( , 4 ' 48 , f ° r a feed Signed to operate at A|=2.5cm 
( 2 GHz). For this feed the optimum parameters are shown in Fig 4 49 The 

performance of this feed with respect to cross polarization, phase Irror and 

input refiecfon coefficient as a function of frequency is shown to Fig. 4 50 The 

^ exceed ' i dB T™* 5 Polarization d^ 

not exceed 30 dB. The narrow bandwidth is caused by the different pro- 
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Z^Z P tr COn T' S ° f ,hC TE " and ™.« ■’'odes, which cause the phase 

m,,,jes ,o r,pidiy d,a " e ' ,r ™' ih ' "p'™- v.l „ 

Pj c ef R cienc y °f a paraboloidal antenna illuminated with a dual-mode 
coaxial feed can be as high as 75 percent or more. Figure 4.51 showT.hc 

oMI e r renec7o C r nC A ^'"T' and ,0,al emde " c V «* « function of f/D 

the leflector. A number of optimum feeds have been designed and their 

peiformance computed. The reader is referred to the literature f„f a discussion of 

ius,SS C r n i a, , h0r, !f ° PCra,e in a manner similar >o "-at Of the feed 
h ™ dual mode Pnnc.ple was introduced by Potter * In Potter's 

horn the I'M,, mode is excited by a step a. the waveguide-horn throat as 


Figure 4.49 Dimensions of an optimum 
dual-mode feed for operation at 12 GHz 

• g* | are tapered to simulate 

infinitely thin walls. I 



published C °" in 3nd " SChi " ing - Dua, - Mnd < Coaxial Feed with Low Cross-Polarization, to be 
Microwave ^ a "« «**•- Beamwidtha 
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A/% 

Figure 4.50 Performance of an optimum dual-mode feed shown in Fig. 4.49 as a function of 
percent change in frequency from the center frequency of 12 GHz. The curves show maximum 
cross polarization, phase error, and input reflection coefficient. 


£ 

u 

fa 

U) 


f/O 

•j 

Figure 4.51 Aperture, spillover, and total efficiency of a paraboloidal antenna system illuminated 
by an optimum dual-mode coaxial feed as a function of /ID for the reflector. Reflector diameter i* 
D, and / is the focal length. Feed diameter 2b - 1.28A 0 . 
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shown in Fig. 4.52a. A variation of the Potter horn is shown in Fig. 4.526+ In 

Saloh s horn the TM„ mode is excited by a dielectric insert in the horn. The 

performance of dual-mode horns is similar to that of (he coaxial waveguide 

leco. 

Corrugated Conical Horns 

In the previous section it was pointed out that a Huygen’s source radiated a 
held with zero cross polarization under the assumption that the radiated field is 
found ... terms of both equivalenl electric and magnetic currents. Rumsey used 
this property to propose as a basis for no cross polarization that the aperture 
wave"* 1 h ° r " ShOU,d HaVe ,he elec,ric and magnetic fields related as in a plane 

In a normal waveguide the boundary conditions require that the tangential 
electric field and normal magnetic field components vanish at the perfectly 
conducting wall. As a consequence, the transverse electric and magnetic field 
patterns on a transverse cross-sectional plane are not related as in a linearly 
polarized plane wave, and this is a primary reason why conventional circular 
wavegutdes and conical horns radiate fields with a relatively high level of cross 
polarization If a comcal horn could be constructed such that the boundary 
conditions for the tangential electric and magnetic fields were the same, the 
resultant mode pattern would radiate with very little cross polarization. A 



(/!) 


i igure 4.52 Dual-mode conical horns: (aj Potfer horn 
with a step at (he input lo excite the TM„ mode and ( b) 

Satoh horn with a dielectric ring insert to excite the TM„ 
(®) mode. 

• • » 

tT Sutoh. ■Dielectric-Loaded Ho,n Antenna." IEEE Trans., vol. AP-20. 1972, pp. 199-201. 

tv.H Rumsey. 'Horn Antennas with Uniform Power Patterns Around Their Axis,” IFFF 
Trans., vol.. AP-14. 1966. pp. 656-658. 
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corrugated surface with five or more slots per wavelength and A^/4 deep will 
simulate a surface that requires both the tangential electric and magnetic fields 
to vanish at the interface. Consider the planar corrugated surface shown in Fig. 
4.53. Since the slot spacing is very small, the only mode that can propagate into 
the grooves is a 1 EM mode with the electric field normal to the faces of the 
slot. The magnetic field is parallel with the faces. In the slot the fields are given 
by 

E y = E 0 sin k n (d - z) H t = jY 0 E 0 cos k n {d - z) 

When the slot depth d = \J4, it is seen that in the slot H x = 0 at the 2 = 0 
interface, while E y = E 0 . On the metal part of each tooth the electric field along 
the surface must be zero, but the tangential magnetic field is nonzero. When 
there arc five or more slots per wavelength the corrugated surface can be 
approximated as a smooth surface having an equivalent anisotropic surface 
impedance, which requires the electric field parallel to the slots to be zero 
(E t = 0 for the structure in Fig. 4.53) and requires the ratio of EJH, to be 

7? = —jZo ~ tan k 0 d (4.122) 

H x h 

The average impedance seen by E y is the sum of a zero impedance for the 
tooth surface and an impedance -jZ 0 tan k n d for the groove, and this results in 
the factor a/b. 

Figure 4.54 shows a corrugated circular waveguide and a corrugated conical 
horn with very thin teeth. The propagation in and radiation from these 
structures have been studied in detail by Clarricoats and Saha as well as by 
many other authors.t Clarricoats and Saha use boundary conditions of the type 
described above at the inner surface r = a in Fig. 4.54a. It is then found that it 
is possible to choose a slot depth such that F r - Z n H 4 , E+ = -Z 0 // r , which is called 
the balanced hybrid condition. A combination of a TE„ mode and a TM„ mode, 
called an HE,, hybrid mode, with the property given above, can exist in the 
corrugated waveguide when the condition 


d(k„n) 


Y,(k 0 b)-UkJ>) 


dY t {k 0 a) 

d(k n a) 


(4.123) 




Figure 4.53 A corrugated planar surface. 


2 


t P. J. B. Clarricoats, and P. K. Saha. “Propagation and Radiation Behavior of Corrugated 
Feeds.*' 2 parts. Proc. IF.E, vol. 118, Sept. 1971. pp. U67-1I86. 
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Tapered input section 



Figure 4.54 ( fl ) A corrugi.ed circular waveguide, (ft) A corruga.ed conical horn. 

Jnlti , Th 1 is ,;f a,ion , is equivalent to cot k 0 d = 0. which specifics a slot depth 
equal to for a planar corrugated surface. When k 0 a and k 0 b are large Eq 
(4^123) can he approximated by cos *„(*-*) = 0, which is the same as for a 
Planar surface. Under balanced hybrid conditions the transverse fields of the 
lit,, mode in the corrugated waveguide are given by 

E . = h{k n r) cos <f> 

E* = ~Jo(k 0 r) sin <f> 

Hr = - y„e 4 

n* = YJE, 


from which wc find that E, = J 0 (k 0 r) and E, = 0. This mode pattern satisfies the 
conditions given by Rumsey and radiates with very little cross polarization 
In a corrugated conical horn with a small Hare angle the aperture field is 
approximately that of the HE,, mode in a circular waveguide, apart from a 
small phase error due to the spherical phase front. The radiation patterns have 
been computed by Clarricoats and Saha using a combination of both the 
tangential electric and magnetic fields in the aperture. It was found that the 
principal plane patterns agreed closely with measured patterns The ap¬ 
proximate theory predicts zero cross-polarized radiation. In practice there is 
s°me cross-polarized radiation, but this is typically below -30 dB over a 1.5 to 
bandwidth or more.t The patterns have a high degree of circular symmetry. 


t P. J. Wood. Reflector Antenna 


Analysis and Design, Peter Peregrinus, Ltd.. London, 1980 
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A corrugated horn used as a prime focus feed can give an aperture efficiency as 
high as 84 percent. The main disadvantage of a corrugated horn is the rather 
high manufacturing cost and its bulky structure. 

4.10 OFFSET PARABOLOIDAL REFLECTORS 

In practice the circularly symmetric paraboloidal reflector illuminated by a feed 
at the focal point does not have as low a cross polarization or side-lobe 
radiation as theory predicts because of scattering from the feed and the feed 
supporting rods. The deterioration in the ideal performance becomes parti¬ 
cularly noticeable in systems designed for side lobes and cross polarization 
30dB or more below the on-axis held. One solution for overcoming the 
obstruction and resultant scatter by the feed and its supporting structure is to 
use an offset paraboloidal section as shown in Fig. 4.55. A circular section of a 
paraboloidal reflector may be cut out such that the focal point lies outside the 
main beam of the reflector. Although this provides for removal of most, if not 
all, of the feed and its support from the main-beam region of the reflector, a 
penalty in the form of increased cross-polarized radiation occurs. The offset 
reflector and feed system no longer have circular symmetry. As a consequence, 
even if the feed radiates with zero cross polarization, the reflector itself will 
cause depolarization to occur. Cross polarization lobes as large as,-20 to 
-25 dB are typical in offset reflector systems having only a modest amount of 
offset. The determination of the aperture field and the radiation from an offset 
reflector antenna system are described below. 

Figure 4.56 shows an offset section of a paraboloidal reflector. Its projected 
aperture on the focal plane will be referred to as the aperture surface S„. A feed 
with a rotationally symmetric pattern is assumed to be placed at the focal point 

/ 



\ 

\ Paraboloidal 
\ reflector 
^ contour 

\ 

\ 


Figure 4.55 An offset paraboloidal reflector section that 
avoids aperture blockage by the feed. 
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and to have its ax.s mchned a. an angle if, relative to the axis of the reflector 
-The Focal-plane aperture electric field will be computed using geometrical 
<pt.es. The radiation pattern may then be computed from the electric field on 

,r pa : h e a rr y he r,eid on ,he focai pia,,e * ° f c °" s < a "< if w C 

some 1 • r T 7 3 fiCld Wi ' h SphCricaI Phase fro,, ' s <l" Practice 

small ) ,IOn fr ° m Spher,Cal phase fron,s usually occurs, but this is normally 

In the derivation of the focal-plane aperture field three coordinate systems 

tile nl hVT" in r ig 4 57 ° The Wo System has the feed axis as 

the polar axis, and 0 0 , 4> 0 are the spherical coordinate angles with respect to this 

corresponding spherical coordinate angles are 0\ V. The .vyz system is the one 
used for computing the radiation field, and 0 , * arc the spherical coordinate 
angles in this system. Note that y = ~u, z = -«,, iv = *„ = *: that is, the * axis is 

common to all systems. The following direction cosines between unit vectors in 
flic wuv and x 0 y 0 2 0 system are needed: 

a u • a„ = cos 4> = a„ • a„ ,( 4 .I 24 n) 

a u -a, ( ,= -a„-a m =sin./. (4.124/.) 

equaT, h o e ns: UrfaCC ^ ref1eC, ° r ^ deSCHbed by a " y ° Me ° f ,he blowing 


I + cos O’ 1 + cos </- cos 0 O ~ sin if sin 0 O sin <f 0 

v-f u>+w \ 4 fLf! 

4/ 4/ 

- • 

Af 


(4.125a) 


•: li (■ 


• ( 4 , 125 /.) 

• ’'"(4.125c) 

i 
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.. r=tj-v ana cancelling (he v‘ term on both sides. Note 

that r = + u 2 + v 2 . 

If the paraboloid is cut by a plane, as shown in Fig. 4.576, the projected 

oca -plane aperture is a circle. The equation for the projected focal-plane 
aperture contour is ' 


(u - u 0 ) 2 + w 2 = a 7 


where «„ = 


m ,+ u. 




. ,f lhe fecd ,s made from coaxial circular waveguides excited by TE. and 
IM| m modes, it will have a radiation pattern of the form 


,-/V 


E /= 


t a «b e i(^o) s * n </»o + a ^^(^n) COS (fyJ 


Symme,ric pa»ern will, no cross polarization e ,((>„) = e,(0„) - 
e(0„). We will assume that e, = e 2 = e(ff 0 ). A 

The above feed pattern will be expressed as components in the wiw 

system By using ray methods and the law of reflection, we can find the 

focal-plane aperture field. The reflected field at the reflector surface is given by 
Eq. (4.56); that is, • 

E, ” “E/ + 2(n • E,)n 

where n is the unit normal to the reflector surface. 

I he feed pattern is first expressed as components along x 0 , y n z n These 
components arc then projected onto the wuv axis using the direction cosines 
given by Eq. (4.124). By this means we find that 

c~ ,kv 

E / 3 e( 0 o){-a Jcos < f >0 S j n _ cos 0 n )] 

* a„[- sin <\> sin $„ sin <b„ t- cos <J. cos 0„ 

+ cos <// cos 2 ^* 0 (I - cos (9 0 )] - a,.[cos <!> sin 0 n 

x sin 4> n + sin ,/■ cos t ? 0 + sin * cos 2 </,„(! - cos <?„)]) (4.126) 

The next step is to express this as a function of w, u, and v. If we use the 
express,on for r given after Eq. (4.125c), then we find that 

r a «o= r *».= * = r sin 0 O cos <*>„ (4.127n) 

r • = r • (a t , cos <Ji + a „ sin <£) = r cos 0 n 

= u sin <// + v cos ip (4.1276) 

r • a m = r sin 6 0 sin <f> B = u cos <J, - v sin ij, (4.127c) 
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The product of Eq. (4.127a) with (4.127c) gives 

wu cos ip - wv sin ip 


sin rp„ cos <b„(l - cos f)„) = 


r 2 (l + cos 0 „) 


(4.128a) 


The square of Eq. (4.127a) gives 


cos 2 </>„(! - cos 0„) = -j 


r 2 ( 1 + cos 0„) 


(4.128 b) 


From Eq. (4.127b) we have 


1 + cos 0 n = 1 + - sin ip + - cos ip 


(4.128c) 


From Eq. (4.12.1b) we have 4 fv + u 1 + w 2 - 4 / 2 = 0. The gradient of this is 
along -n. By normalizing the gradient to unit length we find that the normal n 
is given by 


n = - 


wa*, + u a u + 2 /a 


(4 / 2 + nT 


(4-129) 


The focal-plane aperture field may now be evaluated by using Eqs. (4.56), 
(4.126), and (4.129) and the relations given in (4.127) and (4.128). A consider¬ 
able amount of algebra is involved to obtain the final expressions. In the 
simplification procedure the following relations are used: 


„ = /-?- r - 2f - v 4fr = 4 / 3 + p 2 


4 / 2 + p 2 + 4 fu sin ip + (4 / 2 - p 2 ) cos i p 
r + v cos ip + u sin ip --~ — 


It is found that 


F„. = E„ 


_ 4 fe^ejOp) _ 

(4 / 2 + p 2 )[4 / 2 + p 2 - 4/y sin i/i + (4 / 2 - p 2 ) cos .//] 

x [2xy(l — cos ip) - 4/x sin ip) 


(4.130a) 


- " E.. 


E„=o 

where p 2 = x 2 + y 2 


_ 4/e~ w e(g 0 ) _ 

(4 / 2 + p 2 )( 4 / 2 - 1 - P 2 - 4 /y sin </' + ( 4 / 2 “ F 2 ) cos ./>] 
x [(4 / 2 + p 2 - 2x 2 ) + (4 / 2 - p 2 + 2x 2 ) cos •p - 4/y sin ■/<] (4.130b) 
0 (4.130c) 


= COS ' (fci 1 COS * " 4/*7? sin *) 


(4.131) 
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Note that the denominator in Eq. (4.130a) and (4.130b) can also be expressed 
as (4/ + p ) (1 + cos 0„). The aperture-field component E„ is a cross-polarized 
field, which is an odd function of x and vanishes when ip = 0. This field 
component is quite small when i p is small. The presence of this cross-polarized 
field reduces the aperture efficiency (cross-polarization loss). 

If the feed is rotated by 90° so that it is polarized along x„, then the feed 
pattern is 


-Aor 


«( fl n)(a % cos <P n - a^sin <P„) 


(4,132) 


For this case the focal-plane aperture field is found to be 

E _ _ -4/ e -' 2 ^e(Q 0 ) _ 

( 4 / 2 + P } )W } + p 1 - 4/y sin I P + (4 / 2 - p 2 ) cos ip] 

x l(4 / 2 *-p 2 - 2x 2 )+ (4 / 2 - p 2 + 2x 2 ) cos ip - 4/y sin i p] (4.133a) 


E., 


_ 4/e' / 2 ^e(f> 0 ) _ 

(4 / 2 + p ? )(4 / 2 + p J - 4/y sin i p + (4 / 2 - p 2 ) cos i//] 
x \7xy(\ - cos i/i) - 4/x sin i//] 


x (2 xy(\ - cos <//)- 4/x sin *//] (4.133/)) 

E »' = 0 (4.133c) 

Apart from the change in polarization, the cross-polarized aperture field is the 
same; i.e.. Eqs (4.130a) and (4.133b) are equal. Likewise, the copolarizcd 
aperture-field distribution is the same except for a 90° rotation; i.e., Eqs. 
(4 130b) and (4.133a) are equal. It therefore follows that the E- and 77-plane 
patterns are interchanged upon rotation of the feed by 90°. However, the 
pattern in a given plane, say, the xz plane, does not change. Only the 
polarization of the field changes. This is true independent of the shape of 
the projected focal-plane aperture and is due to the rotational symmetry assumed 
for the feed pattern. 

In general the feed pattern for coaxial feeds docs not have rotational 
symmetry. A nonsymmetric feed pattern may be expressed in the form 

e e - A"' 

E / = — sin -bn + ■*, cos <b 0 ) + — (cj(fl n ) - e.WKa*, cos </.„) 

(4.134) 

The aperture field produced by e,(0 o ) is given by Eq. (4.130). The asymmetrical 
part contributes an additional aperture field given by E) where 

P . _ 4 /e- w [ e 2 (g 0 ) - e,(0 o )] _ 


(4 / 2 + p ? )[4 / 2 + p ? - 4/y sin ip + (4/ ? - p 2 ) cos i/i] 

V a ,(-4/xy cos IP - x(4 / 2 - p 2 + 2x 2 ) s in *] + a,[4/x 2 cos ip - 2x 2 y sin ip] 


[4 / 2 + p 2 + 4/y sin <// - (4 / 2 - p 2 ) cos tp]/4f 


(4.135) 
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Radiation Field 

The far-zone radiation field, computed from the aperture electric field, is given 
by Eq. (4.39) and is 

E = — e '‘°'[a.(/, cos </> + /. sin </>) + a*(/ y cos sin <*)cos 0] 

2 nr 

(4.136) 

where the following Fourier transforms are used: 

/,(*,.*,) = f E„(*.y )e***** dxdy 

J S. 

f f {k„k y )= [ E„(x.y)t**'**dxdy 
and k t = k n sin 0 cos 0 k y = k n sin 0 sin 0 

For a y-polarized aperture field the copolarized field is the component along 
the unit vector a, = a* sin 0 + cos 0. Thus wc find 

Ecopot. = j/,11 + (cos 0 - 1) cos 2 4 , ] - /.(cos 0 - I) -y-) 

(4.137<j) 


The cross-polarized field is the component along the unit vector a,= 
a„ cos <f> - a # sin <f> and is given by 


RPOL 


ihe 

2 nr 


z ,k °'i , sin 201 

— (/,[ 1 4 (cos 0-1) sin* 0] + / V (I - cos 0) —— J 


(4.137/7) 


The cross-polarized field is generally largest in the 0 = ±45° planes but may be 
large in the 0 = 0 rt and 9(F planes also if the cross-polarizcd aperture field is 
large. 

The aperture efficiency may be found by using Eq. (4.76). The gain of the 
antenna is given by 4 n times the power flux in the desired polarization in the 
bore-sight direction after dividing by the total power radiated by the feed; thus 


__ (4WA q) f Sa \EJ ds 

Jo" Jo" l*(0o)l 2 sin M<M"o 


(4.138) 


Numerical Evaluation of the Radiated Field 

The integrals in Eq. (4.136) that give the radiated field are best done for each 
separate pattern cut that is desired. For example, consider the //-plane pattern 
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due to E ar The integral lo be evaluated is 


// E « y {x, y) e ^’dx dy 

s. 

Ih.s integral must be evaluated for a number of different values of k = 

ner^nH r T *.° USC * divide ,he into strips parallel a'nd 

perpendicular to x. rhe integrals 

| En,{x„ y) dy 

[Z:i C X S ' TiV al .° n8 1 y evaluated using a numerical integration algorithm 

S S P 5 n ! e Th,s da,a ,s s,ored and ,he remaining one-dimensional 
integral over * is then carried out for each desired value of k . A similar 

procedure may be used for other pattern cuts by using strips parallel and 
perpendicular to the plane of the pattern cut desired. 

Copolarized and cross-polarized patterns were computed using a computer 
code developed at Ohio State University.) 11,is code requires the projected 
focal-plane aperture to be a circle and corresponds to what is obtained by 
choosing a section of a paraboloid cut by a plane inclined to the axis. 

I he following data was used: 

Projected aperture diameter = 1.2 in 
Feed tilt angle i// *- 26.6 0 
Focal length / = 48.77 cm 
Frequency = 12 GHz 

fhc feed was chosen as a circular waveguide excited with the TE„ inode The 
waveguide diameter was chosen to be A 0 such that its radiation pattern could he 
assumed to be circularly symmetric (see Fig. 4.37). The feed pattern was 
assumed to be given by Fq. (4.117 a), apart from irrelevant constants; that is. 


e(0 n ) = (1 + 0.81 cos 0„) 


J,(tt sin 0 o ) 


sin 0, 


The feed pattern is polarized along the y axis. The illumination level of this 
feed ,s down by - 12 dB at 0 0 = 60° relative to the on-axis field 

. . T1,e £;P , * ne P a,,ern shown in Fig. 4.58. Note that the side-lobe level is 
below 30dB. The cross-polarized radiation in this plane is negligible The 
//-plane pattern, the copolarized 45° plane pattern, and the corresponding 
cross-polarized patterns in these planes are shown in Figs. 4.59 and 4.60. The 

r J, S R W C Rudduck - Electromagnetic Code ( NBC)-Reflector Antenna 

,, * , . " Cmle Ma "“ al - Ohio Slate University. Electro-Science Laboratory Report 784508- 

16. Columbus. Sept. 1979. Ibe patterns were computed by Georg Karawas 
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8 , degree* 

Figure 4.58 f*-plane radiation pattern for an offset paraboloidal reflector. 

side-lobe level remains below -30 dB. but the cross polarization shows a peak 
of about -25 dB in the 4> = 45° plane and -22 dB in the <b = 0 plane. The cross¬ 
polarization peak occurs about 1.5° away from the axis and hence is within the 
main lobe region. 

The computed gain of the antenna system is 42.17 dB, which corresponds 
to an overall efficiency rj A rj, equal to 72.5 percent, which is consistent with the 



8 , degrees 

Figure 4.59 //-plane co- and cross-polarized radiation patterns for an offset parabolordal reflector. 


APERTURE-TYPE ANTENNAS 253 



8 . degrees 

Figure 4.60 Co- and cross-polarized radiation patterns in </» * 45° plane for an offset paraboloidal 
reflector. 

theoretical value shown in Fig. 4.38 (note that the efficiencies shown in Fig. 
4.38 are for the case of «/r = 0, that is, with no offset). This example shows that 
the use of an offset reflector does not cause the gain or side-lobe level to 
deteriorate but docs result in a much higher level of cross polarization. 

4.11 DUAL-REFLECTOR ANTENNA SYSTEMS 

The paraboloidal antenna with a feed at the focus docs not allow very much 
control over the power distribution over the aperture surface except for what 
can he accomplished by changing the focal length. The introduction of a second 
reflecting surface, such as in the Cassegrain system shown in Sec. 4.6, allows for 
more control over the aperture distribution because of the extra degree of 
freedom that a second reflecting surface gives. This additional control over the 
aperture field distribution is obtained by shaping both the subrcflector and the 
main reflector so as to change the power distribution on the main reflector 
aperture but yet maintain the required phase distribution. A single reflector 
does not allow both the power and phase distribution to be varied in¬ 
dependently. 

Reflectors made by rotating an ellipse or hyperbola about their respective 
axes to form ellipsoids or hyperboloids are useful as subreflectors because these 
conic sections have two focal points. The feed may be placed at one focal point, 
and the second focal point can be made to coincide with the focal point of the 
main reflector, which is the paraboloid. These classical subreflectors have the 




effect of changing the effective focal length of the main reflector. An analysis 
demonstrating this effect is given below. Although these classical sub re flee tors 
do not provide much control over the aperture distribution, they are a useful 
initial design, which, through a small amount of reshaping, can be optimized. 

In order to appreciate the usefulness of the conic sections we briefly review 
the geometrical properties of the ellipse, hyperbola, and parabola below. 

Figure 4.61 shows an ellipse with major and minor semiaxes a and b. The 
two focal points arc located at x = ±cie y where the eccentricity e is given by 
c = (1 - b 7 /a 7 )' 12 , b < a. The ellipse has the property that the path length from 
one focus to the surface and on to the next focus is a constant; that is, 
AP+ PB = 2a. All of the rays from A that are reflected from the surface will 
come to a focus at B. It may be shown that for these rays Snell's law of 
reflection is satisfied at the surface. With respect to the xy coordinate system 
the equation of the ellipse is 



(4.139) 


For an ellipsoid obtained by rotating the ellipse about the x axis, y 7 is replaced 
by y ? 4- z 2 . A more useful equation for the ellipse is obtained by choosing the 
origin at one of the foci. Let r be the distance from one of the focal points to 
an arbitrary point on the surface, and let 0 be the angle between r and the x 
axis, as shown in Fig. 4.61. The equation describing the ellipse then becomes 


<*( l-* 2 ) 

I ± e cos 0 


(4.140) 


where the minus sign applies when the origin is at A and the plus sign applies when 
the origin is at B. 

The hyperbola is shown in Fig. 4.62. It has two focal points located at 
x = ±ae t where now the eccentricity is given by e - (1 + h 7 la 2 )' 12 and is greater 
than unity. The hyperbola has the property that the difference in path length 
from the focus at -ae to a point on the surface and that from the focus at ae to 



Figure 4.61 The ellipse and its geometrical 
parameters. 
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* = - ca 


’ x * ea 


b*a '/A - | 


Figure 4.62 I he hyperbola and its geo¬ 
metrical parameters. 


Ihc same surface point is a constant; that is, AP - />fl = 2a. Wc can readily 

whh V a In.' 3 - S f mana, ; ng fr ° m n and rC " CC,ed from ,he surface form a bun,lie 
„ . P , VaVC fr ° n ‘ and a PP car to comc from the focal point at A. All 

A§- Ar ?£? S fe C ° lieS 0,1 3 cire, Sjy i "!_d i<s center. But 

hw ofl n P ,° ~ n u t 2 P ?' S ° a " ray pa " ,S DP + PO arc Cf 1" al Snell’s 
law of reflection will be satisfied at the surface for the system of rays as 

described. The hyperbola is described by the equation 


__ 2 _ = , 

It is also described by the equation (the branch for x >0) 


(4.141) 


r = 


c cos 0 ± I 


(4.142) 


where r is the distance from one of the focal points and 0 is the angle between 
r and the * axis, as shown in Fig. 4.62. 71,e minus sign applies when the origin 
IS at A % and the plus sign applies when the origin is at B. 

Figure 4.63 shows the parabola, which has the property that the sum of the 
path lengths from the plane a distance / to the left of the vertex and from the 
rocus to a point on the surface is a constant; that is, OP + PO = 2f. Ihc 
equations describing the parabola arc 


x - 


(4.143rt) 


r = 


I + cos 0 


(4.143 />) 
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Figure 4.63 The parabola and its geometrical para¬ 
meters. 

All rays from O that are reflected from the surface appear as parallel rays 
coming from the plane at x - -f. 

Figure 4.64a to d shows the four possible ways in which ellipsoidal or 
hyperboloidal subreflectors may be used in connection with a paraboloidal 
reflector to form a dual-reflector antenna system. When the incident system of 
parallel rays is brought to a focus by the paraboloidal reflector and then 
allowed to continue on and be reflected by the subreflector and refocused at 
the feed, the system is called a gregorian dual-reflector system. The ellipsoidal 
subreflector must be used for this case, since both focal points must be 
accessible to the rays. One of the focal points of the ellipsoid must coincide 
with that of the paraboloid, as shown in Fig. 4.64a and b. 

In the cassegrain dual-reflector systems shown in Fig. 4.64c and d the rays 
from the paraboloid arc reflected before coming to a focus. The subreflector 
focuses the rays to the accessible focal point at which the feed is located. The 
second focal point coincides with the focal point of the paraboloid. The 
hyperboloidal subreflector may have either its convex side (Fig. 4.64c) or its 
concave side (Fig. 4.64r/) facing the paraboloidal reflector. The effect of the 
subreflector on the power distribution over the aperture is readily determined 
by ray optics and using the principle of power conservation in a flux tube. In 
order to illustrate the procedure wc will consider the cassegrain system shown 
in Fig. 4.65. 

Let a feed with a circularly symmetric radiation pattern (gain function) g(0) 
be located at the hyperboloid focal point A. The power in a flux tube with solid 
angle sin 0 d( d<f> is g(0) sin Q dO d(f>. The reflected flux tube has rays that 
appear to come from the second focal point at B. If the gain function for the 
reflected rays is called g,(0,) t power conservation requires that 

g(0) sin 0 dO drf> = g,(0 x ) sin 0, dO x d<b 

This same power appears in the ring of radius y and width dy. Thus the power 
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Hyperboloid 



Hyperboloid 


Figure 4.64 Dual-reflector antenna system*;: (a) and ( b) gregorian systems using ellipsoidal 
subrcflcctors; (c) and (d) cassegrain systems using hyperboloid subrcflectors. 


density P(y) on the aperture surface of the paraboloid satisfies the relation 

P(y)y dy d<f> = g(0) sin 0 dO defy = g e (0,) sin 0, dO x d<t> 

From this expression we find that 

. x sin 0 dO 

&(0i) = gW-r-j— 

sin 0, dO x 
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Figure 4.65 Cassegrain dual-reflector antenna system showing the equivalent paraboloid 


From Eq. (4.73) in See. 4.6 we also have the relationship 

. 1 d0 \ ... ... sin 0 dO 1 dO. 

P(y) =-~r = *(») ~—T -1Z--T 

y ay sin 0, dO x y dy 

sin 0 dO (1 + cos 0,) 2 
^ sin 0, dO y 4 f 7 


(4.144) 


In order to evaluate dO/dO x we use the property r - r, = 2a for the hyperbola; 
that is, 

0_a(g 2 " 0 = la 

e cos 0 - \ e cos 0, + 1 


When this equation is differentiated wc obtain 


sin 0 dO 


sin 0, dO x 


(e cos 0 - l) 2 (e cos 0, + I) 2 
The above equation may also be solved to give 


cos 0 = 


COS Oy = 


(e 2 + l)cos 0, + 2e 
e 2 4- 1 + 2e cos 0, 

~(e 2 + 1) cos 0 + 2e 
2e cos 0 - (e 2 4- I) 


(4.145) 


(4.146a) 


(4.1466) 


When these relations arc used we find that P(y) can be expressed in the 
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following forms 




(4.147) 


The Iasi form shows that P(y) has the same form as Eq. (4.73) for a 
prime-focus-fed paraboloidal reflector having an effective focal length f t given 


/=—/ 
h e — \ 


(4.I4K) 


which can be much longer than {. If e = 3 then /, = 2/, while e = 2 makes 
f. - 3 f. The equivalent paraboloid is also shown in Fig 4.65. A paraboloidal 
reflector with a long focal length has less taper in the aperture-field distribution 
and also has a better scanning performance (less loss in gain as the feed is 
moved away from the axis to scan the beam ofT-axis). This is the main 
advantage in using the Cassegrain system in many applications, since it allows 
the overall antenna system to be more compact for the same level of per- 
formance. 

For the concave hyperboloid reflector shown in Fig. A.(Ad the analysis 
shows that 


e\ 1\ 2 /1 + cos 0 


' ( «C)F 


(4.149) 


In this case the equivalent paraboloid has a focal length /, given by 


'■ -(HtV 


(4.150) 


which corresponds to a value less than /. Since the effective focal length is 
reduced, the aperture-field taper is increased, and for this reason the concave 
reflector is not commonly used. In Eqs. (4.147) and (4.149) y is given by 


2f t sin 0 2/ sin 0, 

1 + cos 0 1 4- cos 0, 


(4.151) 


An analysis similar to that carried out above shows that the dual-reflector 

system using the ellipsoidal reflector in Fig. 4.64a is equivalent to a single 

paraboloid with an effective focal length /, = (!- e)//(I + e) which is less than /. 

Ihe focal length f t of the paraboloidal reflector that is equivalent to the 

dual-reflector system shown in Fig. 4.64ft is /, = (! + *)//( 1 - e). whicli is ionger 
than /. 
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Shaped Dual-Reflector Systems 

The hyperboloid and ellipsoidal dual-reflector systems may be arranged so as 
to avoid blocking the main reflector. A typical dual-reflcctor offset system is 
shown in Fig. 4.66. In addition, a modest amount of reshaping of the 
subreflector and the main reflector can be carried out in order to give a more 
uniform aperture-field distribution and hence higher efficiency. Considerable 
progress has been made in the development of synthesis methods for shaped 
dual-reflector systems, and the reader is referred to the literature for a 
discussion of these synthesis techniques.t It is found that the aperture power 
distribution may be controlled almost entirely by reshaping the subreflector. 
The main reflector may subsequently be reshaped to correct the phase dis¬ 
tribution without changing the aperlure-field amplitude distribution very much. 
The reason for this behavior is that a small displacement A/ of a portion of the 
subreflector surface represents a much greater change in shape than a similar 
displacement of the surface of the much larger main reflector. The correction 
for phase or path length changes involves similar displacements of both 
surfaces and hence allows shaping of the subrcflector to be used primarily for 
amplitude control of the aperture field. 

The use of ray optics to design dual-reflector systems is subject to some 
error, since it is not an exact theory. In the design of an antenna system it is 
desirable to recalculate the field reflected from the subreflector using the 
physical optics currents on the subreflector. This calculation will then account 


Figure 4.66 An ofTset Cassegrain dual- 
reflector antenna system. 

tV. Galindo, "Design of Dual Reflector Antennas with Arbitrary Phase and Amplitude 
Distributions." IEEE Trans., vol. AP-12. July 1964. pp. 403-408. 

V. Oalindo-Israel, R. Mittra, and A. G. Cha, "Aperture Amplitude and Phase Control of 
Offset Dual Reflectors." IEEE Trans., vol. AP-27, March 1979. pp. 154-164. 

J. J. Lee, L. I. Parad. and R. S. Chu, "A Shaped Offset-Fed Dual-Reflector Antenna," IEEE 
Trans., vol. AP-27, March 1979, pp. 165-171. 

J. J. Lee. and R. S. Chu, "Shaping Techniques for Offset Fed Dual Reflector Antennas." in 
J. A. Kong(cd.). Research Topics in Electromagnetic Theory. John Wiley Sons. Inc., New York, 1981. 
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for the diffraction effects associated with the subreflector and may subsequently 
require some redesign of the system. 

For a rotationally symmetric dual-reflector system, the design goal is to 
obtam a specified gain function g,(0,) from a chosen feed with gain function 
g(fl). If we begin with an initial Cassegrain system, for example, then the 
desired aperture power distribution P(y) determines g r (0,) from the relation 


When g,(0,) has been specified, then the subreflector must be shaped so that 

g.ffl,) sin 0, dO, = g(0) sin 0 dO 


where 0 , is determined by Snell s law, the angle of incidence, and the direction 
of the local normal to the surface. The equations can be formulated and solved 
on a computer. For rotationally symmetric coaxial dual-reflector systems, an 
exact ray-optics solution yielding a desired aperture-field amplitude and phase 
distribution can be found.t In general, for offset systems only approximate but 
very good solutions can be found. 

I he available knowledge about and design guidelines for shaped dual- 

reflector systems is limited at the present time. This is particularly true 

regarding designs that would be useful in wide-angle scanning or multibeam 

systems, which are often called for in antennas intended for satellite com- 
niunications. 


4.12 RADIATION FROM SLOTS 

A narrow slot, one-half wavelength long and cut in a conducting sheet of metal, 
is the dual of a half-wave dipole antenna. The slot may be excited from a 
coaxial line, as shown in Fig. 4.f,7. The electric field extends across the narrow 
dimension of the slot and has a standing wave pattern along the slot; that is 
F. = E, sin k„(l-\z |) for the slot in the figure. 

Hie radiation properties of a slot may be conveniently determined from 
fictitious magnetic currents J„, as discussed earlier. If we had a sheet of 
magnetic current of density J m ,, then from 

j VxE’«/S=| Edl = j -/oiB ■ dS- j J ml • dS 

we would be led to the boundary condition (see Fig. 4.68) 

n x E, - n x E 2 = - J m , , (4.152) 

analogous to n x II, - n x H 2 = J r which holds for an electric current sheet. 


t Galindo, op. cil. 



Based on the above concept we may view the slot antennas as being excited by 
a magnetic current sheet of strength 2F g sin /c 0 (/ - |z|) and in the z direction. 
Figure 4.69 gives a comparison of the slot with a half-wave dipole made from a 
conducting strip the same shape as the slot. Note that the analogy is not quite 
the same. The postulated magnetic current sheet will establish the correct 
electric field over the slot aperture on one side only. On the other side of the 
sheet the electric field is the negative of what we actually have in the slot. 
However, we may calculate the correct radiated field on one side of the 
conducting sheet using the postulated magnetic current as a source. On the 
other side the radiated field is readily constructed from symmetry con¬ 
siderations. 

The basic equations to be solved arc those given in Sec. 4.2 and are 
repeated here for convenience. 

< v ’+ *i)A. “ (4.153a) 



n 


Figure 4.68 Boundary conditions at a magnetic 
current sheet 


APF.RTURE-TYPE ANTF.NNAS 263 




l ~> * "J. 


"4 




Fl*ur» 4.69 Comparison of fields for a slot and a dipole. 

h= -jt»A m +~y.‘ a " 

E= -- Vx A„ 
e o 


(4.153/)) 


(4.153c) 


(4.153rf) 

corresponding <o Eq'Vs)) and (1 (4 ' 53c) 

11 = £° j jag) e cos( ff/2 cos ft ) 

2nr sin 0 ~~ "* 


-/‘or 


_ j L?Yq e -n v cos (7r/2 cos 0) 

2nr sin 0 a * 

E - Z„a, X H - -/ in. e 'V co s ( 7t/2 cos _g) 

2l,r sin 0 


(4.154o) 


(4.154/r) 


.-■ 

and II The field given by Fo M 154) is ,h»,' d' A' 1 "" 0 ° f "’ e r °' C of E 
h , q ( ' 54) ; n ,he half s P ace y >0 and by the negative of Fn (4 154 > 
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y < 0 


y = 0 plane 


y 3 0 plane 


current sheet Slot^'' 

y > 0 

Figure 4.70 Comparison of fields from a magnetic current sheet and a slot radiator. 

since this source will produce a field having a zero x and y component on 
llie symmetry plane y - 0 outside tlie source region and reducing to 
±a r E g sin k n (l - |z|) on the y >0 and y < 0 sides of the current sheet, respec¬ 
tively. 

The radiation pattern and directivity of the slot antenna are the same as 
those for the dipole antenna. We can also find the total radiated power by 
direct analogy. For the dipole antenna the radiated power is given by 

c 2n ( n !Fl ? f 2n ( w llll 2 

P, = I —r r 2 sin 0d0d<t> = I I * r 2 sin 0 (W d(t> 

J n J Q ZZ , 0 J 0 J 0 Z i o 

Since the field is independent of </> the (f> integration gives a factor of 2 tt. For 
the dipole the result is given by Eq. (2.57), which we now express in the form 

P, = l 2 Z 0 l (4.155) 

where ( = 36.56/Z 0 . For the slot we get, by using Eq. (4.154n) for H, the result 

P, - / L Yo( (4156) 

For the slot we can define a voltage V g = wE g at the feed point where \v is the 
width of the slot. We then define the slot radiation conductance G 0 by setting 
equal to P,\ thus 

2 P, 2 H.Y 0 ( 8 V\Y a ( 


O n = 


T- = « 


(4.157) 


since I mn = 2E f w. Now for the dipole, \llR a - or R a ~ 2Z 0 f. and hence 

O 0 /R a = 8 Y n (/2Z 0 ( = 4Vj. If we call the dipole radiation resistance R d and the 
slot radiation resistance /?,, then 


— = R d R s = 

C, ' ' 


(4.158) 


A narrow slot is resonant when its length is a few percent less than \J2. 
For a resonant slot the radiation resistance will be 
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Which is quite large and results in some practical difficulties in feeding the slot 
y yoaxia transmission Ime unless some form of matching network is used 
Single-slot radiators are used as aircraft antennas where the slot is made a 

slot alii 6 a,rCf . S ' rUC ‘ Ure , i,self ’ such as a ,ail Quite often a quarter-wave 

Ar avs o^r, 5 “ TT an,enna ’ is instead of a half-wave long slot 

ffieT, h a T, a S ° f,eqUen " y USed ' and "’ ese are instructed by cutting 

wav g de’ lot T v 3 WaVegUid H The ee " eral CharacIe ' ‘sties of a recffinglr 
waseguide slot array are presented in the next section. 


4.13 RECTANGULAR WAVEGUIDE SLOT ARRAYS 

Sr 4 , 7 ' * hows a octangular waveguide of width * and height b For the 
dominant IE I0 mode the field in the waveguide is 


I he surface current on the upper broad wall of the waveguide is 

J -(-&%•■. =« f - E.K. sl „ f 


y 



Figure 4.71 A rec.angular waveguide and Ihe surface currenl for .he TE 10 mode. 
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Along the sidewalls the current is along the y direction. The current flow lines 
are illustrated in Fig. 4.71. 

A narrow slot cut in a waveguide wall in a position parallel to the current 
will not he excited. However, a slot that is positioned so as to intercept the 
current will be excited. Thus a longitudinal slot offset from the waveguide 
centerline, as in Fig. 4.72a, will be excited and will radiate. Likewise, the 
inclined broad-wall slot and sidewall slot shown in Fig. 4.72b will radiate. The 
excitation level of the slot can be controlled by the amount of offset x, for the 
slot in Fig. 4.72a and by the inclination angle for the slots in Fig. 4.72 b. This 
feature makes it possible to design slot arrays in waveguides with a specified 
amplitude variation along the array; i.e., arrays such as the Chebyshev array 

discussed in Chap. 3 can be designed. 

For a resonant longitudinal slot offset by an amount x„ the conductance of 
the slot, as seen from the waveguide and normalized with respect to the mode 
admittance of the TE , 0 mode, is given byt 


R 


A, a 

= 2.09 - A -cos 
A„b 



TTX | 

a 


(4.162) 


The equivalent circuit of the waveguide and slot is a conductance g connected as 
a shunt element across a transmission line with unit characteristic impedance 

and having a propagation phase constant p. 

There are two basic types of waveguide arrays, the resonant array and the 
nonresonant array. These two types of arrays will be discussed separately since 
their design is quite different. 


Resonant Arrays 

The resonant array is a broadside array with slots spaced A Jt /2 apart and with 
alternate slots offset on opposite sides of the centerline, as shown in Fig. 4.73u. 
By offsetting every other slot on opposite sides of the centerline, an additional 
phase of n is introduced, which, along with the tt radians phase change due to 



(a) (*) • ; 

Figure 4.72 Waveguide slots: (<i) offset broad-wall slot and (6) inclined broad-wall and sidewall 
slots. 

I 

t The derivation of this expression as well as that of the other slot arrangements along with a 
treatment of slot arrays may be found in R. E. Collin, and P. J. Zucker (ed ). Antenna Theory . Part 
/. McGraw-Hill Book Co., New York. 1969, Chap. 14. ” 
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Short 

circuit 



FlKure 4.73 (a) Longitudinal dot resonant array, (fe) Equivalent transmission-line circuit. 

ciixtiii^nf S |h#^ in8 ' rCS,, " S in a " Sl ° ,S bei " 8 exci,cd Ph**. The cquivnlcnl 
circuit of the array cons.sts of the N conductances connected across a trans 

A74 be^onS The lasTsiof ^ ? Sh ° Wn *" Fig ^ A short circ >"> placed 

W, T . , h sl °‘ P^sents an open circuit in shunt with the Inst slot 
Since all slots are spaced \J2 apart, the equivalent input conductance to tin- 
array is simply the sum of all the individual slot conductances g„; thus 


R' S Rr 


(4.163) 


If V is the equivalent voltage acting across the equivalent circuit the newer 
radiated by slot n will be \V' gn . Thus the relative excitation level of nthTt l 
proportional to g„ and may be controlled by the offset parameter x. for this slot 

onductUc; a ; T M °' "T ■ V . a " ab,C the total equivalent mr^y 

conductance g r should equal unity. Thus if we choose V 


R , = Ka. 


(4.164) 


we will require that g, = I so that 


* 2 * 1 = 1 


(4.165) 


Sudes a £ T mC K once ,he relative slot excitation am- 

wm colSe Z i ec " * P T Z ,n ° rder 10 ! llus,ra, e the design procedure we 
I 2 7 ,d r . h CS ' 8n a rtve ' elemen ' array with relative excitation levels of 
’ , ■ ,a ' ,S< a ' r,an gular amplitude distribution along the array. 

11 1C a ovc c,U),ce for the a n , the constant K equals (I +4 + 9 + 4 + 
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l)" 1 = 0.0526 and the required slot conductances are 

g, = g, = 0.0526 

g 2 = gi = 4x0.0526 = 0.21 

g, = 9 x 0.0526 = 0.473 

For a WR-90 waveguide operating at 10 GHz the following parameter values 
apply: 

a = 0.9 in b = 0.4 in 
A 0 = 3 cm A, = 3.975 cm 

By using Eq. (4.162) the required slot offsets may be found and are given by 

sin — = 1 . 066 VjT or 0.071, 0.146, and 0.236 in 
a 

respectively, for slots 1 and 5, 2 and 4, and 3. The required slot spacing is A/2, 
or 0.782 in. 

In practice if an array with a required side-lobe level is to be achieved the 
design is carried out for a somewhat lower side-lobe level in order to compen¬ 
sate for the effect of tolerances required in the construction of the array. Thus, 
for example, to realize a Chebyshev array with side lobes 30 dB below the main 
lobe, the array might be designed for side lobes 35 dB below the main lobe. For 
side lobes no more than 20 dB down from the main lobe overdesign would not 
normally be required. 

The frequency band of operation for the resonant array is only a few 
percent because correct phasing of the slots requires a \J2 spacing. The 
reflection from each slot and the short circuit combine in such a way as to 
cancel at the input of the array at only one frequency. Hence the array has an 
overall frequency-dependent input impedance typical of that for a resonant 
structure, and this accounts for the name resonant array. 


Nonresonailt Arrays 

In the nonresonant array the slot spacing differs from XJ2 % and the waveguide 
is terminated in a matched load at the end. The slot spacing d can be chosen so 
as to produce a main lobe at almost any arbitrary angle ip relative to the 
normal of the array but in the plane containing the array axis, as shown in Fig. 
4.74a. The equivalent circuit for the array is shown in Fig. 4.746. We have 
assumed that the slots are resonant with a pure conductive input admittance 
and that the mutual admittance between slots is negligible. ( : ; r 

If alternate slots are offset on opposite sides of the centerline and x n is the 
offset for the nth slot, then the array factor will be 


N 

F=2 


a gf*(tXH»,m r *nd» t »,y-ffind*fnn 


I 

(4.166) 
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Figure 4.74 (a) The nonresonan! array. ( b) Equivalent circuit. 


In tins expression the factor e'* - represents the phase of the propagating 
mode in the waveguide at the position of the nth slot and will be the phase 
angle of the held that excites the nth slot. The factor e'' ,n accounts for the 
phase reversal that occurs when alternate slots are offset on opposite sides of 
the centerline. The remaining factor accounts for the difference in the pro¬ 
pagation path length from each slot. We have also assumed that there is 
negligible reflection from each slot so that there is no wave propagating in the 
-z direction in the waveguide. In the plane of the array where <*> = n/2 we 
have a r • a, = 0 and a, • a, = cos 0 = sin t//, and the array factor becomes 




fl)nd*/nn 


(4.167) 


In order to obtain an in-phase addition in the direction ip we require 

(/c 0 sin ip - P)d + n = 2m tt m = 0, ±1, ±2,.. . 

which gives 

d _ ( 2 ™ - I)”- _ , (2m - IJAqA, 

k 0 sin <//-/? 2(A f sin ip - A 0 ) f | . 

If we choose m = 0 then Eq. (4.168) gives • 

•' A A ' 

sini/^ = —- - 

A, 2d 


(4.168) 


(4.169) 
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It is necessary that -1 < sin »// < 1, which imposes on d the restriction 

A ° A< - - 

2(A„+A.) 2(A,-A 0 ) 

For in - - I the value of d is similarly found to be greater than SA^^CA, + A„) 
while for in = 1 we must have d > A„A,/2(A f - A 0 ). In the useful frequency range 
of the waveguide, 1.25A 0 < A, < 2A„, so we find that 1.5/(A, + A„)<0.5/(A f - A 0 ). 
Thus in = — 1 allows a smaller value of d than the in = 1 case does. In order to 
have only one main lobe there should be only one solution for i/- in Eq. (4.168) 
for different values of in. This will be the case provided 


A ° A i 

2(A, + A 0 ) 2(A, + A 0 ) 


(4.170) 


which corresponds to choosing in = 0 and d less than the in - 1 case requires. 

With this restriction on d we find from Eq. (4.169) that the range of allowed 
angles for the main lobe is 


- — < i/f < sin 


2A„- A, 


-I ‘-''0 


(4.171) 


which covers the complete backward radiation region and up to 11.5° in the 
forward direction for A, = 1.25A„. 

It is also possible to place all the slots on one side of the centerline only, 
and in this case it is found that 


A„A. 


2A„A. 


and 


A„+A, A 0 +A, 


rr . 2A„- A 

- < >// < sin ' —- 1 

2 A, 


(4.172) 


(4.173) 


The maximum angle in the forward direction is now 37° for A f - 1.25A„. When 
the above conditions are adhered to only one main lobe will occur in physical 

space. 

For the nonresonant array a simplified design procedure may be used, pro¬ 
vided the array consists of many slots (12 or more) and is designed for a beam 
angle not along the normal to the array. In this case each slot radiates very 
little of the total power and hence represents a small discontinuity in the 
waveguide and produces only a small reflection of the incident wave. Further¬ 
more. the slots are not spaced by \J2 so the reflections from the different slots 
do not add up in phase and the total reflection coefficient at the input to the 
array will also be small. An exception occurs when d = XJ 2, which is the 
required spacing for a beam angle coinciding with the normal to the array, 
since in this case the individual slot reflections will add in phase at the input 
(resonant condition). 


""“r 'T' stol “ «» row* P, radiated „ 

incident at slot N will then be r + P N for unit input power to the array The 
equivalent voltage across the transmission line of unit characteristic impedance 

eeteT V'h ?” since reflection Z te „g 

J eC e ,|,M P ° WC ; rad,a,ed ^ ,he N "' slot with conductance g N is thus 
given by j| and must equal P N ; hence 


H r» _ p n 

I y N \ 7 ~r + P N 


(4,174) 


The power incident at slot /V-Ikr+P+P „ j . . 

radiated power equal, J| W ^ ^ 


Rn-i ~ 


N-I 


N -1 


ftN -1 i | w |j 

l^-.r r+P N + P N _ t 

Uy continuing this analysis it is readily found that 


(4.175) 


' + i - *::! r i 


(4.176) 


since r plus the sum of all radiated powers must add up to unity. When the g 
have been found the slot onsets can be determined from Eq. (4 162) The 

design procedure is illustrated in the following example 1 

Example 4 .1 Ten-element array with a beam angle of -30° A 10-elemcnt array 

desT g H n m 31 ‘ r l V hC , a " ay n ° rmal ' n ,he backward direction will be 
designed. The amplitude distribution over the array will be chosen as a 

triangular distribution superimposed on a constant lower level; thus 

rt i = a m=l + 2 a q - 2+ 2 

a,- a t - 3+ 2 a t = a, = 4 + 2 
<J 5 = = 5 + 2 

Hie required P m are then proportional to 9, 16, 25, 36, and 49. We will let 25 
percent of the power be dissipated in the matched load, so r = 0.25. Then. 


since 




"-! ValUeS 8 ' Ven above such ,ha ' 2 *(9 + 16+25 + 36 + 

) r_ ° 75 ’ wh,ch 8 ives K = 2-777 x 10 ’. The required P n are found to 
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P, = P 10 =9 K = 0.025 P 2 = P, = 0.0444 
P, = P s = 0.0694 P t = P 7 = 0.10 


P 5 = P 6 = 0.136 

By using F.q. (4.176) we find that the g„ are 

g, = 0.025 g, = 0.0455 g 3 = 0.075 = 0.116 

g,= 0.179 g 6 = 0.218 g,= 0.204 g,= 0.178 

g,= 0.139 *„ = 0.091 

For this array the maximum g„ is 0.218, so a smaller fraction of dissipated 
power could have been used without getting excessively large values for the 
„ a value of r = O.I5 would he acceptable and would have given the 
following values for the g„: 0.028, 0.052, 0.085, 0.134, 0.212, 0.268, 0.269, 
0.256, 0,22. and 0.159. 

The slot spacing may he found from F.q. (4.168) If we assume A„ - 3 cm, 
A, = 3.975 cm, as in the resonant array example, then (note that m =0) 


M, 


0.797A„ = 2.39 cm 


A 0 + A f sin *// 

The slot offsets may be found using Eq. (4.162) but will not be computed. ■ 

If we had designed a broadside array with 10 elements by the above 
method, the input conductance to the array would be (d = A,/2 in this ease) 


ft, = 1 + 2 ft. = 2.27 


which is considerably larger than unity. This discrepancy is due to the neglect 
of reflections from each slot in the derivation of the design formula, Eq. 
(4.176). Such reflections cannot be neglected when the slot spacing equals XJ2. 
For il * A /2 the neglect of reflections is not as serious because of cancellation 
cITccts, so that in practice the use of Eq. (4.176) gives acceptable results when a 
large number of slots are used. It is. of course, possible to take reflections into 
account as well as losses in the waveguide, but the design procedure is then 
more complex.t It has been found that for arrays with many slots and only a 
modest requirement on the side-lobe level (30 dB or less below the mam lobe) 
the above simple design procedure is acceptable * However, for high-per¬ 
formance arrays with side lobes 40 dB or more below the main lobe .1 is 
necessary to take into account the mutual admittance between slots as well as 
reflections in the waveguide. When this is done and the slot dimensions are 


t Ibid. 

t A. Dion. "Nonresonant Slotted Arrays." IRE Tram., vol. AP-6. Oct. 1958. pp. 360-365. 
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carefully controlled in the manufacture of the array, the theoretical per- 
formanc e can b. obta.ned. When ,he interaction between slots is taken fnto 
account it is generally necessary to use nonresonant slots so as to obtain the 
correct phasing by means of appropriate choices for the slot susceptances.1 


4.14 MICROSTRIP ANTENNAS 

T^e widespread use of printed circuits led to the idea of constructing radiating 
elements and interconnecting transmission lines using the same technology 
Antennas made from patches of conducting material on a dielectric substrate 
above a ground plane are referred to as microstrip antennas. The patch is 
typically of rectangular or circular shape with dimensions of order one-half 
wavelength. Other shapes such as diamond, triangle, ring, etc., may also be 
used. Some typical microstrip antenna configurations are shown in Fig 4 75 


Dielectric 

substrate 


Rectangular 
copper patch 


Ground plane 





Figure 4.75 Microstrip antenna configurations: (a) rectangular patch; (6) circular patch; (c) 
diamond-shaped patch givmg circular polarization; ( d ) triangular patch; and (e) three-element 


t R S. Elliott. Antenna Theory and Design. Prentice-Hall, Inc.. Englewood Cliffs. N.J 19RI. 






The antenna may be fed with a microstrip transmission line or a coaxial line, as 
shown in Fig. 4.76. The feed point is positioned away from the edge by an 
amount that will give a good impedance match. 

The main advantage of microstrip antennas is their ease of construction 
and relatively low cost. Other advantages are the compact low-profile 
configuration and the possibility of wrapping the antenna around a cylinder or 
aircraft fuselage by printing the elements on a flexible substrate material. 

In many ways the small patch and ground plane behave like a lossy cavity 
resonator, with the predominant loss being radiation loss from leakage at the 
open boundary. Since the height of the patch above the ground plane is very 
small, the radiated power is also quite small and the resonator exhibits a 
relatively high O of order 25 to 100. Thus the bandwidth of the antenna is 
small, usually only a few percent, and this is one disadvantage of this type of 
antenna. Other disadvantages are low power-handling capability, poor end-fire 
radiation characteristics, and limited gain. 

Microstrip antennas have found application in telemetry, satellite com¬ 
munications, and various military radar systems operating in the 1- to 10-GHz 
frequency band. Integrating the microstrip antenna with a solid-state receiving 
or transmitting module opens up the possibility of building large antenna-array 
systems, with each element being an active, individually controlled element. 



(a) 



Patch 



Edge view 


Figure 4.76 Two methods of 
feeding a microstrip antenna: (a) 
strip line feed. ( b) coaxial line 
feed. 
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Various forms of low-cost signal-processing antennas are thus made possible 
been carr^ ! amOUn, ° f ,hc ° re,icaI a " a 'ysis of microstrip antennas has 

-~r rr ,t= 

d. Sig „ information and predict the 

mtsston-hne mode ,s limited to rectangular or square patches, while the cavity 
ode! can be applied to other shapes as well. For this reason we will present 
•he mam features of the cavity model following the work of Carver t 

Consider the rectangular patch shown in Fig. 4.77. Hie natch is of In,.oil 

has a aLmneTha, 'O^and 

Em? r zMStesjrj ;t r r : 

// 0 bm ,n,CreS ' r ,he ,ransvcrse modes (TM), which have 



nnx trnry 

c n. cos- COS ~- 

a b 


(4.177) 


rdnabon Z d ar ? in ‘T rS and c "" is an am Phlude constant. II,e above 
equation describes the ^-directed electric field for the TM„ m mode. A general 

valuesof n*.„7“ ,h ™ »" 


n,e electric field has zero divergence, and since E, is not a function of z 



Figure 4.77 A rectangular-patch microstrip an¬ 
tenna. 

' i 

- 1J '■ -. 
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we have 


BE t BE n 
— *-+ —* = 0 
Bx By 


This equation does not relate E x or E y to E r The magnetic field is given by 

/dE BE \ (BE X BE \ 

'to# - vx E- + ) 


By Bz 
dE, 


Bz Bx 


W7r MTX , mny nn . nnx mny 

-cos-sin —-— a, + — sin-cos —— 

b a b a a b 


dE, dE, 

dy y dx 

Since H depends only on E„ which is not related to E, or E y , we conclude that 
E, = E y = 0 is a valid solution for the TM„ m inodes. We now find that for the 
ninth mode 

i imn nnx . mny nn . nnx mny \ 

H ---—C„_(-cos-sin —-— a 4- — sin cos—— a I 

fc 0 Z„ b a b a a b ) 

0 ° (4.178) 

where we have replaced wfi 0 by o>(/t n <o)' ,! (M(Ao ) 11 ~ k 0 Z 0 . No,e , ’ lat ,he c ^ oi ^ e 
of modal functions is such that H„, has zero tangential components on the 
boundaries, as required by the assumption of ideal open-circuit conditions. 

We will now assume that the cavity is driven from a coaxial line located at 
y = b/2 and x = x„. We will let the total current in the probe be When the 
probe has a radius r„ the current density on the probe surface is IJ2nr 0 . The 
equation satisfied by the electric field excited by a current J(r') is 

V x V x E - fc’E = -jwfi oJ 

where k 7 = W- But V x V x E = VV • E- V 2 F. and V • E = 0, so we have 

V 7 E, + k 7 E, = MV, ( 4179 ) 

In order to solve this equation we let 

" * mtx mny 

E,= £ 2 C nm cos —cos — 

When we substitute into Eq. (4.179) and take note of the fact that there is no 
variation with z we obtain 


2 £ C B „(fc J -fcL)cos^cos^ = ;W, 

n "0 m ”0 


(4.180) 


where k 2 nm = {nn/af + (mn/b) 7 . The above equation can be viewed as a Fourier 
series expansion of the current J, We can solve for the C nm using Fourier series 
analysis. We find that 

„ f* [° jk Mjx, y) cos(nnxl a)cos(mnylb) ^ „ tolx 


C„ = 


II 

J o J o 


k 7 -k 7 


tixdy (4.181) 


fim 
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where 


= { 1 M 
12 n 


n = 0 


>0 


From this solution we see that the patch behaves like a cavity, with k being 
the resonant wave number of the nmth mode. Only that mode fo7 which 
' s excited with a large amplitude. Since all losses were neglected, C 
becomes infinite if Ac = k nm , which is typical of the response function for an 
ideal loss-free resonator. When dielectric losses are included, that is, k 7 = 
07 '-}«") and copper losses are taken into account, the effect is to replace 

the loss-free resonant frequency w „ m of the nmth mode by a complex resonant 
frequency. We can express k 7 -k\ m in the form 


Hie complex resonant radian frequency w' nm is given by 






- 1/2 




o e ' V 2«'/ 


(4.182) 


since normally e" e'. The quality factor of the resonator due to dielectric loss 
is Q d where 


°‘-b 


(4.183) 


If we let „> nm = then 




’o) 


20, 


(4.184) 


There will also be losses in the metal patch and ground plane due to the finite 

conductivity. fliese losses may be found by means of the methods described in 
Sec. 2.1 and are given by 


p ‘ m2 H { 1 |HJl dxdy 


_ |C„| a ab 

cr5,(/c 0 Z 0 ) 2 e 0n e 0m 

for the IM„ mode. The total stored energy W at the resonant frequency is 

+ W - ~ 2 W * since ,he s,ore d electric energy W, equals the stored magnetic 
energy IV„ at resonance. Hence for the nmth mode 


W = 2 l h f 1‘lCnJ cos 7 — 
* J o J o a 


? mn y 

cos —-— dx dy 
b 
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The quality factor due to conductor loss for the nm th mode is given by 

W Q Je 'haS,(k 0 Z 0 f 
P, ‘ 2k L 

The total cavity Q, which we will call Q nm> for the nmth mode is 

0 = (i + _Lv'=f- + _^_r 

" m Vo OJ IV 


(4-185) 


In this equation a is the conductivity of the metal in siemens per meter and 5, 
is the skin depth. In place of Eq. (4.184) the complex resonant frequency is 
given by 


“nm = ""™( l + 2Q^) 


(4.186) 


when the losses due to the finite conductivity are included.t 

For the microstrip antenna the desired mode is the TM, 0 mode. If we 
choose k^k w this mode is excited with a large amplitude. In Eq. (4.181) 
cos nxla is nearly equal to cos nx 0 a over the region occupied by the current 
J z (x,y) which lies on the surface of the probe. Thus we can readily evaluate 
Eq. (4.181) for C, 0 to obtain 


C l0 = 


2jk 0 Z 0 I 0 co^nxja) 


ab(k 2 -k ] 0 ) 

When o) = <w 10 the value of C, 0 is given by 

^ 2fc 0 Z 0 Q l0 €7 0 cos(7rV<2) 


(4.187) 


( "in “ - 


k ] 0 ab€ 


(4.188) 


The amplitude remains finite at the resonant frequency but will be large 
whenever the quality factor O, 0 is large. 

From the definition of Q w we have 

P - 2a)tv < 
r " O,0 

for the total dissipated power. We can define an input resistance, as seen from 
the coaxial line, by the relationship $|/ n | 2 K. n = P r . Hence at resonance we find 
that 


_ 4w _ 2q;€7^[ /c (? Z 0 € , cos^o/a^Q^ 
in= OM 2 ~ k*ab\e p 


(4.189) 


Note that R in can be changed by changing the probe position x 0 , since it 


t For a more complete discussion of lossy cavities see R. E. Collin, Foundations for Microwave 
Engineering, McGraw-Hill Book Company. New York, 1965, Chap. 7. 
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depends on cos \nXrJa). By choosing x 0 appropriately the cavity can be 
matched to the input coaxial line. 

The above analysis is, of course, only applicable to a cavity with ideal 
open-circuit boundary conditions. In reality, power is lost from the cavity by 
radiation, and there is additional energy storage in the fringing fields that exist 
beyond the boundaries of the cavity. There may also be power lost due to the 
excitation of propagating surface wave modes along the dielectric substrate 
The surface-wave loss is very small, provided the dielectric thickness is small,' 
say, h < O.lAo/V k, where k is the dielectric constant e'/e„ of the substrate 
material. The effect of radiation loss and energy storage outside the cavity can 
be accounted for by modeling the cavity walls as walls having a finite complex 
admittance instead of zero admittance. The boundary conditions then become 

H = V.nxF. 

where n is a unit outward normal at each sidewall and Y is the wall 
admittance in siemens. The wall admittance Y „ will, in general, have a 
different value on the walls along x than on those along y. 

We will use the above boundary conditions to obtain a solution for the 

perturbed TM,„ mode. It will be convenient to choose the origin at the center 

of the rectangular patch, as shown in Fig. 4.78. For the TM I0 mode the fields 
are given by 

E, = C I0 sin k,x cos k,y (4.190n) 

/Jc 0 Z 0 U = -VxE= a, xVE, 

= a,C 10 k, sin kj sin k f y + a,C w k t cos k r x cos *,>• (4.190h) 

where k.^n/a and for the perturbed mode. Hie boundary condition 

H, = - Y W ,E, at x = all gives 



where o, = jk 0 Z 0 Y„. At y = bl 2 the boundary condition is H, = V F, which 
becomes wr ~ 



where a y =jk 0 Z„Y wy . The equations for k, and k y can be expressed in an 
alternative form by using the expansion tan 20 = 2 tan 0/(1 - tan 2 6). It is 
readily found that Eq. (4.191) becomes 


tan k.a = 


k]-a\ 


, , 2a * k , 

tan k y b = rr^ 


(4.192a) 


(4.1926) 


The last equation suggests that k y = 0 is a solution. However, from an 
examination of Eq. (4.1916) we see that this is not a valid solution.t 
Carver gives the following expressions for a x and a y : 

<* x = jk<)Z n Y' wt F M (4.193a) 

a y =jk 0 Z 0 Y' wy F y (4.193fr) 


where Y' = 0.00836 — + >0.01668 — 


AI = 0.412ft 


+0,3 0.262+ ft/ft 
k,- 0.258 0.813+ft/ft 


K + 1 K - 1 

-.f - 

2 2 


10 6\-i* 


F x = 0.7747 - 0.5977^1 - - 0.1638^ 1 - 


An expression for Y' wy is apparently not available. However, along the y = ±6/2 
walls E, has an odd variation with x, so very little radiation takes place from 
these walls. Thus it is a good approximation to simply choose k y = 0, which 
corresponds to ideal open-circuit conditions along these walls. This corresponds 
to setting at y = 0 in Eq. (4.1926). 

The transcendental equation (4.192a) must be solved for k t . Since k M is 
close to rrla we can approximate the equation by 


tan k.a = 


2a x (ir/a) 
(tt la) 2 -a] 


which can be readily solved by now letting k x a = tt - 8 and using tan(7r - 8) = 
-tan 8 =» -8. By this means we obtain 


k = — + 


2a r 7r 


a tt (« x a) 


(4.194) 


tSce Carver, op. cit. In bis original paper, Carver assumed that k r = 0 was an acceptable 
solution. This is a valid solution only when = 0 so that a y = 0. 
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If greater accuracy is desired, (hen the procedure can be repeated using the 
above value for k x on the right-hand side of Eq. (4.192a) 

given by*' = *' + **"' a " d ' hen * he qUali,y faC '° r ° r due lo Nation loss is 


Qr = 


2k", 


(4.195) 


The total Q T for the cavity is 




(4.196) 


I he resonant frequency is given by 


w !o = 


7^=( 1 + —) 

V 2Q t ‘ 


(4.197) 


The input resistance seen by the probe may be found from Eq. (4.189) bv 

replacing O' 0 by O r An expression for the input impedance Z may be 
obtained from an application of Eq. (2.61), which gives 

Z = P r + 2 M^ m -W. ) 

1 v; 

where l\ now includes the radiated power as well as the dielectric and metal 
losses. Inc complex power radiated by the probe is given by 


P T + 2/a»(W m - W,) = \ f E x ||* „ dS 

J s 


where the integration is over the surface of the probe. Since Ex||*. n - 

.11 x n - E • n x H* = -E r f J and J t = l„/2nr 0 , where r 0 is the radius of 
the probe, we readily find that the contribution of the TM.„ mode to Z is 
given by (see (Eqs. (4.177) and (4.187)] 


2 jk 0 Z 0 l >I g I Q cosf^nxja) 2jZ 0 h cos , (nx 0 /a) 


a bIol oHo*!)* fa 1 ~ w(o) Kk„ab 


<*> 2 - "m(l +//2 O t ) 7 


Thc result follows from approximating the integral by -jE,(x 0 )/t/*. All of the 
nonresonant modes combine to give the inductive self-reactance of the probe 
An approximate expression for the self-reactance is 


jo)L = 


jutlifi, 

2n 


ln V: 


(4.198) 


This expression is obtained by considering the probe as the inner conductor of 
a short section of coaxial transmission line, with inner radius r 0 and an outer 
radius R 0 chosen such that the patch area ab equals nR 2 ,. When we combine 
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the above expressions we obtain 

„ Wo*. [ ah 2 jZ 0 h cos(nxja) 


jo>n„h 

z --~^r ln 


Kk n ab a) 2 - a>J 0 (l + jHQj'f 


(4.199) 


for the input impedance of the microstrip antenna driven from a coaxial line 
located at x = x 0 , y = b/2. Carver uses /(Zq/Vk) tan Jc 0 /i ^ jwfj. 0 h/V k for the 
self-reactance. This expression does not depend on the probe radius and 
consequently would not be expected to be very accurate. The self-reactance 
should vary like In r 0 , so the equivalent coaxial-line model is expected to give a 
better estimate. 


Radiation from Microstrip Antennas 

When the substrate thickness h is very small, then the dielectric layer has only 
a minor effect on the radiation pattern. If we neglect its effect and use the 
expression given for E, under ideal open-circuit boundary conditions, then the 
equivalent magnetic current in the aperture or sidewalls is given by 

= ~nxE=a, xnE, 

The equivalent electric current is zero because n x H = 0 on the sidewalls. Since 
h is small wc can assume that the total magnetic current hJ mt is concentrated as 
a line source just above the ground plane. By using image theory we can 
remove the ground plane and double the source strength. With reference to 
F 7 ig. 4.79 we then find that, with E, = C l0 cos(7rx/o), the equivalent free-space 
radiating magnetic-current line sources are 


-2/iC. 


along x = 0, a 


2/?C, n cos 


along y = 0 


-2/!C |n cos — along y ■ b 
a 

The two line sources along y = 0, b are oppositely directed and vary according 
to cos(irx/a) and hence produce no radiation in the z direction and relatively 
little radiation in other directions. The field from the line sources along x = 0, a 
add up in phase in the broadside direction. These two line sources give 


A., 


~ e / V 

477T 


(!+<• 


fk n a sin 


”'*'' n *)2hC l0 J 


,/*oyc«n* 


-IhC e /'***«"* _ \ 

_“L? + __ 

47tt jk 0 cos ip 


Note that we have chosen y as the polar axis, as the polar angle, and <t> as 
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Figure 4.79 {a) Microstrip antenna. (6) Equivalent 
tree-space magnetic-line sources for finding the 
radiated field. 


Ihc azimuth angle in the zx plane, as shown in Fig 4.79. The factor in 
parentheses before the integral is the array factor and accounts for the second 
line source. The expression for A m , can be simplified and expressed in the form 

A my — — bhC '^ g * Un«>/*o(/o2)ro<« 

■nr 


cos (r sin »// sin rf>) — 
x 2 / (k~h/ 


sin[k 0 ( b/2) cos t//J 
(k q b/2) cos i// 


(4.200) 


In the radiation zone the fields are given by 

H * = ;« sin (4.201 a) 

E * = -j“>Z ( sin i pA m> (4.201 b) 

Since a and b are both typically around \<J2 in length, the pattern is broad and 
without side lobes in visible space. 
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APPENDIX: ASYMPTOTIC EVALUATION OF THE APERTURE 
RADIATION FIELD 


'Hie integral to be evaluated for large values of r is 


E(r) = ^/J KK k,)e>" dk.dk y 


(A.l) 


The technique that will be used is Rayleigh’s method of stationary phase. The 
rationale underlying this method is as follows: We note that when r is very 
large e ,hr is a very rapidly oscillating function. Thus the contributions to the 
integral from various points in the k t k y plane tend to cancel because there is a 
lack of in-phase addition from the various regions. An exception is a point 
where k • r, which is a function of k t and k yt to first order does not vary with 
small changes in /c f , k y . Such a point is called a stationary phase point and is 
characterized by the vanishing of the first derivatives of k • r with respect to k„ 


and k v \ that is, 


c?(k • r) 


= 0 


d(k-r) 


= 0 


(A.2) 


At a stationary phase point the phase of e ,kT does not vary rapidly, and a 
nonzero contribution to the integral would be obtained from this region of the 
k x k y plane, in the small region surrounding the stationary phase point, which 
we denote by k, = /c, f k y = k v the slowly varying function f (k v k y ) is put equal 
to its value at the stationary phase point. The integral that remains then only 
involves the function e >kr and can be evaluated. 

In order to facilitate the evaluation we express k • r = kj + k y y + k g z in 
spherical coordinates by using x ** r sin 0 cos <t>, y = r sin 0 sin </>, z = rcosfl; 
thus 

k • r = r(k x sin 0 cos <f> + k v sin 0 sin </> + \Zkl~ k]- k 7 y cos 0) 

The stationary phase point is the point where 


dk • r 


= 0 


that is, where 

k t = /c, = k 0 sin 0 cos <f> 
k y = k 7 = k n sin 0 sin </> 

A Taylor series expansion of k • r in vicinity of k 2 gives 


(A.3a) 

(AM) 


1 0 2 k- 

r=t "' + 2liT 


lA-r 




d\-T 

dk.dk. 


(k,- k^ik- kj)= k n r - (An 2 + Bv 7 + Cuv) 


(A.4) 
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where u k x k x , v - k y k 2 , and A , B, and C are constants defined by this 
equation. 

The asymptotic solution for E(r) is thus 

E ( r ) ~ Hk 0 sin 0 cos <f >, k 0 sin 9 sin <f>) I I e if A “ }t Bv’>cuv) du dv 5 j 

A* 

where we have put f equal to its value at the stationary phase point and A.v is a 
small region centered on the stationary phase point which is at u = V = 0 in the 

USe lhe s,a,ionar y P ha se argument again to note that 
e will oscillate very rapidly when u and v are not zero, since the 

constants A. B, and C are proportional to r and hence very large for large 
values of r. Thus the integral can be extended to cover the whole uv plane, 
since in the limit as r becomes infinite the contributions from u and v outside 
of As will cancel from phase interference. Ilcncc we need to evaluate the 
following expression: 


ll e HAuUB„UCu„) fa dv 


(A.6) 


We now write 


Au 2 + Bv 7 + Cuv = (VAu + + Bv 2 

and put \Mu + (Cv/2\/A) = w to get for the integral the result 

w 

1 = H el' 2 e /«*n-cV,4x ~ dv 


Next we use the known result 


I ’ «"<-*•) *dx= 


to evaluate the integrals over w and v. We then obtain 

I = J 2 !.. = 2nj — cos 0 

V4AB - C 2 r 


(A.7) 


upon using 


= £( 1 
2Uo 


2 (k 0 + k 

k l kf 
k l cos 7 6 


0 kl cos 2 6 

. k\ 


cos' 


t t. 
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Our final result is 


with 


k 0 cos 0 


E(r) ~ l ~~ 2 ~ — e sin 0 cos </>, k 0 sin 0 sin <f>) 


f.(*» k r )-jj E.(x, y) e**'** dx dy 


(A.8) 


(A.9) 


PROBLEMS 


4.1 On a rectangular aperture as shown in Fig. 4 2 a the aperture field is given by 


F„ = Con, cos 7 




Find the radiated field. Find the beam width in the xz or tfr = 0 plane. Find the 
amplitude of the first side lobe in this plane. Sketch the radiation pattern as a function 
of m. (See hint in Prob. 4.2.) 

4.2 For an aperture field of the form 


F. 0 = Con,(I + Ccos lx) 


x s n 


|y|s/> 


on a rectangular aperture find the radiated field and show that the effect on the pattern 
as a function of u is to superimpose on the uniform aperture-field pattern two similar 
patterns of relative amplitude C/2 and positioned at u - ±u 0 " ±la. Hint: Express cos lx 
as + e"') and compare it with Eqs. (4.23) and (4.24). 

4.3 Determine the effect that a small quadratic phase error has on the radiation pattern 
from a rectangular aperture. Assume that 


E„ = Eo»« e 


-/o«? 


x <; a 


\y\*b 


and with an’ <f I. Sketch the E-plane pattern when no 7 = n/4 and compare this with the 
pattern for the case a = 0. Hint: e~ h ° ** l-/ox 2 . Now make note of the following 
operational properties of the Fourier transform [see Fq. (4.5)]: 

w(x) 


4.4 What is the required phase variation for the aperture field in the rectangular 
aperture of Fig. 4.2n to produce a radiation lobe maximum at 0 = nlA in the xz plane? 
What is the total phase variation across the aperture from x = - a to x = al Show that 
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this phase variation just compensates for the difference in the path length from the two 
sides of the aperture to the far-zone point of observation. 


The plane wave m zaO can be reproduced by radiation from secondary sources 
consisting of current sheets J = a, x H, J„ = -a, x E on the 2 = 0 plane. Consider 
radia ion from the current sheet J = «, x H =By symmetry this current sheet 
radiates a magnetic field H = H„ y e 2 > 0 and H = -//, a,**-. 2 <0 and since 

V "" = J, m2H ' WC ': avc H ' = J, l From ^X" = /W„E one finds that F.‘ - 
ir * f ^K an u E ~ ZcH.a.e 10 ’, 2 <0By a similar procedure find the fields 

— ' rad, * led oy ' he magnetic current sheet and thus show that the secondary 

sources reproduce the original field E, H in 2 >0 and give a zero total field in 2 <0 For 

Sh r * (E ,~ " = and - “■ * »" a( * = 0; that is. 

langen.ial E is discontinuous and tangential H is continuous across the magnetic current 



4.6 Derive an expression for the radiated electric field of a TE,„ mode in a rectangular 
waveguide by using both the tangential electric and magnetic fields in the aperture, flic 
aperture fields are given by Eq. (4.41). Compare the results with those given in the text 
Which arc based on the tangential electric field in the aperture. Show that the directivity 
differs from that given by Eq. (4.45) by the factor (* 0 + fl) 7 /4kl 


c . . . :--- vyunuricai wave, as shown in Fig. 4.K. 

e -EySAi Fh . aSe °. f ' h * fi ' ld u . in ,he a P er,ure described by the function 
' * wnen a the binomial expansion may be used to give e ~ ,ko ' 7,7R ' 

I tie results of Prob. 4.3 may now be applied. 


4.8 The electric field in a rectangular aperture is given by the following finite Fourier 


£, = Eo 2 C» 
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Show that the radiation pattern in the <t> = 0 plane is proportional to 


/>(“)= a 2 c - 

n — N 



where u = kn{a/2) sin 0. Each term in the scries represents a displaced uniform aperture- 
field pattern. If u = mn, every term in the series is zero except the term n = m. Show 
that Cm = a“7y(mrr). If the desired pattern is specified by its values at the (2 N + 1) 
points u = mn, m = 0, ±1, ±2,. .., ±N, that is, sin Q m = m\ 0 /a, then this pattern is 
obtained from the aperture field with the Fourier coefficients determined as above. This 
aperture-field synthesis method is called the Woodward synthesis method. 

4.9 If the number of elements in a broadside Chebyshev array is increased to an infinite 
number, the resultant pattern becomes f y (u) = cosh(K J - u 2 ) tn where cosh R is the main 
lobe to side-lobe amplitude ratio and u is given in Prob. 4.8. Plot this pattern as a 
function of u. Note that all the side lobes have the same peak value. This is the pattern 
of the ideal Taylor line source, but it cannot be realized because it requires an aperture 
field that is infinite at the edges x * ±a/2. (See T. T. Taylor, “Design of Line Source 
Antennas for Narrow Bcamwidth and Low Side laches,“ IRE Trans., vol. AP-3, Jan. 
1955, pp. 16-28.) Hint : Note that cosh jw = cos u). 

4.10 Show that the zeros in the pattern function given in Prob. 4.9 occur at 1 = 

±[K 2 + (2n - 1) 7 7 t 2 /4 7 ] i/? , n = 1,2, 3,4.An approximation to the ideal Taylor line 

source pattern is obtained by replacing all of the zeros in the pattern function given in 
Prob. 4.9 for n ?? n by those associated with a uniform aperture-field pattern (sin u)/u. 
This approximate ideal pattern is given by 


f y (u) = cosh R 


sin u 
u 



i - (k/i 4 H ) 2 r 1 
1 — (u/nn) 2 .1 


Using the results of Prob. 4.8 to show that the Fourier coefficients for the required 
aperture field are given by 


. • '■■■ /mn y * / m“\ 

aCm * ~ 5 cosh R cos mn ] \ I - (-) III 1 -? ) 

X 7 -i x " 


Hint : Use ('Hospital's rule to evaluate the term 

sin u 

lun -— 7-7 -r? 

1 - ( 1 ulmn ) 

4.11 For a uniform aperture field in a square aperture \x\< a , |y| ^ a, show that the side 
lobes in the </> = ±45° planes are much smaller than in the principal planes. What is the 
relative value of the first side lobe in decibels in the <t> = 0° plane and in the <f> = 45° 
plane? 

4.12 Find expressions for the E- and //-plane patterns for the TEu mode in a circular 
waveguide by using both the tangential electric and magnetic fields in the aperture. The 
electric field is given by Eq. (4.46). The tangential magnetic field is given by H y = Y W E M , 
H x = - Y w E y , where the mode admittance Y w = pY 0 /k 0 and p = (Jc?- (1.84/a) 7 ) ,/J is the 
propagation constant. Hint : see Eq. (4.37) and compare the Fourier transforms for g, 
and f y and g y and /,. 

4.13 A rectangular waveguide of dimensions a ~ 0.9 in and b = 0.4 in is flared in both 
the E and H planes to form a pyramidal horn. Design an optimum-gain horn to give a 
directivity of 15dB. What are the aperture dimensions a' and b' and the axial length of 
the horn? A 0 = 3 cm. 
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4.14 A plane wave with electric field 

Ei = Eoa, e ~ ,ko(x Cf "***y tin •«> V , 

is incident on an air-dielectric interface. The reflected and transmitted fields are 

E, = r£ 0 a« 

E, = TEoa,e- ,ki * c ~ 9 '*>'' n0 '' 

as shown in Fig. P4.14. Find the magnetic field for each wave. By matching the 
tangential field components at the boundary obtain expressions for the reflection 
coefficient T and transmission coefficient T. Note that k = V «* 0 and that the fields must 
have the same propagation-phase constant along y in order to satisfy the boundary 
conditions for all y. This condition will lead to Snell’s law of refraction. State this law. 




Figure F4.14 

4.15 Figure P4.15 shows a stepped microwave lens. Show that the surface of the K th 
zone is given by 

n cos 0 - 1 

Hint: At each step the ray path length is reduced by the equivalent of a 360° change in 
phase delay. 





Figure P4.15 
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4.16 The effect of feed blockage on the pattern of a paraboloidal reflector may be 
evaluated approximately by assuming that the part of the aperture that corresponds to 
the area of the feed horn projected onto the aperture surface does not contribute to the 
radiation field, as shown in Fig. P4.16. Consider a uniformly illuminated circular 
aperture of radius a. The projection of the feed-horn area onto the aperture plane is a 
circle of radius r 0 = fl/IO. The radiation field is then the field of a uniform aperture of 
radius a minus the field from an aperture of radius r n . Find the resultant radiated field 
and determine the effect that blockage of the aperture by the feed has on the maximum 
on-axis gain and the amplitude of the first side lobe. 


Figure F4.16 



4.17 Find the equation for the subrcflcctor in the casscgrain feed system shown in Fig. 
P4.17. Note that all ray paths OP + PR + RS arc equal, as arc the paths QP T PR + RS. 
Thus OP - OP must be equal to a constant f - 2d where d is shown in the figure. If the 
subrcflcctor radius b is given then d « b cot ip/2 where <// is the angular aperture of the 
paraboloid. 

. 2(/ - d)d 

Answer r ” /(cos fl - 1 ) + 2</ 

where / is the paraboloid focal length. 


y 



1 


Figure P4.I7 
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4.18 In a cassegiain anlcnna system the feed has an axially uniform power radiation 
pattern P/(0). With reference to Fig. P4.17 derive an expression for the power 
distribution P(y) on the aperture focal plane. Hint. Consider a ray bundle originating at 
0 and use power conservation in a ray tube. 

4.19 Consider two real scalar functions Eo(x, y) and E,{x. y). The Schwartz inequality 
states that 


j g ^oEi dx dy | < Eo dx dy j E ? dx dy 

where S is a given surface in the xy plane. Use this theorem to prove that for all 
constant-phase, linearly polarized aperture fields the uniform aperture field gives the 
largest aperture directivity. Hint: The aperture directivity equals (4tr/Aj)»j*S where 5 is 
the aperture area. Use Eq. (4.76) for rj At let E 0 be a constant and E x be an arbitrary 
aperture field and show that rj A <; 1, with the equality holding only if E, is a constant. 

4.20 A paraboloidal antenna with f/D = 0.4 has a prime-focus feed with a gain function 
g(0)= 10 cos 4 0. Find the required diameter of the reflector in order to obtain an 
antenna gain of 40 dB at 10 GHz. The feed has negligible loss. Find the efficiency tj,t) A . 

4.21 A feed with a gain function 14 cos 6 0 is to be used with a paraboloidal reflector in 
an optimum design. The required gain is 50 dB at 12 GHz. Find the required diameter 
and focal length of the reflector. 

4.22 A paraboloidal reflector is illuminated by a half-wave dipole antenna located at the 
focus. The radiation pattern of the dipole is given by 



Find the electric field on the aperture plane that passes through the focal point. »// is 
the polar angle with respect to the dipole axis (x axis). With respect to the co¬ 
ordinate system shown in Fig. 4.18. cos i// - sin 9 cos <f>, sin = (1 - cos 2 <//) ,/2 , 
a* * (a. cos 0 cos <f> - a* sin <£)/sin </». 

4.23 Derive Eq. (4.95) by using the far-ficld expression for E and integrating the 
Poynting vector over a large hemisphere (0 to 2n in </>, 0 to rr/2 in 9). Note that 
dk, dk y = k o cos 9 sin 9 dO d<f> 


4.24 With reference to Eq. (4.115) show that when = je 9 the phase-error efficiency 
T) r = 1 but the cross-polarization efficiency rj t = 0.75. provided e* is real. Find rj r and tj, 
also for the case when e+- - ce$- where e» is real and c is a given complex number. 


Answer: tj, — 



4.25 When #> and e+ have zero phase show that the magnitude of the aperture field 
given by Eq. (4.107) is proportional to (e# sin 2 <f>' + e\ cos 2 and thus is propor¬ 
tional to the magnitude of the feed pattern given by Eq. (4.101). For this case the square 
of the aperture field is clearly proportional to the aperture power density P(p,<f>) and 
hence to g(0, <f>), as given by Eq. (4.72). 


4.26 A paraboloidal antenna is illuminated by a circular waveguide feed excited with a 
TEu mode. The guide radius is chosen equal to 0.48Ao in order to achieve low cross 
polarization. The aperture field is required to be down by -lOdB at the edge. 
Determine the reflector diameter, focal length, and guide radius for an antenna system 


having a gain of 42 dB at 12 GHz. Neglect losses due to aperture blocking and feed 
losses. 

4.27 Derive Eq. (4.126). 

4.28 Derive Eq. (4.130). 

4.29 Derive Eq. (4.147). 

4.30 Find the conductances g n in a five-element resonant Chcbyshev slot array that will 
have side lobes 25 dB below the main lobe. Determine the slot offsets and spacing when 
a WR-90 rectangular waveguide is used at a frequency / = 10 GHz. For a WR-90 guide 
n = 0.9 in, b = 0.4 in. Note that since d > A 0 /2 Eq. (3.84) must be used for the design. 
Plot the pattern as a function of u and comment on the effect of nonoptimum spacing. 

4.31 Find the required slot conductances for a 10-element array with uniform excitation. 
Assume r = 0.15. If this leads to values of g„ greater than 0.5, repeat the design using a 
larger value for r, say, 0.25. 

4.32 A microstrip antenna is made from a rectangular patch with a = 2 cm, b = 2.5 cm, 
and /i= 0.2cm. The substrate has a permittivity e = (2.5-/0.002)eo. The patch and 
ground plane are made from copper with a conductivity rr = 5.8 * 10 7 S/m. 

(a) Find the resonant frequency of the cavity by using Eq. (4.182) for the TMio 

mode. 

(/>) Find Q d and Q, 0 for the cavity by using Eqs. (4.183) and (4.185). 

(r) Evaluate by using Eq. (4.189) and x 0 = al 4. 

4.33 For the antenna described in Prob. 4.32 find k K and Q, by using Eqs. (4.194) and 
(4.195). Compare Q, with Q, 0 . The antenna efficiency is given by tj = Oio/(O to + Or). 
Evaluate tj. Also compute R tn at the resonant frequency as found from Eq. (4.197). 
Compare o>, 0 found in part (a) of Prob. 4.32 with that found from Eq. (4.197). 

4.34 Carry out the steps needed to derive Eq. (4.199). 


' CHAPTER 

_ Five 

RECEIVING ANTENNAS 


Electromagnetic radiation from a transmitting antenna when received by 
another antenna results in a signal voltage at the output terminals of the latter. 
In most situations the general reciprocity principles of conventional network 
theory apply, so that the properties of an antenna used for receiving elec¬ 
tromagnetic waves are very closely related to the corresponding properties of 
the antenna when it is used to radiate electromagnetic waves. Thus an antenna 
that exhibits a gain Gina given direction when radiating will exhibit the same 
gain when receiving electromagnetic radiation from the same direction, pro¬ 
vided the incident wave has the right polarization. 

It is convenient to characterize an antenna used for receiving purposes by 
an effective receiving area A, such that the received power will equal the 
incident power per unit area multiplied by the effective area A r . When this is 
done it is found that under matched polarization and impedance conditions the 
effective area A, is related to the gain Cr as follows: 



This relationship applies to all antennas, even to a small dipole antenna for 
which it is not easy to visualize any particular area that might be considered to 
be related to A,. For aperture-type antennas A, is directly proportional to the 
aperture area but is generally smaller in value because of less than 100 percent 
aperture efficiency, a condition brought about by nonuniform illumination of 
the aperture. 

The polarization properties of an antenna may be accounted for by using a 
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complex effective length parameter h to describe the receiving properties of an 
antenna. If E, is the incident electric field then h is defined in such a way that 
the received open-circuit voltage is given by 

V <K =h-E, 

For dipole antennas h is proportional to the length of the antenna, although 
generally less because of the nonuniform current distribution on the antenna. 
The two characteristic parameters A, and h are, of course, related to each 
other. 

The first part of this chapter will develop the reciprocity principle for 
antennas and provide a derivation of the expressions for the effective receiving 
area and effective length. As part of this discussion the polarization properties 
of electromagnetic radiation will be examined. 

In the application of a receiving antenna, noise must be taken into account 
since it determines the minimum useful signal that must be received. The effect 
of atmospheric noise and galactic noise, in particular, is a serious limiting factor 
at the lower frequencies. This noise is usually expressed in terms of an 
equivalent antenna-noise temperature. An interesting aspect of atmospheric 
noise at frequencies below 30 MHz is that it Ls often so large that no improve¬ 
ment in signal-to-noise ratio is obtained by using a highly efficient antenna. For 
this reason simple “loop stick” or ferrite-rod antennas will often suffice for 
receiving purposes, even though these antennas would be entirely inadequate 
for transmitting purposes. The theory of noise in antenna systems and its 
characterization are important aspects of a communication system and arc 
therefore treated in detail here. 

With the theory developed in this chapter, it is possible to evaluate satellite 
communication links, radar systems, and other line-of-sight communication 
systems, and several such examples are included for illustrative purposes. 

5.1 RECIPROCITY THEOREM AND EFFECTIVE AREA FOR 
ANTENNAS 

In order to establish the receiving properties of an antenna and to relate these 
to the properties of the antenna when it is used for transmitting it is necessary 
to first develop the reciprocity theorem known as the Lorentz reciprocity 
theorem. This is carried out in this section. 

Let E,. II,, J, and E 2 , H 2 , J 2 be two sets of solutions to Maxwell’s equations 
for which 

Vx E, = -/enroll, ,, t 

V X H, = j( 0 €<)E\ + Ji 

V X E2 = ~j(Op 0H2 


V X fl 2 — jo)€ 0E2 + J2 
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Consider V • (E, x II 2 - Ej x Hi), which may be expanded to give 

V x E, II 2 - E| • V x H 2 - V x E 2 II, + E* * V x H, 

The curl terms may be eliminated by using Maxwell’s equations, and when this 
is done we obtain , 

V • (E, x II 2 - Ej x H,) = J, • E2 - J 2 • E, 

since all other terms cancel. When we integrate over a volume V and use the 
divergence theorem we find that 


£ (El X Hi - E, x II.) • n dS = J v (J. • E, - J, • E ,)dV (5:1 j 

which is our desired reciprocity theorem. We will use this result to find the 
power received by an antenna. 

Consider the antenna shown in Fig. 5.1a and which, for convenience, we 
assume is connected to a signal generator by a coaxial transmission line.'We 
assume that the antenna is perfectly conducting so that n x E = 0 on the surface 
surrounding the antenna except on the reference plane in the coaxial line. The 
antenna is first considered as a transmitting antenna, and the field produced by 
the source is E,, H,. A reflector may also be assumed to be present. In this case 
the surface 5, shown in Fig. 5.1a also encloses the reflector. The reflector is 
assumed to be perfectly conducting so that n x E = 0 on its surface. 

When the same antenna is used for receiving we can establish an open- 
circuit load condition at the reference plane by placing a short circuit A 0 /4 
away, as shown in Fig. 5Ah. This makes the impedance looking towards the 
short circuit from the reference plane infinite (open-circuit condition). A 
current element 7 0 A/ located at a distance r from the antenna provides the 
source for the incident field E 2 , II 2 . This incident field is assumed to include the 
scattered field from the receiving antenna and reflector such that n x E 2 = 0 on 
the conducting surfaces. 

Under transmitting conditions the field in the coaxial transmission line, at 
the reference plane, will be 



p In(6/a) 



where V is the voltage; V in is the admittance looking towards the antenna; p, <j> 
are coordinates in the coaxial line cross section; and a, b are the inner and 
outer radii of the coaxial line conductors. Under open-circuit receiving con¬ 
ditions there will be a current node at the reference plane and a voltage 
maximum equal to the open-circuit received voltage V <*. The field on the 
reference plane is thus 

1 » ; • . I M I 

E '-?wo H >-° 

In order to apply Eq. (5.1) we choose for S the surface S\ around the 
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Figure 5.1 (a) Transmilling antenna. 
(/>) ( b ) Receiving antenna. 

antenna (and reflector, if present) and the surface S* of a sphere of infinite 
radius. At infinity the fields E,, H,, and E 2 , II 2 are spherical TEM waves for 
which II| = V n a, x E| and Il 2 = V 0 a f x E 2 . Hence on S« we have 

E, x II 2 - a, - E 2 x II, *a r = a r x E, • II 2 - a f x Ej* II, 

= Zf)H, • H 2 - Z 0 H 2 • If, = 0 

so we get zero contribution from the integral over 5.. From the integral over 
S\ we only get a contribution from the reference plane in the coaxial feed line 
since n x E| = n x E 2 = 0 on the conductors.t For transmitting conditions we 
have J, = 0, while J 2 is the current density associated with the current element 

t I,ossy conductors can be treated by using the boundary condition E, = Z, nx H,. I = 1,2, as 
shown in Sec. 2.1. It is readily shown that n x E| * H 2 = n x E 2 - II, on the boundary of the lossy 
conductors, so again there is no contribution from this part of Si. 
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gives Whe " ,hC an,e " na ' S USCd f ° r receivin 8- Thus we readily find that Eq. (5 1) 


fY’f V ” n x ^l" 

K K ' P ln(f>/a) " 2np 


.]■( 


a ,P d(f> dp) 


"I «$fl‘t- vv - r *—l v wv 


(5.2) 


Let us assume that the antenna radiates a linearly polarized field and let us 
choose oriented parallel to E,. Tlien Eq. (5.2) yields 


V«-- 


t 0 Q/fc,(rl 


(5.3) 


We may choose I„ to be real, so 


|V«|»/.A/ -/.A/ ^ 

Vr «n I in 


(5.4) 


We will let the generator impedance Z, be equal to the characteristic 
impedance Z, of the coaxial line so that this part of the system is impedance- 
matched, as in Fig. 5.2a. Under transmitting conditions we then have |V'|-r 
\ZJ(Z m ♦ Z C )\\V K \ and the power delivered to the antenna will be 

\ Re V/fi - J Re Re ^ Re V * = r - Re Z i ° .. 

z >- 2 z ln z: 2 2 iz 7 +z,i ; 

If the input power were uniformly radiated it would produce a power density 


Vf Re Z, 


2|Z in | ? 4 nr 


W/m J 


By definition of the gain G(0, <t>) of the antenna, the actual power density 
produced in the direction 0, <f> will be (we are putting Re Z in /|Zi„| 2 = Re Y*„) 


Y V 

8^G(0,^) = Xo| El (r)|: 


(5.5) 


since the power density in a radiated spherical TEM wave is }Vo|E,(r)| J . When 


z, = z t 


7-1 -2, 



K <• 


Fl*ar* 5.2 Equivalent circuits: (a) transmitting antenna and (6) receiving antenna. 


I 







we solve for |E,| we obtain 


which may be used in Eq. (5.4) to give 

... . / 0 4/VGRe Y* 


= 


V4iry 0 |yjr 


(5.6) 


Note that wc have now assumed the current element / 0 A/ to be located in the 
radiation zone (far zone) of the antenna so that Eq. (5.5) giving |E,| will be 
valid.t 

If we choose a load Z L = Z ft as in Fig. 5.2 h, the received power will be (we 
use Thevenin's theorem) 

p -i Re Voc 3 Z _ 1 ,\YM 

- 3 Re Zf + Zin 

When we use Eq. (5.6) for in this expression we obtain 


/’ = 


. ” ....i * r/ »i—- 

8t rr J Y„\Z r + Z in | J 

7o A/) 2 G(0, <t>)Z c Re Z ln 
8rrr 3 y„|Z + Zj 3 


I 2 Re E* 


(5.7) 


The received power is dependent only on the held incident on the antenna 
and not on the source of that field. Consider therefore the case when the 
antenna is matched to the feed line, that is. Z in = Z c , in which case Eq. (5.7) 
becomes 


32 777 2 


(5.8) 


Now Zo(/ 0 A/) 7 /cS/(327rV 2 ) is the frec-space incident power density from the 
current element if wc orient / n A/ perpendicular to the radius vector r so that 
sin 0 2 = 1 (as in Fig. 5.3). Hence we can express Eq. (5.8) in the form 


p.«= aA" - p *= H o(0, 


(5.9) 


The presence of the reflector manifests itself in the gain function G(0, </>), since 
the reflector is a part of the total antenna system if it is present. This 
fundamental result states that an antenna, under matched impedance and 
polarization conditions, has an effective receiving cross section or area A, given 


t When ! 0 M is located in the near zone we must use Eq. (5.3) to find V*, and Ei(r) is then the 
near-zone field radiated by the antenna. 
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Figure 5.3 Orientation of cur¬ 
rent element for maximum 
received power. 


by 

A, = ^0(0,4) (5. !0) 

When Z in * Z c we have, from Eq. (5.7) 

Pl ' c -4n G (°'*) P '"'\z;TzJ' 

where the term in parentheses reduces to 1 when Z io - Z ( . For the mismatched 
antenna the reflection coefficient V is given by r = (Z ln - Z f )/(Z in + Z,) f and 
I - |r| 2 = 1 - IT* equals 



Thus 

itW-'-l"' <5 11) 

Hence under unmatched conditions we have 

^ = ^('-l I ?)G(0,7-)P 1 „c 

“(1-lrPMA. (5.12) 

where |T| 2 is the power reflection coefficient for the unmatched antenna. 

In deriving the above results we assumed that the antenna radiated a 
linearly polarized field so that we could orient the current element I 0 M along 
E|. fhis corresponds to matched polarization conditions. In general, if the 
incoming radiation is not properly polarized, the received power will be less 
than that given by Eq. (5.9) or Eq. (5.12). We examine this aspect of the 
problem in the next section. 
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5.2 POLARIZATION MISMATCH FOR ANTENNAS 

In general, in a given direction, an antenna will radiate an electric field with an 
E Q and an E* component that are not in phase. Thus let the far-zone radiated 
field be 


E„ = E 0 


e-f* r - 


4 nr 


E 4 = re'»E< 


4 nr 


in a given direction, where t and P arc real. Thus E* = r e ,fi E$. In the time 
domain the fields are 

E* * cos (tot - k n r) 

E, = ^ cos (wt + P - k„r) 

4 77T 

if we assume that E 0 is real. Let k 0 r - wt - a, then 

rr Bo 

Eg = — cos or 
4 nr 


and 


E 4 = (cos a cos P 4- sin or sin p) 


To find the resultant total-field magnitude we eliminate the time as follows: 

4 *rE#_ 


cos or 


(4nrE 9 \ : . 2 

" \Bo/ ° 


From the expression for E* we can write 




which can also be expressed as 

/ 4nrEj,\ 2 , /4nrE 0 \ 2 


(*)'♦« 


(5-13) 


This is the equation of an ellipse. At a given point in space the resultant field 
vector traces out an ellipse, once per period in time. If the direction of rotation 
is clockwise, looking in the direction of propagation, the field is said to be 
positive or right-elliptical polarized . If the direction of rotation is counter¬ 
clockwise the field is negative or left-elliptical polarized. If r = 1 and P = ±n/2 
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then Eq. (5.13) reduces to 




(5.14) 


KISSER a cire " For lhls case ,hc fidd “ P-'a-d, as 

, rr nien ?'° expfess ,he far ' ZOne field radia,ed b V a " antenna relative 
to that which a unit current element would radiate. 11,us let the radiated field 


jZokoh 


4 nr 


h e~ ,inr 


(5.15) 


where / in is the input current to the antenna and equals VY ln , while h = 

'..a, h. a, is a complex vector called the effective complex length of the 
antenna. [Compare Eq. (5.15) with 8 7 


p _ jZok 0 

119 " A 


(/ 0 A/) sin 0 


for 'he field from a current element ] Note that h is a function of direction 
specified by (he angles 0 and <f>. 

In general, the field incident on an antenna is also clliptically polarized In 

° f . dc . r t0 . u * iH “ ( 5 P for ,h . e received open-circuit voltage it is convenient to 
thmk of the incident field as being produced by two current elements / # A/a. 

and j* • as shown in Fig. 5.5. The field that current elements I, A/ and L M 
produce at the receiving antenna is 


E, = JhoZoh ,-ftp 
4 nr 


4 nr 


(lhe negative sign is due to the current orientations.) To reproduce the 



E, = A cos wr - KtA^< E t . A , jn ul . Re jAglwt 


F!* U re 5.4 Positive or right-circular polarized field. Rotation is from a, into a.. If E, = R eAe 1 " 
and F 4 - RejAe the field is left- or negative-circular polarized. 11 ? 

•u - - 
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Figure 5.5 Arbitrary incident Held produced by two current elements. 


incident field we must choose 

r *» -4nre' k * ^ 

'■ 4 ' ■ -TS3T E " 

f ai -Arne** r 

'* A/ = ~JiTaZT '* 

where and R,* arc the actual incident fields. 

We now apply Eq. (5.2) and use Eqs. (5.15) and (5.16) to obtain 


(5.16<i) 


(5.166) 


Voc vn,- = « J J 2 • E, 


dV 


Ilence 


“■^r Se '' Vh(/ * A,,, * + / * A,a * ) 

= / in h • E, 


V„ = h • E, 


(5.17) 


This equation further illuminates why h is called the elective length of the 
antenna, since it shows that can be thought of as the voltage induced in a 
wire of length h when h and E, are linearly polarized. The maximum value that 
h • E/ can have is |h||E,| t and this occurs when h equals a real constant times the 
complex conjugate of E*. To the extent that |h • E,| < |h||E,| the antenna 
polarization is mismatched to that of the incident field. The polarization-mismatch 
factor p is defined as follows: 


- h ‘ E »l 2 

P hl'|F, 3 


(5.1R) 


Thus the received power in general is given by 


r," = (i-WT)n^G(o,t)r„ 


(5.19) 


and is reduced by the factor p when the polarizations are not matched. The 
following example will illustrate the application of Eq. (5.18). 
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. -— hiiu incident field Let h = 

.hl ln.lH 8 * ; n L K CO » CSP r dS l ° 3 ri 8 h,circular polarized antenna. Let 

fieMml. ^ E ' ~ £o(a * _ -' a * ) ^ eIec,ric ve clor of the incident 

field rotates from a. into a*, but because it corresponds to a wave 

propagating toward the antenna it represents a left-circular polarized field 
rrom fcq. (5.18) we obtain 


p — v n o c o. 




4hlEl 


= 0 


Thus a right-circular polarized antenna will not receive a left-circular 
polarized wave. 


and 


If E, E 0 (a, + / a ,) (right-circular polarized wave) then E, = (E 0 //i 0 )h* 


p = ( ; iogg)l(g»^ /a^) • (a, + /aj ] 3 = 

4hlEl 

This corresponds to perfectly matched polarization. 

If E, = E„a, (linearly polarized incident field) then 

p = -/».)»a.]* _ . 

' 2 hlEl 

so a 3-dB loss occurs in receiving linear polarization with a circular 
polarized antenna. _ 


5.3 FRIIS TRANSMISSION FORMULA 

For line-of-sight frec-space propagation conditions it is relatively easy to derive 
an expression for the received signal in a communication link. With reference 
to Fig. 5.6 let the transmitting antenna have a gain (7,(0„ </,,) in the direction of 
the receiving antenna; i.e., the position angles of the receiving antenna relative 
to the transmitting antenna are f>„ The available input power to the 
transmitting antenna is P l0 , and f, is the reflection coefficient in the feed line. 



Receiving antenna 


Figure 5.6 A transmitting and receiving system. 
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The total radiated power is thus (1 - |r,| 2 )P in . In the direction of the receiving 
antenna a distance r away the power density per unit area will be P,„ = 
(1 - \V,\ 2 )P; n G,{0„ fryiTTr 1 . By using Eq. (5.12) we find that the received signal 
power is given by 


p m = (i - |r,| 2 ) £ axe, <fc)0 - ir.l J ) ^ g,( 0 „ *,) 


(5.20) 


where E, is the input reflection coefficient for the receiving antenna and 
G,(0 n </>,) is the gain of the receiving antenna in the direction of the transmit¬ 
ting antenna. This formula is called the Friis transmission formula, and in the 
form given it assumes that the polarization of the incident field is matched to 
the polarization of the receiving antcnna.t 

If there is a polarization mismatch then the received signal is given by 
multiplying Eq. (5.20) by the polarization mismatch factor p given by Eq. 
(5.18); thus in general 


P (l - |r,P)(l - 4>r)G,(6„ 


(5.21) 


In this latter case it is necessary to be able to determine the incident electric 
field E, and the effective length h of the receiving antenna, or at least complex 
numbers proportional to these quantities so that the polarization mismatch p 
can be computed. The application of the above formulas will be illustrated in 
the following examples. 

Example 5.2 Receiving properties of a half-wave dipole antenna Figure 
5.7 illustrates a linearly polarized field E, = -Eoa, incident on a half-wave 
dipole antenna where E 0 is the field strength in volts per meter at the 
dipole antenna. If we assume that the dipole antenna is connected to a 
matched load its effective receiving area is 


AS , ,Jcos( 7 r/ 2 cos 0,)1 

!*' = 4% L64 [ li *0- \ 


(5.22) 


where the gain function for the dipole antenna in the direction 0 , of the 



n 


Figure 5.7 A plane wave incident on a dipole antenna. 


t H. T. Friis. "A Note on a Simple Transmission Formula," Proc. IRE., vol. 34, May 1946. pp. 
254-256. 
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incident wave is 



The incident power per unit area is |E,| 2 /2Z 0 , and hence the received power 
is 



(5.23) 


The incident field has been assumed to be oriented in the same direction as 
the field would be when the dipole is radiating in the direction 0,. 

If the dipole antenna is used to transmit a field, then with an input 
current / 0 the radiated field would be [see Eq. (2.53)] 



from which we see that the effective length of the half-wave dipole antenna 
is 


h 


A_o cos(7r /2 cos 0 
tt sin 0 


(5.24) 


The maximum effective length is \ Jtt, which is smaller than A 0 /2, and this 
is due to the fact that the current on the dipole is sinusoidal when it is 
radiating. If the current were uniform it would be found, as in Prob. 5.2, that 
the maximum effective length would be equal to the dipole length A n /2. 
The sinusoidal current distribution results in an inefficient use of the 
available antenna length. 

/ We may use Eq. (5.17) to find the received open-circuit voltage, which 
is 


Vnc = h • E, = - 


sin 0 , 


If the dipole is terminated in a matched load R L = R a = 7311, then from 
the equivalent circuit shown in Fig. 5.2 b the received power will be 

P.„ - i 5^- \[ “?< ■ ?'? (5.25) 

Rl + Ra 8 R a 87 r 7 R a I sin 0, J 

The result should, of course, agree with that given by Eq. (5.23). This will 
be the case, provided 

: U* = _l_ 

Zo 7 rR a 

or R = Z ° - * 2Q7r - - 7-1 

‘ 1.64tt 1.64tt 1.64“" M 

which is correct. Note that the maximum gain of the dipole antenna is 
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defined by 




|/o1 2 ( Zo/8t^) _ 
W{RJ2) 


Zo 

R a 


(5.26) 


where \I 0 \ 7 (RJ2) is the input power. Thus \.64R a = Zo, as was found 
above. ■ 


Example 5.3 Radar system.The term radar is coined from the phrase radio 
detection and ranging. A radar is used to measure the range or distance to 
some object or target, such as an aircraft, that is located in the radiated 
beam of the transmitting antenna, as shown in Fig. 5.8. The transmitter 
sends a short pulse of sinusoidally time-varying energy. Some of this energy 
is reflected back towards the radar unit by the target and is received by the 
same antenna as is used for transmitting (a special TR or transmit-rcccivc 
switch couples the antenna alternately between the transmitter and 
receiver). The elapsed time between the transmitted pulse and the received 
pulse is 2r/c, where r is the range and c is the speed of light. By measuring 
this elapsed time the range r is determined. 

The power incident on the target is given by 



The ability of the target to reflect energy back to the radar is described in 
terms of the target s radar cross section a. The cross section a is defined as 
that equivalent area which when multiplied by the incident power per unit 
area and which if it then scatters this power isotropically in all directions 
will produce the same incident returned power at the radar as the target 
actually does. Thus the equivalent power that is scattered isotropically is 
(rP\ nc. and the resultant incident power at the radar will be P' xnc ~ (rP xn JA7rr 7 . 
The received power is thus given by 

r rcc = (i-|i' f P)/\^;n< 

= 0 - ir,P)(i - |r,iv io (5.27) 

where V f and I', are the reflection coefficients in the antenna feed line 



Paraboloidal 
transmit -receive 

antenna 

Figure 5.8 A radar system. 




under receiving and transmitting conditions, respectively, and 9, <f> give the 
target s position relative to the antenna bore sight. The above equation is 
called the radar equation. Note that because of the two-way transmission 
the received power decreases as the inverse fourth power of the distance. 
Hence there will be a decrease in received signal power by 12 dB for every 
doubling of the range.' 

The frequency of the returned signal from a moving target is diHerent 
from the transmitted frequency (Doppler effect), and this change in 
frequency may be used to measure the velocity of the target in the radial 
direction. If f is the transmitted frequency and v is the velocity of the 
target in the radial direction, the received frequency is given by 

(S.2R) 

where the negative sign applies to a receding target and the positive sign 
applies to an approaching target. This is the principle on which police 
traffic-control radar operates. ■ 


Example 5.4 Receiving properties of a small loop antenna Figure 5.9 a 
shows a small loop antenna consisting of N turns wound into a circular coil 
of radius a ^ A 0 . I he loss resistance of the coil is R c , its radiation resistance 
R a is given by Eq. (2.46), and L is the inductance of the loop. The usual 
way of using a loop antenna is as part of the tuned input circuit to the 
receiver. Thus we assume that the loop is tuned to resonance by a capacitor 
C and that a load R L equal to the input impedance at resonance is 
connected in parallel with C, as in Fig. 5.9 b. The input impedance of the 
tuned loop is 




in 


{R + j(oL) /jajC _ _ (R -f j(o L)/j<oC 
R + j(oL - (//wC) R + jo)L(\ - (o$/o) 2 ) 


(5.29) 


where R - R ( + R a ,u)l = l/LC. The unloaded O, or quality factor, of the 



(a) 

Figure 5.9 A luned loop antenna. 
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loop antenna is R/(oL = Q. For w close to the resonant frequency <o 0t we 
can replace 1 - wj/w 7 = (<o 2 - (oi)/co 2 by 2w 0 ((o - (o 0 )IojI = 2 Au)/w 0 . In all 
other terms in Z in we also replace oj by a> 0 ; thus 

7 1 + jQ _ 

^ in ";«„C[l + (/2(? Aco/coo)) 

--_ Q 2 R 

1 + (2/0 A W /oio) K } 

since for a small loop the O is normally quite large and we have replaced 
( o n C by R/o> 0 LR = 1/OR. At resonance the input impedance is essentially 
equal to Q 2 R and R, is chosen equal to this value for maximum power 
transfer. If we use the exact expression (5.29), then Z in is a pure resistance 
equal to 0 2 R but at the frequency 


to = t») r = w 0 ( l - — 2 ) 


(5.31) 


Since 0 is normally quite large io T ** <o 0 . 

We will assume that the incident magnetic field H, is along the axis of 
the loop antenna. The open-circuit induced voltage is then given by 

= -jionJHiNna 2 

When we use Thevenin’s theorem we then find that the power delivered to 
R l at resonance is (sec Prob. 5.3) 

n _ V J . Q 7 kl zl»\™y \">\ 2 (5 32) 

,ec " 8 R l 8 R l 

This result has been derived without using either the effective area A, or 
effective length h for the loop antenna. Wc will now show that using these 
other parameters will lead to the same result. 

When the loop antenna is used for transmitting, its efficiency is RJR 
because of coil losses. The maximum directivity is 1.5, so the maximum 
gain of the loop antenna is 


(5.32) 


1.5R 


(5.33) 


and the effective receiving area will be 




7T 47 TR 


The incident power per unit area is 3 Z 0 |II,| 2 so the received power with 
a matched load is given by 

.. 1-5K.A* 




(5.34) 
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The radiation resistance R a is given by 

R a = 20(k 2 0 Nna 2 ) 2 

When we use this in Eq. (5.34) and note that R = RJQ 7 and Z 0 = 120?r we 
find that Eq. (5.34) is identical with Eq. (5.32). 

I he radiated electric field from a loop antenna with input current L is 
[see Eq. (2.44)) 

E, =sin 0 ) 

4 77T 

from which we find 

h = —jk 0 Nna 2 sin 6 a* = -ja)fx 0 Y 0 Nna 2 sin 0 

If If, = //| a g then E, = Z 0 //,a^, and the open-circuit voltage induced in the 
loop antenna will be 

= h • E, = -ju)fx 0 H i N7Ta 7 

which is the same as that found earlier from the time rate of change of 
magnetic flux through the loop. Consequently the received powef will then 
be given by Eq. (5.32), as found earlier. ■ 

Example 5.5 Ferrite-core loop antenna The losses in a small loop antenna 
can be decreased by winding the coil on a ferrite core, which in practice is 
usually a long cylindrical rod, as shown in Fig. 5.10a. T he cylindrical rod is 
essentially equivalent to the ellipsoid shown in Fig. 5.106. For a loop 
antenna that is small compared with a wavelength, the incident magnetic 
field may be considered uniform over the extent of the ferrite core. For an 
ellipsoid with the applied magnetic field along the long axis the magnetic 
flux in the core is uniform and axially directed. If the permeability of the 
ferrite is p the flux density is less than p/f, because of demagnetization 
effects. The ferrite core may be characterized by an effective relative 
permeability p f , which is given by 



(b) tennas. 
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where /x, = /x//x 0 is the relative intrinsic permeability of the ferrite and D is 
the demagnetization factor. For an ellipsoid with / > a the demagnetization 
factor is given by 



(536) 


while for a sphere D = 1/3. Normally /x, is large so that p f «= D'\ Thus for 
a sphere the (lux density is increased only by a factor of 3 over that in a 
similar ait-core loop. For an ellipsoid with l/a = 10 we get D = 0.02, so 
/x, ^ 50. 

If a ferrite-core loop antenna is used, the induced open-circuit voltage 
will be 


V o< = -ju>fi e n 0 NTrg 2 l /, (5.37) 

In practice the loop inductance is usually specified, and since the in¬ 
ductance is proportional to p e N 7 we see that fewer turns would be used 
compared with an air-core loop antenna. For the same inductance the 
number of turns would be reduced by a factor /x,' l/2 , and hence V M is only 
increased by a factor of /xj' ? over that for an air-core loop. However, with 
fewer turns, the coil losses will be smaller and a higher Q and efficiency 
will result. There will also be some loss due to losses in the ferrite core, but 
these are usually small compared with the coil losses. 

In practice the main advantage gained from using a ferrite core is a 
more compact or smaller loop antenna having an efficiency as good as that 
of a largcr-diameter air-core loop. The inductance of a coil is proportional 
to its linear dimensions, so if we keep L fixed then p f N ? a is a constant. 
Now V M is proportional to p,Na 7 and hence proportional to /x \ n a* n L m so 
that increasing p f and a leads to improved performance. If p f = 50 then 
the equivalent air-core loop antenna has a diameter about 3.7 times greater 
than an equivalent ferrite-core loop antenna. 

If a ferrite-core loop antenna is used for transmitting, its radiation 
resistance is increased by a factor of /x*, since, as Fq. (5.37) shows, the 
eflective length is increased by p r and hence the radiated field is also 
increased by this factor. Thus the radiated power is proportional to p). ■ 


Example 5.6 Satellite communication system The parameters that describe 
a typical synchronous orbit satellite communication system, as shown in 
Fig. 5.11, are listed below. 

Ground station: 


Antenna gain = 54 d 13 
Feed-line loss = -2dB 

Transmitter power = 1250 W, or 30.97 dBW (decibels above 1 W) 
Range = 23,074 mi, or 37,132 km 
Frequency = 14 GHz; A 0 = 2.14 cm 
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F.arlh's axis 



Figure 5.11 A satellite communication system. 

Satellite: 

Antenna gain = 36 (IB 

Transmitter power = 200 W, or 23.01 dBW 

Frequency = 12 GHz; A 0 =2.5cm 

In systems calculations it is convenient to express all factors involved in the 
fundamental equation (5.21) in decibels and then add these together to get 
P, ec expressed in decibels relative to 1 watt (dBW) or relative to 1 milliwatt 
(dBM). The product of antenna gain and transmitter power is the effective 
isotropic radiated power E1RP. For the up link this equals (54 4 
30.97) dBW = 84.97 dBW. The factor A f 2 ,/(4zrr ) 7 is called the free-space 
propagation loss. It is given by 

/ 0.0214 \ 

20l ° 8 ( 4;x 37 .13x J ^ 2068dR 

lire received power in dBW is the sum of the following factors expressed 
in decibels: HIRE, propagation loss, feed-line loss, receiving-antenna gain, 
plus any other losses such as polarization mismatch and antenna pointing 
error, if applicable. For the present example 

P," ill dBW = 84.97 - 2 - 206.8 4 36 - -87.8 dBW 

and hence P, cc — 1.6 x 10‘ 9 W. 

For the down link the same parameters apply, except that the EIRP 
equals 59.01 dBW, and since A 0 = 2.5 cm the free-space propagation loss is 
-205.4 dB. Hence at the ground station 

P tec in dBW = 59.01 - 2 - 205.4 4 54 = -94.4 dBW 

or 3 x 10 " 10 W. i 

The above calculations do not have much significance ks far as the 
performance of the system is concerned, since they do no include the 
efTccts of bandwidth, noise, and the type of modulation applied to the 
carrier (AM, FM, digital pulse, etc.). The effects of noise are discussed in 
the next section. ■ 
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5.4 NOISE IN COMMUNICATIONS SYSTEMS 

In this section we will review some of the basic results pertaining to noise in a 
communication system. This background will be useful for the discussion of 
noise in an antenna, which will be treated in the following section. Our starting 
point will be Nyquist's formula governing thermal noise in a network. 


Thermal Noise 

The random motion of electrons in a resistor R at an absolute temperature T 
exhibits a random noise voltage across its terminals. The power spectral density 
of this noise voltage is given by Planck's distribution law 

Pn = (5.38) 

where h is Planck's constant and K = 1.38 x 10’” J/K (joules per kelvin) is 
Boltzmann's constant. For the normal range of temperatures and frequencies 
below the optical range the parameter hf/KT is very small so that e hfIKT ** 1 + 
( hf/KT ), and Eq. (5.38) can be approximated by 

r n = 4 KTR A/ (5.39) 

The root-mean-square (RMS) noise voltage appearing across the terminals of a 
resistor is thus given by 

V n = 2\/KfR~Kf (5.40) 

which is Nyquist's formula . In Eq. (5.40) A/ is the bandwidth in which the noise 
is observed, and only positive frequencies are considered. The noise-voltage 
spectrum given by Eq. (5.39) is independent of frequency and hence is referred 
to as a white-noise spectrum. 

Let a resistor R be connected to a one-port network, as shown in Fig. 5.12. 
We also assume that an ideal narrow-band lossless filter is inserted between R 
and the network. The resistor R will deliver thermal noise to the network in a 
narrow band of frequencies A/ centered on /. When the system is in ther¬ 
modynamic equilibrium the network must deliver an equal amount of noise 
power to R at the same frequency. This principle, which is known as the 
principle of detailed balancing , enables one to evaluate the thermal noise from 
any frequency-dependent network. The use of a lossless narrow-band filter is 



Bandpass 

filler 


Figure 5.12 A resistor connected to a passive net¬ 
work. 
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simply a method used to demonstrate that the flow of noise energy from R to 
the network and from the network to R must balance at each frequency. 

If the input impedance to the network is Z in , then the noise power 
delivered to the network is . 

p= Is+zd R,n 

where R m is the resistive component of Z in . When we use Eq. (5.40) we obtain 


_ 4KTR^[ 

I R + Zj 7 Rh 


(5.41) 


Let V; be the thermal noise voltage at the terminals of the network when R is 
removed. This is the Thevenin equivalent voltage of all internal noise sources. 
In terms of this voltage the noise power delivered by the network to R is given 
by 


P # « 


R + Z, 


and must be equal to P. Hence we sec that 

\V:\ 2 R - | V n | J /? In 

or v; = 2VKTR in A/ (5.42) 

which shows that Nyquist's formula applies to any passive network with input 
resistance R in . The above derivation cannot be applied to an active network 
since in an active network power is supplied from an external source and 
thermodynamic equilibrium will not hold. 

If 7 ,„ = R, which is the condition for maximum power transfer, we find that 
Eq. (5.41) gives 

P = KT A/ (5.43) 

and hence KT A/ is the available noise power from a resistor under matched 
conditions. 


Noise Figure and Noise Temperature of an Amplifier 

Consider an amplifier of effective bandwidth A/, power gain A, and matched to 
a source with source resistance R at room temperature T 0 = 290K, as in Fig. 
5.13. The amplifier noise figure F is defined, under the above standard 
conditions , by 

p __ signal-to-noise power ratio at input 
signal-to-noise power ratio at output 

PJKTp A/ 

APJ{AKT,tSf+P nA ) 


(5.44) 
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where P si is the input signal power, is the additional noise contributed by 
the amplifier at the output, and AKT n A/ is the amplified input thermal noise at 
the output. The above expression simplifies to 




(545) 


The noise contributed by the amplifier at the output is 


I\a - A(F - l)K7’oA/ 


(5-46) 


It is convenient to view this noise as though it were due to the thermal noise in 
the input resistance R at a temperature (F- 1)7' 0 . This effective temperature is 
called the amplifier-noise temperature and will be denoted by the symbol 7> 
where 


7> = (F - 1)7-0 (5.47) 

A system is not always operated under the standard conditions used in 
defining the noise figure F. Thus the noise figure is often best considered as a 
parameter from which the amplifier noise may be found by means of the 
relation (5.46). The following example will illustrate this point. 


Example 5.7 Noise figure for nonstandard conditions Consider a signal 
source V K with source impedance 7 g at a temperature T and connected to 
an amplifier with power gain A, noise figure F, and input impedance 
7in — R, n + jX\ n . I he noise power delivered to the amplifier is given by Eq. 
(5.41) and may be expressed in the form 

P = (KT bf) = M{KT bf) (5.48) 

where M = 4 R t RJ\Z t 4- Z in | 2 is the impedance mismatch factor. The am¬ 
plified output noise will be AMKT A/, which, along with the noise con¬ 
tributed by the amplifier, gives a total output noise power of amount 

Pno = AMKTb.fr P„ A = AKT 0 (F ~ l)] (5.49) 

Ihe signal power at the output will be ( V K is the RMS signal voltage) 

P„ = a\ ? R in = ^ AM (5.50) 

where |VJ 2 /4F. is the available signal power. 
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The input available signal-to-noise ratio is I V^IAR^KT A/ and the 
output signal-to-noise ratio is given by Eq. (5.50) divided by Eq. (5.49). 
which is 


Pjo = _ [Vjl ___ 

r~-4R.KTbf M T HF _ l) 


(5.51) 


If we define a noise figure F' for this system under these nonstandard 
conditions by means of the same relation (5.44) we find that 



L + Ezi 

r 0 M 


(5.52) 


which shows that the concept of a noise figure is unique only if specified for 
a set of standard conditions. The same result as given by Eq. (5.51) can be 
obtained by using the amplifier-noise temperature 7>, since this would 
simply replace (F - !)7 0 by 7> in Eq. (5.49). It should be noted that the 
excess amplifier noise P nA will be a function of the ambient temperature 
that the amplifier is operated in. Thus Eqs. (5.46) and (5.47) apply only 
when the ambient temperature is equal to the standard temperature T 0 . If 
the ambient temperature differs from 7 n it is necessary to specify the 
amplifier-noise temperature 7> at this new ambient temperature if accurate 
results for the amplifier excess noise at the output are to be obtained. 
Fortunately, operating ambient temperatures are close enough to 7 n so 
that Eqs. (5.46) and (5.47) can be used with little eiror in most system-noise 
calculations encountered in practice. At times other factors also enter in, 
such as the dependence of the noise figure F on the source resistance R K , 
as well as flicker noise varying as I If at low audio frequencies. The systems 
engineer needs to be aware of such factors that may apply in a particular 
system. ■ 


System-Noise Temperature 

It is often convenient to view the amplifier noise at the output as arising from 
the source resistance R„ by assigning to R g a higher temperature. The system- 
noise temperature 7> is the temperature the source resistance would have to be 
in order to produce the same total output noise, but considering the amplifier 
now as a noiseless amplifier. We readily see that the noise output from R g at 
temperature T$ is MKT S hfA, and when we equate this to Eq. (5.49) we find 
that the system-noise temperature is given by 

Ts = T+E w T ^ r+ ii T ^ < 5 53 ) 

For an impedance-matched system the system-noise temperature is the sum of 
the source temperature T and the amplifier-noise temperature 7>. 
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Thermal Noise from a Lossy Transmission Line 

Consider a lossy transmission line of length / connected to a source V g with 
impedance Z t = R K +jX K and terminated in a load Z/, = Ri + jX L , as in Fig. 
5.14. The voltage waves on the line are V* e~ yx + V~ e y ', where y = jP + a is 
the propagation constant and V*, V~ are the RMS voltages of the incident 
and reflected waves. At the load end 2 = 0 and V r ~ = r L V* where V L = 
{Z L - Z e )/(Z L ‘+ Z c ) is the load reflection coefficient. The power delivered to the 
load is (1 - |r L | 2 )| V*| 2 y o where Y c is the characteristic impedance of the line. 
We assume that the loss per unit length is small enough so that Y e may be 
taken as a real quantity. At the input end z = the total line voltage equals 
Z in Vy(Z in + Z g ); hence 


and 


We note that 


V‘(^ + r t e-') = ^|- 

V* =_ Y&. _ 

(Z;„+Z,)( 1 + Tte-W) 


Z in = 


l + r.e-^' 


1 - I*, e 


If we let 


z,-z c 
* z, + z t 


then 


Z # + Z ln = Z t + 


-2W' 


l-r L e-^ 

l-r t e-w 

(z. iz t xi-r l r l «' w ) 

l-r, e w 


With the aid of these expressions we find that 

_3a_^ = -3_1_ 

(z in + z f )(i + r t e-«) z, + z, 1 - r t r, <> 



Figure 5.14 A lossy Iransmission line. 
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and thus the power delivered to R L is 


n = Oil! , ( , _ ip __JL±L__ 

t 4 R, |Z, + Z c r 1 '- 1 '|l-r L r,e- J "P 


(5-54) 


We will define the input and output mismatch factors Mi and M 2 to be the 
mismatch when the opposite end of the line is terminated in a matched load. 
Thus we choose [see derivation of Eq. (5.11)] 




- 1 -" ■ i^rl 


(5.55(1) 


(5.556) 


The term |V’ f | 2 /4R f is the available power from the source, and the loss 
introduced by the transmission line is 


L = |i-r L r f *- 2 *| 2 e : 


(5-56) 


For L > 10 this can be approximated by L = e 7nl with negligible error. In terms 
of these parameters 


p |V. I 2 MiMi 
L 4R, T 


(5.57) 


For the thermal noise in R g the available noise power is KT A/, since 
V\ = 4K7' A/ R r Tims the thermal noise delivered to R, from R g is 


Pin = KT A/ ^ 


(5.58) 


W 

There will also be thermal noise from the transmission line delivered to R t . 
To find this noise we make use of the fact that the thermal noise delivered by 
R l to R t and the lossy line must equal P L „ plus the thermal noise delivered by 
the line to R L under thermodynamic equilibrium conditions. The noise power 
that R l delivered to R K is given by an expression like Eq. (5.58), since that 
equation is symmetrical in terms of input and output quantities. The total noise 
power delivered by R L to the system is given by 

P, - wm Re z:. 

Kin + £l\ 

where Z\ n is the input impedance at the load end looking towards Z g . Now 

1 _ ir 1 2 p- Aal 

Re Zin = 4- Z\;) = Z t | t 
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and hence 

P, = KT A/ 

= KT A/-£*e a * , (l-|r f Pe- 4- ) (5.59) 

Thus the thermal noise from losses in the transmission line that is delivered to 
R l is 

/\ = P, - F fJP - K7‘ A/ ^ (e 2 "' - |r,| J - Af,) (5.60) 

In the special case Af, = A7 2 = 1, that is, Z, = Z/ = Z f , we obtain 

A - ^j-Ai ( L _ |) (5.61) 

since /. = e 7 "' in this case. If wc compare this expression with Eq. (5.46) we see 
that under matched conditions and with 7 = 7 0 the lossy line is similar to an 
amplifier, with power gain ML and noise figure F given by 

F - L (5.62) 

The simple relationship holds only under the special conditions given above. In 
general, the appropriate formulas to use to find the total output noise P n 4- P ln 
are Eqs. (5.58) and (5.60) and Eq. (5.56) for the loss factor. With these formulas 
the temperature of the input resistance R f does not have to be the same as the 
temperature of the transmission line, and matched terminations are not 
required. 

Noise in Cascaded Systems 

Figure 5.15 shows N amplifier stages connected in cascade. The power gain of 
stage n is A n , its noise figure is F„. and the mismatch at the input of stage n is 
Af*. The noise at the output from the source resistor R g at temperature T is 

KT A/A/|A,Af 2 /\ 2 * • • M»A n 

The noise from the first amplifier will be 

(F, - \)KT n A/A,A7 2 A 2 • * • M s A n 



Figure 5.15 A cascade connection of N amplifiers. 


4 R,Z C Mr.| 2 e- 4 -' 

\z L + z r v\i-r L r,e-™\ 2 
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at the output. From the ith amplifier the output noise will be 

(F, - 1 )KT 0 A fAMniA.y • • • M N A m 

The total output noise is the sum of all of these individual contributions and is 


P„ = KT 0 A/ I ^ ri M n A„ + (F, - l)A, n M.A, 
+ (F J -1)/\ J |IM„/\ 11 + -- (F n -1)/\„] 


(5 63) 


where IIstands for the product of all factors from n = i to n - N. If all 
Af„ = 1 and T = 7 ’ 0 then the overall noise figure of the cascaded system is given 
by 


KTo A/ II?., A n 

F=Fl+ ^ + ^ + 

A\A 2 


Fn~ 1 


(5.64) 


where A is the total gain. This expression shows that the noise figure is 
determined primarily by the input stage, since the noise from the other stages is 
less because of less overall amplification of their contributions to the output 
noise. It should be noted that Eq. (5.64) applies only to a system that is 
impedance-matched throughout. 


5.5 ANTENNA-NOISE TEMPERATURE 

An antenna will receive noise signals from bodies in space such as the sun and 
radio stars that emit electromagnetic radiation. These high-temperature 
objects radiate like black bodies and produce a white-noise spectrum at 
frequencies in the microwave range and below. An antenna will also receive 
noise radiation from any absorbing body. A body that absorbs electromagnetic 
radiation acts like a resistor and hence also radiates. The noise that an antenna 
receives can be accounted for by assigning an effective temperature T A , called 
the antenna-noise temperature , to the radiation resistance of an antenna. The 
antenna-noise temperature is a function of frequency and direction in the sky 
that the antenna is pointed. There is considerable variation in the amount of 
noise that an antenna receives with time of day, month, year, and location. 
Thus for system evaluation, average values or typical values for T A are used. 

Consider a resistor R at temperature T connected at the input terminals of 
an antenna, as shown in Fig. 5.16. The resistor R has a value eqilal to the 
characteristic impedance Z e of the feed line. The noise power from R that is 
delivered to the antenna will be (1 - \V\ 2 )KT A/, where V is the input reflection 
coefficient. The noise power radiated into an element of solid angle dfl in the 
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Figure 5.16 A resistor R connected 
to antenna input. 

direction 0, </> is 

(1 - \n)KT 

If a fraction v(9, </>) of this power is absorbed by bodies with a temperature 
7 (0, rf>) and located within the cone dH, then these bodies must return an 
equal amount of power to R for thermodynamic equilibrium to exist; that is, 
we imagine that the only bodies present in all space are the resistor R and the 
bodies within d Q and that these are in equilibrium. Thus the noise power 
delivered to the resistor R from the bodies within di\ must be 

(i - |rp )K a/ v(e, <t>)T(o, t) an 

This must be the noise power delivered to R even if R is not at the 
temperature 7(0, </>), since we do not require thermodynamic equilibrium to 
exist in a real system and the reception of power by R is not dependent on how 
much power is radiated away from R. Hence from all absorbing bodies in space 
the total received noise power will be 

p; = (1 - |rP)K A j’ J'J G( 0 , 4)T(0, </.)sin edd, do (5.65) 

If the antenna input impedance is Z in = R tn + jX, n and R, n (mostly radiation 
resistance) is assigned a temperature T A , then R tn will deliver a noise power 

4 KT A bfR in R 
| R + R^ + jXtf 

to R. This also equals (1 - |r| 2 )/CT^ A/, and in order to be equal to the actual 
noise delivered to R we see that we must choose T A , the antenna-noise 
temperature, to be 

1 a = 4 ^ J n J 0 <f>)T(0 , <f>) sin 0 d<t> dO (5.66) 

The derivation of Hqs. (5.65) and (5.66) is based on the assumption that all 
bodies located within an element of solid angle dfl in the direction specified by 
the angles 0 and <£ have the same temperature T(0, <t>). In general this is not 
the case, since the medium may have an absorption coefficient and temperature 
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that are functions of the radial distance r from the antenna where the medium 
is located. Let a(0, <£, r) be the attenuation coefficient at the point 0, <£, r. The 
fraction of the input power at r = 0 that is present at r is given by 

exp- f a {9, <f>, r') dr' 

Jo 

The absorption that takes place in an interval dr is a dr, so the fraction of the 
input power absorbed in the interval dr centered on r is 

a(9, </>, r) dr exp - f a(9, </>, r') dr ' 

J o 

If the local temperature is 7 (0, <f>, r), then in place of v(9, (f>)T(9, (f>) we have 

v e (9, rf>)T,(9, *f>)= f 7 (0, </>, r)o(0, </>, r) exp - f rv(0, </>, r') dr' dr 

Jo Jn 

where T f (9. (f>) is the effective temperature in the direction 0, <f> and v, is an 
effective overall absorption coefficient given by 

■*(01 <t>) m f o( 0 , 0 , r)exp- f «( 0 , (/>, r') dr 1 dr 

The integration over r should, in principle, not be extended all the way to 
r = 0, since our formulation is based on the far-zone expressions for gain. In 
practice the error is usually small by integrating all the way from 0 to °° As an 
example, consider a cloud layer extending from r, to r 2 with a temperature 7',, 
and let the medium beyond this cloud layer have a temperature T 2 . Let »/, be 
the fraction of the radiated power absorbed by the cloud layer; then 

|',7; = I/|T, + (1 - i',)7' 2 V X = 1 - 

In addition to noise from thermal radiation an antenna picks up noise from 
lightning discharges, human-induced noise of electrical origin, and other active 
sources of a nonthermal character. The received noise power from these other 
sources can be included by increasing the antenna-noise temperature by an 
appropriate amount. 'Hie antenna-noise temperature provides a convenient 
way to account for the noise picked up by an antenna by viewing this noise as 
arising from thermal noise in R, n when R in is at the temperature T A . 

At the higher frequencies—for example, at microwave frequencies—the 
noise power received from outer space is often quite small. If the antenna is 
connected to a receiver by means of a lossy transmission line, as in Fig. 5.17, 
the thermal noise from this lossy transmission line may be significant. We will 
let R + jX be the impedance terminating the transmission line.-The noise 
power P'n delivered to R from the lossy transmission line is given by Eq. (5.60) 
and is > 


p: = KT A/ (1 - If.l 2 ) f-(e™ - in*«-" - A/,) 


(5.67) 
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Figure 5.17 A resistor R con¬ 
nected to an antenna by a lossy 
transmission line 


where L is given by Eq. (5.56). Nole that the input and output ends are 
interchanged so that F f in Eq. (5.60) becomes T, M,= 1 - |F| 2 , and V L in Eq. 
(5.556) is replaced by F f = (R 4 jX - Z f )l{R 4 jX 4 Z e ). The total noise de¬ 
livered to R may be viewed as the sum of the noise P" from the lossy line plus 
the noise from the antenna input resistance R in at temperature T A modified by 
the attenuation of the lossy line and the mismatch factors at each end. Hie 
noise power from R tn delivered to R is given by Eq. (5.58), and hence the total 
noise power delivered to R is 

p* = p :+(i - |i?)(i - |r f p) 

L* 

= (I - HT)(i - |r, P) ( t a +t — f j j pj r -- - 7-) (5.68) 

For most systems the term Tr g e~ 2yl in the expression for L can be neglected 
and likewise for the term |r| 2 e 2/ ' 1 in the expression (5.68). Then, since L = e M 
in this instance, we obtain 

l\ = (1 - \V,\*)K A/ [ Q-iH X fr- H + T ] (5.69) 

in place of Eq. (5.68). Furthermore, if the reflection coefficient I at the antenna 
input is zero then 

P. = (1 - |I ,P )K A/ (5.70) 

This expression shows that the lossy transmission line reduces the efTccts of the 
antenna noise, since T A is divided by the loss L. But at the same time the 
transmission line contributes thermal noise proportional to its temperature 
multiplied by (L- 1)//.. We can define an equivalent antenna temperature T\ 
that includes the transmission line contribution. The transmission-line noise 
power can be accounted for by raising the temperature of the antenna input 
resistance to T\. 'Die transmission line thus adds an additional noise tem¬ 
perature T\ - T a that may be found by replacing T by T L - T\ - T A in Eq. 
(5.58) and equating this to Eq. (5.60). Hence it is found that 


T a = T a +T 


2 


(571 a) 
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which for F = 0 becomes 

T a = T a + (L-\)T (5.71 b) 

Note that in Eq. (5.71a) the term — \T\ 7 e~ ul has not been included, since it is 
usually very small. 

In principle one can consider the lossy transmission line as being part of 
the antenna system. If the input reflection coefficient to this system is I in , then 
a fraction 1 - |F 5n | 2 of the available power from a source with internal im¬ 
pedance equal to Z ( is delivered to the antenna system. If is the fraction of 
this power that is lost in the feed line, then the antenna radiates (1 - ?' 0 ) of the 
input power. Thus the effective antenna gain becomes (1 - i‘o)G ~ G e . The 
thermodynamic equilibrium equation (5.65) would now' become 

r: = 0 - |r J)K A/ [ ,'„T + j’ £' G,(0, 4>)H0, d>)T(0, </>) sin 0 d<t> dO | 

= (1 - \VJ)K A f\v 0 T + (1 - v 0 )T a ) (5.72) 

which demonstrates, in a simpler way, the feed-line contribution to the 
received thermal noise. Although Eq. (5.72) has an apparent simplicity com¬ 
pared with Eqs. (5.68) and (5.69) the evaluation of r 0 , the fraction of the input 
power dissipated in the lossy feed line, and the effect of a source impedance 
different from Z e would lead us back to the earlier equations. In the particular 
case F = 0, we have F in = 0 and i / 0 = 1 - ML = (L - 1)/L, and the effective 
antenna temperature at the input to the antenna system becomes T Ae “ 

+ (I - «'o )T a = [T a 4 (L - 1 )T]IL. This difTers from that given by Eq. (5.716) 
by the factor \IL, since T A is referred to the antenna terminals and T Af is 
referred to the transmission-line input, which is regarded as the input to the 
combined antenna system. 

Equation (5.65) or (5.72) clearly shows that when electromagnetic radiation 
is absorbed by atmospheric molecules or water vapor, then these atmospheric 
constituents act as thermal radiators and will produce thermal noise at the 
antenna terminals. This principle is often used at microwave frequencies, as 
well as at infrared frequencies, to produce thermal maps of the earth’s surface, 
buildings, etc. These maps measure the relative absorption and temperature of 
the bodies viewed by the antenna. The overall system used to carry out such 
measurements is called a radiometer. Radiometer measurements may also be 
used to determine the total attenuation through the atmosphere by pointing the 
antenna towards the zenith and measuring the received thermal noise. For this 
measurement it is important that other possible sources of thermal radiation be 
negligible or known and that the temperature profile through the atmosphere 
also be known. 

A number of people have carried out measurements to determine the 
antenna noise temperature at different frequencies. Figure 5.18 shows the 
contribution of atmospheric noise to T A at frequencies below 100 MHz, while 
Fig. 5.19 gives some results for T A at microwave frequencies. Note in particular 


Antenna noise temperature T 
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FlRurc 5.18 Antenna noise temperature. 

that T a is very large at frequencies below 1 MHz, and this is attributed in part 
to electrical discharges, such as lightning, that generally occur at almost all 
times somewhere in the atmosphere. In Fig. 5.19, the variation in T A with 
elevation angle is due to the increased path length, hence greater absorption, 
through the atmosphere at low elevation angles. At a frequency of a few 
gigahertz, the antenna temperature due to cosmic noise and atmospheric 
attenuation may be as low as 10 K. Thus it is important to avoid feed-line losses 
and antenna side lobes directed towards the warm ground in order to keep the 
total effective antenna-noise temperature small. 

The equivalent noise temperature of the quiet sun is given byt 




Figure 5.19 Microwave antenna-noise temperature. 


t D. C. Hogg and W. W. Mumford. "The Effective Noise Temperature of the Sky," Microwave 
Jour., vol. 3. March 1960. 

W. L. Flock and E. K. Smith. "Natural Radio Noise—A Mini-Review." IEEE Trans., vol. 
AP-32, July 1984. pp. 762-767. 
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7 , u „ — T 0 


675 

/GHz 


(5.73) 


The average temperature due to cosmic noise is given with acceptable accuracy 
by 


Teownic ~ ToA $ 

where A 0 is in meters and T 0 = 290 K. 


(5.74) 


5.6 NOISE EVALUATION OF COMMUNICATION SYSTEMS 

In this section we will illustrate the application of the various formulas derived 
earlier for received signal power and noise power in typical communication 
links. Three examples will be covered that are representative of typical 
practical communication systems. 

Example 5.8 AM broadcast receiving system As a first example consider a 
1-MHz broadcast system. For a receiving antenna we will use a small loop 
antenna consisting of the coil in the tuned input circuit of the receiver, as 
shown in Fig. 5.20. Tbe receiving cross section under matched conditions is 


4n 


G 


so we must evaluate the gain G. Let the coil have an ohmic resistance /?, and 
radiation resistance R a . As a transmitting antenna frith input RMS voltage V gt 
its input power under matched conditions will be P in = V j/4 (R c +■ R a ), of which 
a fraction rj = RJ(R C + R a ) is dissipated in R a , that is, radiated. The radiation 
pattern of a small coil is the same as that for a current element / 0 A/, so the 
maximum directivity D is 1.5. Hence the gain is 1.5 tj = G, as found earlier in 
Sec. 5.3 and given by Eq. (5.33). 

When used as a receiving antenna, its received power under matched 
conditions will be 


P rec = -^GP inc = -^1.5r7P ir 
47T 4 7T 


(5.75) 


In order to find the equivalent input noise we choose R f to be at the 
ambient temperature 7’ 0 = 290 K and take R a to be at the antenna-noise 



R L *R e +R t 


Figure 5.20 Equivalent circuit of a loop 
antenna used for reception of a radio 
signal. 
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temperature T A . If the receiver has a noise figure F, then the equivalent 
additional input noise is obtained by raising the temperature of R c + R a by 
(F- 1)T 0 , the receiver-noise temperature. Since noise powers from uncor¬ 
related sources add, the total noise power that will be delivered to the load 
R l = R c + R a is the sum of each contribution; so 

„ KLf [R C T 0 + RJ A + (F - 1)T 0 (F C + R.)] 


r. = 


R< + R, 


= K A/ [(1 - rj)FT„ + V T a + 1 ,(F - 1)T 0 ] 


(5.76) 


where we have used 4/C A f RT for the mean-square noise voltage from each 
source, Slimmed these, and divided by 4(R rt + R f ) to get the noise power in R L . 
Note that I - rj = RJ(R e + F tf ), t; = RJ(R ( + F a ). At broadcast frequencies 7'^ 
is of order 10 8 , so for a small loop antenna for which the efficiency is very small, 
the term t)T a may not necessarily dominate over the thermal noise con¬ 
tribution. For example, for a coil with N = 100, A = 2cm ? = 2x 10' 4 m ? , and 
A n - 300 m we get 

16tt 4 x 120t r x 10 4 x 4 x 10' 8 

R =-t- 7-= 1.54 x 10 9 0 

* 6ttX(9x10 4 ) 2 


If L = 200/x/i and Q = 100, then = wUQ = 2n x 200/100 = 4 tt H at 1 MHz. 
Thus ») = 1.22 x 10 ,0 . The extremely small efficiency of a small loop antenna 
means that the receiver performance is limited by thermal noise, not by 
antenna noise. This is why no unusual noise levels arc present in small portable 
broadcast receivers when they are tuned between stations. 

The signal-to-noise ratio at the receiver will be 


_ 1.5i|P,,(Ai/4ir) _ 

K*f[(l- V )n n +T,T A + V (F-\)T 0 ) 


(577) 


This equation gives the signal-to-noise ratio at the receiver output because we 
have referred the total noise to the input and compared it with the signal power 
at the input, which is fully equivalent to evaluating the signal-to-noise ratio at 
the output. The signal-to-noise ratio continues to improve until the efficiency 77 
is such that r)T A ?? (1 - tj)FT 0 , at which point a further increase in rj increases 
both P tcc and P n by about the same amount. For F = 4 and 7' 0 = 290 K this 
occurs for tj « 1160/7^ 10 “ 5 or so in the broadcast band. Ill us a low- 

efficiency loop antenna is acceptable as a receiving antenna at these frequen¬ 
cies. 

For the loop antenna in our example the thermal noise is the limiting 
factor. For F = 4 and a signal-to-noise ratio of 10 we will require 

a 2 

1.5TJP* c -° = I0K A/(l-„)FT n = 10/CA/Fr o 
4-rr 

= 10 x 1.38 x 10'” x 10 4 x 4x 290 
= 1.6 x 10-” W 
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where we have assumed that A/= 10 kHz. Hence the required P inc is 


P; = 


4 x 1,38 x 2.9 x 4n- x IQ 16 
9 x 10 4 x 1.5 x 1.22 x 10 10 


= 1.22 x 10"’W/m : 


or an RMS field strength of 6.7 x 10 4 V/m. For a signal of high quality the 
signal-to-noise ratio should be about 30 dB, which requires a field strength of 
6.7 mV/m. 

In this example an extra complication arises because the antenna resistance 
is the sum of an ohmic resistance R c at temperature 7' 0 and a radiation 
resistance R a at temperature T A . The sum of the two noise voltages squared is 
4/CA/(P f 7' 0 + R a T A ). This is equivalent to an effective noise temperature 7, 
for both resistors, where T x (R r + R a )= R e T n + R a T A> or 




(5.7K) 


As may be seen, this is the temperature weightings that occur in Eq. (5.76). By 
using this effective temperature, Eq. (5.76) may be written as 

P„ = K A/[7,4(F- l)7 0 ] 

which is in accord with Eq. (5.49) when the mismatch factor M = 1 and the 
power gain A is set to unity to obtain the amplifier equivalent input noise 
power. ■ 


Example 5.9 Microwave receiving system A microwave line-of-sight 
communication link utilizes a receiving terminal with an antenna having a 
gain of 40 dB, a superheterodyne receiver having a mixer with a 6-dB 
conversion loss and a noise figure of 10 dB, and an intermediate-frequency 
(IF) amplifier with a noise figure of 4 dB and a bandwidth of 10 MHz. The 
transmitting antenna has a gain of 40 dB also. The receiving antenna is 
connected to the receiver with a transmission line having a total attenua¬ 
tion of 10 dB. Hie system is impedance-matched throughout. We wish to 
determine the required transmitter power to give a signal-to-noise ratio of 
30 dB at the IF 7 amplifier output when the distance separating the two 
terminals is 30 km. The frequency of operation is 6 GHz (A 0 = 5 cm). The 
antenna noise temperature is 100 K. 

The noise power delivered to the mixer input from the antenna and 
lossy transmission line is given by Eq. (5.70), with I' ? = 0. In decibel 
measure K A/= 1.38x 10 _23 x 10 7 has a value of -158.6dri, and T A + 
(L- 1)7' 0 = 2710 has a value of 34.33 dB. Hence P n in decibels is given by 
-158.6 + 34.33- 10= -134.27 dBW al the mixer input. The mixer, which 
has a conversion loss L ( in converting the RF power to IF power at the 
intermediate frequency, may be viewed as equivalent to an amplifier with 
the same noise figure F M but having a gain 1/L C (less than unity). Thus the 
IF amplifier noise KT 0 A/ (F 1f - \)A plus the mixer noise KT 0 A/ (F Af - 
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1 )/L ( when referred (o the mixer input is [see Eq. (5.64)] 

KT 0 A/ [(F m - 1) + (F if - 1 )L e ] = KT 0 A/ (F - 1) 

where F = F M + (F if - 1 )L ( is the noise figure of the mixer and IF amplifier 
combined. Now F M = 10, F if = 2.5, so F M - 1 + L c (F if -I)= 9 + 4 x 1.5 = 
15, or 11.76 dB. Thus in decibel-watt measure the mixer and IF amplifier 
noise at the mixer input is -158.6 + 24.62 + 11.76 = -122.22 dBW. In order 
to find the total noise at the mixer input we must convert back to noise 
power in watts and then add the antenna, transmission line, mixer, and IF 
amplifier noise powers. We thus find that the total noise at the mixer input 
is 6.37 x 10 11 W. 

From Eq. (5.20) we find that the received power at the input of the 
transmission line is 


25 x IQ' 4 10 H p 

’ (An) 7 9xl0" ,,n 


1.76 x 10~ 6 P in 


At the mixer input the signal power will be 1.76 x 10 7 P in . In order to have 
a 30-dB signal-to-noise ratio we require a transmitter power P, n equal to 



6.37 x lQ’ n x 10* 
1.76 x 10" 7 


3.62 x 10“ 3 W 


This problem can also be solved by finding the system noise tem¬ 
perature T# which is the equivalent temperature of the antenna input 
resistance that will account for all of the noise. The IF amplifier noise 
referred to the antenna terminals will be KT 0 A/ (F if - 1 )L C L, and the mixer 
noise referred to the antenna terminals will be (F M - \)LKT 0 A/. The 
transmission-line thermal noise referred to the antenna terminals is 
obtained by equating (5.60) with T= 7’ 0 to Eq. (5.58) to find the required 
input available noise power KT A/ that will give the same output noise 
power, as was done to obtain Eq. (5.71). Thus because of the transmission¬ 
line losses the input temperature is raised by an amount T, given by 

r, = If - UT * M - A*,) (5.79) 

A7, 

which for the present system reduces to [see Eq. (5.71/))] 

T l = 7 0 (L- 1)= T 0 (F l - 1) 

where F L = L is the noise figure for the matched lossy line as given by Eq. 
(5.62). The system-noise temperature T s is hence given by 

T s = T a + (F m - 1)L7„ + (F if - l)LL e T 0 + (L- 1)F 0 

= 46210 K 

The available noise power in a bandwidth A/= 10 7 Hz is KT S A/ = 
6.37 x 10* 12 W. The required received signal power is 6.37 x 10~ 9 W in order 
to give a 30-dB signal-to-noise ratio. When we equate this to 1.76 x 10“*/^ 
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we find, as before, that P.„ = 3.62 x KT 5 W. The small transmitter input 
power required is due to the high antenna gains in this system. ■ 

Example 5.10 Radar system A radar system is characterized by the fol- 
lowing parameters: 

Antenna gain = 30 dB 
Peak transmitter pulse power = 200 kW 
Frequency = 10'° GHz 
Pulse length = 1 /zs 

Receiver mixer = 10-dB conversion loss and 3-dB noise figure 
IF amplifier-noise figure = 6dB 
Antenna-noise temperature = 200 K 

The objective is to find the maximum range r that will result in a 
signal-to-noise ratio of 10 dB for a target with a 5-m 2 radar cross section. 

As a first step we will find the equivalent system noise temperature. 
The receiver bandwidth can be taken as the reciprocal of the pulse length; 
thus A/= 10* Hz. As in the previous example, the IF amplifier and mixer 
noise referred to the mixer input is 

*T 0 A/[(F m - 1)+MF 1f - 1)]= KT 0 A/[1 + 10(4- 1)] 

= 31K7' 0 A/ 

Thus the system noise temperature is T s = (200 + 317;) = 9190 K. The total 
input noise power is thus KT S A/ = 1.27 x 10* n W. 

^e receiver power is given by Eq. (5.27) and is 

p - ^nApgG 2 _ 2 x IQ 5 x 9 x IQ 4 x 5 x 10* 
w (4 n ) V 4 ~ (4tt)V 

4.53 x 10’ 

r* 

We now equate P m to the noise power multiplied by the specified 
signal-to-noise ratio; thus we find that 

.4 _ 4-53 x 10’ __ 


r* = 


1.27 x 10 ,J 


= 3.57 x 10 


and hence the maximum range r = 2.44 x 10 4 m, or 15.2 mi. The depen¬ 
dence of the received signal on the inverse fourth power of distance makes 
the power requirements of a radar system much greater than those of a 
communication link operated over the same range. 'J. ■ 


5.7 ANTENNA INTERACTION WITH A SCATTERER 

A receiving antenna is often used in the presence of scatterers 'stich as 
raindrops or other obstructions like buildings and trees. It is therefore of 
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interest to develop sonic basic relationships for the received open-circuit 
voltage in the presence of a scattering obstacle. 

In Fig. 5.21 a receiving antenna, which for illustrative purposes is chosen as 
a horn, is shown in the presence of a scatterer. The scatterer is contained in a 
volume V, bounded by a surface S, and has electrical parameters € and /z. 

If we include equivalent magnetic currents in Maxwell’s equation, that 
is, V x E = -(db/dt) - J* = II - J m then the reciprocity theorem states that 


<j> (E, x Hj- E 2 x H,) • n dS = [ (Ej-J, - E, • J,-H 2 • J„, + H, • J ml )dV 

J s Jy 

(5.80) 

The derivation of this equation is the same as that of Eq. (5.1), with the 
inclusion of magnetic currents. We now let E„ II, be the field radiated by the 
antenna with input current l in and in the absence of the scatterer. The field E 2 , 
II 7 is chosen as the field scattered by the scatterer when illuminated by E,, II, 
but with open-circuit conditions at the antenna input terminals. [This field is a 
valid solution of Maxwell’s equations and hence may be used in the reciprocity 
theorem given by Eq. (5.80).] The surface 5 is chosen as the surface of the 
perfectly conducting antenna, the terminal plane, the surface 5, surrounding 
the scatterer, plus the surface of a sphere of infinite radius, as shown in Fig. 
5.21. On the antenna surface n x E, = n x E 2 = 0, so this surface, as well as the 
surface at infinity, does not give a contribution. On the terminal plane the 
surface integral gives V itc l in , as in Eq. (5.2). Thus, since no sources are enclosed, 
Eq. (5.80) gives 


y«=-j (Er x Hj - Ej x H R ) • „ dS 


(5.81) 


where E, = /, n E /? , II, = l m U R and V i has been excluded from the volume 
enclosed by S. 

If the scatterer were a perfectly conducting obstacle, then n x Ej = -n x l in F. p 
on Si, and the induced surface current is J, = -nx (/, n II* + Il 2 ) on S,. Hence Eq. 


Scatterer 


L -1 If. r - - ->s 
i i||i i 
iuIi i 

I I Terminal 
1 * plane 


7 ( 1 

:Y * ! " 
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Figure 5.21 A receiving horn antenna in the presence of a scatterer. 
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(5.81) can be rewritten in the form 


= Ui n E R *Uitflp + H 2 )x n] dS 

= - j A» E R ■ J, dS 


(5.82) 


when n x E 2 is expressed in terms of n x E„. This result is similar to that given 
by Eq. (5.2). 

In general Eq. (5.81) can be rewritten in the form 

V oc = - <f> (E r X (/,„!!„ + Hj) - (Ej + /|„E r ) x H h ] • n dS 

by adding and subtracting the term E„ x Hr. By using the divergence 
theorem and Maxwell's equations we obtain (note that l m • E 2 , 1JI„ I II 2 is 
the total field inside the scatterer volume V,) 

= I V 'I K » X (U«R + H 2 ) - (Ej + / 1b Er) X Hr] dV 

J V, 

= I I(V x Er) • (JJf R + Hj) - Er ■ V X (I.J Ir + Hj) 

- V X (Ej + /JEr) • Hr + V X Hr • (Ej + /,„Er)1 dV 

= ( |-/«M #Hr ' (/(.Hr + Hj) - /W(/ in Er + Ej) 

J V, 

■ F,R + fOJ/l (Hj + /,„Hr) • Hr + j,Of„ Er 

' (Ej+ /,„Er)] dV 

= I I-Er ■ (/«(< - €„)(/,„Er + F.j)l + Hr 

J V, 

■ [j<o(v - Mo)(A„Hr + Hj)]} dV 

The polarization current densities are J p = jw{c - e 0 )(/ in E R + F, 2 ) and J m =• 
j<o(ti - MoXA.Hr + Hj), so upon introducing these we find that 


= f (-ErVHr-J Jdv 

J 1 / 


(5.83) 


in accordance with Eq. (5.80). Note that V x E = - j(o/i it = - /o>/x 0 H - 
j(o(ji - Mo)**- Thus we can identify with j(o(/i - ’ * 

We can also express the second term in Eq. (5.83) in terms of equivalent 
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amperian (electric) magnetization currents. We have 


( /o>H r • (n - Mo)(AnH/i + Hj) dV - f „H 

K, ■ J y< 

= f to*oH, 


Mo 


M dV 


where from B = mH = Mo( h + m ) we obtained M = 1 (m “ Mo)/Mo]H. Replacing 
Woll s by -V x E, gives 

-f (V x E„) • M dV = _ f [V(E R xM)t-E R -VxM]dV 
K, J Vi 

= [ -E„VxM<*V-<f E r • (M x n)dS 

K, J 5i 

The equivalent amperian volume currents are given by J 0 = V x M and the 
amperian surface currents by J„, = M x n. Hence in place of Eq. (5.83) we can 
write 


V oc =-| E*-(J, + J .)dV-j E„ • J, 


(5.84) 


This expression gives the open-circuit received voltage in terms of the inter¬ 
action of the electric field radiated by the antenna, with the .total current 
induced in the scatterer by that field. 

If the scatterer is a small sphere with radius a <3 A 0 then E R , H w are uniform 
over the sphere, with the center at r. We may use static-field theory to find the 
total dipole moments and thus (see Prob. 2.7) 


L 


I p dV = jio47ra \o —°- «E*( r ) 


J dV = jo>4TTa'fi 0 £ + " / in H w (r) 


1 lence 


€ “ € n . , M2 , - ... ^ ' '»» /-M 2 


~ /jE*(r)| 2 + /"Mo 4 ™' 


€ + 2e 


M + 


/JHr(0I 2 (5-85) 


which gives the radar backscattering from the sphere. The case of a perfectly 
conducting sphere is obtained by setting e = m = 0. 


Scatterer Excited by an External Field 

L et E 2 , H 2 be the field E, H from an external source .! in the presence of the 
scatterer and the antenna under open-circuit conditions. In particular, E, H is 
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the total field in V t . We now find that 

V oc= f I-E R -;^(€-€ 0 )E + H R -;^(M-Mo)H]r/V- f E* • J V (5.86) 
J v, J v 

in place of Eq. (5.83), upon putting J, = /a>(c - e 0 )E and J m = ;o>(m - m 0 )H. 

We can express E, H as a field E,, H, produced by J in the absence of the 
scatterer, plus a scattered field E f , H r For a small dielectric sphere we then 
have 



V ~ = - J E r • J d V - j<0f„4na' --- - E R (r) ■ E,(r) (5.87) 

in place of Eq. (5.85). The first term is the direct contribution from the external 
source J, and the second term is caused by scattering from the obstacle. 

The above results are readily extended to the case of many scatterers. The 
significant feature is that E„, II* is still the field radiated by the antenna in the 
absence of the scatterers. The general result is Eq. (5.86) summed over all 
scatterers, and E, H is the field from J plus the sum of all scattered fields. If 
multiple scattering between obstacles is negligible, then the expression for 
is the sum of Eq. (5.86) over all scatterers (or Eq. (5.87) if we assume that all 
obstacles are small dielectric spheres]. When the scatterers are randomly 
positioned so that the phase of E„(r,) • E,(r,) can be considered uniformly 
distributed over In radians the received power is the sum of that from each 
scatterer. In the next chapter these results will be applied to the problem of 
scattering by raindrops. 


PROBLEMS 


5.1 In the derivation of the Lorentz reciprocity theorem show that if the antenna 
conductors are lossy and if the boundary condition n x E = Z,n x (n x H) is used, 
n x Ei • H 2 - n x E, • I!, = 0 and the surface integral over the conductors will vanish. 

5.2 Assume that the current on a half-wave dipole antenna is a constant / 0 and find the 
radiated field. Express this in the form given in Eq. (5.15) and show that the maximum 
effective length |h| equals Ao/2, 

k 

5.3 For the loop antenna discussed in Example 5.4 in Sec. 5.3, show that at resonance 
the Thevenin equivalent voltage is 



« 

4 
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and the Thevenin impedance is Q 7 R where O = (OoL/R and the resonant frequency is 
given exactly by Eq. (5.31). Show that at the exact resonant frequency |V' T i#| ? = 0*1 Vj . 
Note that R 2 CIL - I/O 2 . 

5.4 Show in detail that Eqs. (5.32) and (5.34) are equivalent. 

5.5 For the parallel-tuned circuit shown in Fig. 5.9 h but with R removed, show that the 
impedance across C becomes a pure resistance Q 7 R = {tooLflR = L/RC at the 
frequency given by Eq. (5.31). 

5.6 The incident field on the half-wave dipole antenna shown in Fig. 5.7 is Ena*, with 
Eo = 5 jxV/m. The direction of incidence is 0, = 60°. Find the open-circuit voltage at the 
dipole terminals when Ao= 10 m. 

5.7 A field E 0 (a* 4 /a*) is incident on the half-wave dipole antenna in Fig 5.7 at 
0, - 90°. The dipole is connected to a load R L = 50fi by a transmission line with 
Zr = 73n and located Ao/2 from the dipole terminals. The dipole input impedance is 
731). Draw the equivalent Thevenin circuit for this system and find the power delivered 
to Rl when E» = lOjxV/m and A 0 = 10 m. 

5.8 In the derivation of Eq. (5.59) the relationship 

Mf.i 2 *- 4 "' 

Rc a = z, ,, 1-^ -ri^ 

was used. Derive this relationship by expressing Z\ n in terms of F # . 

5.9 A quarter-wave monopole antenna has Z»„ - R a + R 4 jX where R a = 361 ), R m 
5 1). jX = /10. This antenna is connected to a receiver with input impedance of 50 1) and 
noise figure P - 5, as in Fig. P5.9. The antenna has a directivity of 3.2 and A 0 = 10 m. 
The antenna-noise temperature is 10* K and R is at 290 K The effective receiver 
bandwidth is 10 kHz. Find the required incident power per meter squared and the 
incident electric field in volts per meter to give an output signal-to-noise ratio of 10 dB. 
What is the effective receiver-noise temperature and the system-noise temperature? R a 
is the antenna radiation resistance. R is the antenna ohmic resistance. What is the 
efficiency tj and gain G for this antenna? 



5.10 A microwave receiver shown in Fig. P5.10 uses a paraboloidal reflector antenna 
with a gain of 30 dB. The 50 ft of waveguide connecting the antenna and mixer produces 
a total loss of 3dB. The mixer has a conversion loss of 3dB and a noise figure of 4 dB. 
The IF amplifier has a noise figure of 6dB and a bandwidth of 1 MHz. The antenna- 
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noise temperature is 20 K and the waveguide is at 290 K. Find the required incident 
signal power per unit area to give an output signal-to-noise ratio of 10 dB at the IF 

amplifier output. A 0 =3cm. Find the overall system-noise temperature. The system is 
impedance-matched. 



Figure P5.10 


5.11 A radar system as shown in Fig. P5.ll has a system-noise temperature of 1000 K 
and a bandwidth of 2 MHz. The system uses an antenna with a 40-dB gain and has peak 
transmitter power of 10 5 W. If the target has a radar cross section < 7 * 2 m 2 , find the 

maximum range R that will yield a signal-to-noise ratio of 12 dB at the receiver. The 
wavelength A 0 = 10 cm. 



5.12 In the microwave relay link shown in Fig. P5.12 the range R ■ 50 km. The 
reccivcr-system-noise temperature is 1000 K. T he bandwidth of the system is 10" Hz and 
A 0 = 3 cm. The antenna gains for transmitter and receiver arc 40dl3. Find the required 
transmitter power to yield a signal-to-noise ratio of 40 dB. Assume impedance and 
polarization arc optimally matched. 



Figure F5.I2 


5.13 An antenna with a gain of 40 dB is connected to a preamplifier (impedance- 
matched) with a gain of 30 dB and a noise figure of 6dB. The preamplifier output is 
connected to a receiver having a noise figure of 10 dB by means of a transmission line 
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having a lenglh of 20m and an attenuation of 0.5-dB/m. The preamplifier output 
impedance is 6011. the receiver input impedance is 75 ft. and the transmission-line 
characteristic impedance is 50 ft. The antenna-noise temperature is 50 K, the system 
bandwidth is 10 MHz. and P for the transmission line is 20rr rad/m. The wavelength of 
operation is 10 cm. Find the following parameters for the system: the attenuation « for 
the transmission line; the mismatch factors M,. My the line loss L; and the system-noise 
temperature T s . What is the required incident power per unit area in order to give a 
signal-to-noise ratio of 30 dB at the receiver output? 

5.14 For the satellite communication system discussed as Example 5.6 in Sec. 5.3 the 
following additional system parameters apply: 


Bandwidth = 10 MHz 

Satellite-receiver system-noise temperature - 1100 K 
Ground-station antenna-noise temperature = 100 K 
Feed-line temperature = 300 K 
Receiver-noise temperature If- 400 K 

Find the signal-to-noise ratio at the satellite and at the ground station. 

5.15 Find the radar cross section a for a small dielectric sphere with the following 
parameters: e = 2.5«». radius a = 1 cm. Compare your result for rr with the cross- 
sectional area na 1 . Xo- 10 cm. See Prob. 2.7. 

5.16 A police traffic-control radar has the following parameters: 

Transmitter input power to antenna = 100 mW 
Antenna size = 20-cm-diamctcr parabolic reflector with an overall 
antenna efficiency of 0.6 
Frequency 10.55 GHz 

Receiver antenna same as used for transmitting 
System-noise temperature = 1000 K 
Bandwidth » 1 kHz 

Minimum signal-to-noise ratio for reliable detection = 10 dB 


(а) Compute the antenna gain. 

(б) Find the maximum range at which a small car with a radar cross section of 
0.2 m* can be detected. 

5 17 A motorist uses a small microwave receiver to detect the presence of police radar 
The receiver uses an antenna with a gain of 15 dB and has a minimum detectable signal 
sensitivity of -60 dBM (10‘‘mW). At what range can the police radar he detected, 
assuming that this radar has the parameters given in Prob. 5.16? A sensitivity of 
-60 dBM can be achieved with a diode detector. If a superheterodyne receiver is used 
with a bandwidth of 10 kHz and a system-noise temperature of 5000 K, what is the 
maximum range at which the police radar will produce a signal with a signal-to-no.se 
ratio of 4? What factor gives the motorist an advantage over the police officer? 


PART 

TWO 

PROPAGATION 




CHAPTER 

_ SIX 

RADIO-WAVE PROPAGATION 


In the previous chapter a number of examples involving the determination of 
the received signal power in a communication link were given. These all 
involved systems for which the propagation of the electromagnetic energy 
between the transmitting and receiving antennas took place under free-space 
conditions. Free-space propagation does essentially occur for some com¬ 
munication links under ideal conditions—a satellite-to-ground-station link is a 
typical example. However, for most communication links the signal pro¬ 
pagation is modified by the presence of the earth, the atmosphere, the 
ionosphere, and atmospheric hydrometeors such as raindrops, snow, and hail. 
The influence that the natural environment has on the propagation of radio 
waves is highly dependent on the frequency used, the directionality of the 
antennas involved, and the proximity of the antennas to the ground. The 
physical nature of the intervening path also may have a significant effect, since 
propagation over water is different from propagation over land, over heavily 
vegetated areas, or over urbanized areas where tall buildings produce a variety 
of scattering and diffraction effects. 

The evaluation of a proposed communication link must be carried out with 
due attention paid to propagation effects. In many cases where propagation is 
strongly affected by the refractive index variations of the atmosphere or 
ionosphere, or by prevailing rain rates, the evaluation should be carried out in 
a statistical sense. Hie goal would be to ensure that sufficient signal-to-noisc 
margin is available so that under adverse propagation conditions outages will 
occur for only small intervals of time. The type of communication service 
involved generally dictates the tolerable probability of an outage occurring. 
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Wc can generally predict the performance of a communication link on the 
basis of assumed typical characteristics for the propagation path. It is con- 
venicnl lo break the discussion of propagation effects into those categories that 
represent the most significant phenomena that influence radio-wave propaga¬ 
tion in four broad frequency intervals. The first is extremely low or very low 
frequency propagation involving frequencies below a few kilohertz. In this 
frequency range the wavelength A„ is greater than 10 m. I he antennas used are 
very large and are of necessity close to the ground, or buried in the ground. 
The radio wave is reflected from the ionosphere, and a form of earth- 
ionosphere waveguide exists that may be thought of as providing a guiding path 
for the waves as they propagate around the earth. This waveguide model is 
particularly useful for frequencies below I kHz. Extremely low frequencies are 
useful in communicating with submerged submarines. The higher frequencies 
arc attenuated very rapidly by the high conductivity of seawater. 

The second range of frequencies is from I kHz up to a few megahertz. In 
this frequency range the propagation is strongly influenced by the presence of 
the ground. Local communication over distances of a few hundred miles is by 
means of (he surface wave. Standard AM broadcasting occurs in this frequency 

range. 

The third frequency range is from a few megahertz up to 30 to 40 MHz. In 
this band, which includes international shortwave broadcasting, the radio wave 
is reflected from the ionosphere to provide communication over long skip 
distances that may be thousands of miles in length. Over the propagation path, 
frec-space propagation conditions are approached, but the variability of the 
electron concentration with time of day, yearly variations, etc., produces a 
considerable amount of fading as well as periods of time when only certain 
frequencies are usable. 

The fourth category involves frequencies above 50 MHz. In this case the 
antennas arc relatively small and may be placed at heights of many 
wavelengths above the ground. The main propagation effects are those asso¬ 
ciated with interference between the signals propagated along the direct 
line-of-sight path and those reflected from the ground. At very high frequen¬ 
cies. several gigahertz and up. attenuation and scatter by rain and atmospheric 
gases, predominantly water vapor, must also be considered. Scattering and 
dilfraction of radio waves by hills, buildings, trees, etc., is also much more 

pronounced at the higher frequencies. 

The propagation phenomena of importance at frequencies above 50 MHz 

arc predominantly those associated with interference effects from ground 
reflections. These interference effects are relatively easy to analyze and are 
therefore discussed first. After high-frequency interference effects have been 
discussed, surface-wave propagation of radio waves in the frequency range of a 
few kilohertz, up to a few megahertz will be described. The sections that follow 
will treat shortwave propagation involving ionospheric reflection, attenuation 
and scattering of microwaves by rain and other atmospheric constituents', 
tropospheric scatter propagation, the earth-ionosphere waveguide model for 
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extremely low frequency propagation, propagation into seawater, and the 
phenomena of ducting. 


6.1 ANTENNAS LOCATED OVER A FLAT EARTH 

Ihe general features of the interference phenomena associated with antennas 
placed over the earth can be determined by studying the effects associated with 
antennas located above a flat earth. Figure 6.1 shows a transmitting antenna at 
height /i, and a receiving antenna at height l, 2 , with separation d. The figure 
also shows the direct ray and indirect or reflected ray that reach Ihe receiving 
antenna. When the two path lengths R, and R 2 differ by an appropriate 

amount there may be cither constructive or destructive interference at the 
receiving antenna. 

With reference to Fig. 6.1. the field that reaches the receiving antenna 
directly will produce a voltage proportional to 

g-/*<»*! 

47rft, 

where /, and f 2 arc the radiation field strength patterns of the two antennas. I he 
voltage produced by the indirect wave is proportional to 


fmwdpe* 


4t tR ? 


where pe* is the reflection coefficient at the ground. In the usual situation /i, 
and li 2 are very small compared with the separation d, so the angles 0 2 . 0\. 
0 2 are very small, and the antenna radiation patterns can be assumed constant 
over the range of angles involved. An exception would be the case when highly 
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Figure 6.1 Illustration of direct and reflected rays 
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directive antennas are used and h 2 is large, such as occurs if the transmitting 
antenna is located on the ground and the receiving antenna is located aboard a 
high-flying aircraft. In this case very little power might be radiated toward the 
ground; that is /,(0 2 ) ^/,(0,). The total received voltage will be proportional to 
(we use R 2 ^ R } in the denominator) 


/.(».)«»;) [ i +p e» = | mvm 




4 7r/? j 


( 6 . 1 ) 


The factor F, called the path-gain factor , shows how the Held at the 
receiving antenna differs from the value it would have under free-space 
propagation conditions. When it can be assumed that f x (0 2 ) **/,(#,) and f 2 (0 ' 7 )*» 
then F can be expressed as 

F-|1+ (6.2) 

The path-gain factor is the array factor associated with the antenna at height /t, 
and its image below the surface, with the relative excitation of the image 
antenna being p e'*. 

With reference to Fig. 6.1, it can be seen that /?, = [d ? + (/i 2 -/t,) ? ) u? and 
R 2 = [d 2 + (h\ + / f 2 ) 2 1 ,/2 - When /i, and h 2 arc very small compared with d % a 
binomial expansion gives 


d + \ 


(*i“ '0 ? 


d 4- 


«(*i+ 


from which we obtain 


F, - R 


?Mi 

d 


If pe'* were equal to -1 then 


sin ^- 2 

d 


(6.3) 


This shows that interference effects can lead to a doubling of the field strength 
relative to its value under free-space conditions. With reference to Fig. 6.2 we 
let »// 0 be the elevation angle given by tan i// 0 = h 2 /d so that Eq. (6.3) can be 
written as 


F = 2|sin(lc 0 /i, tan »// 0 )| 


(6.4) 


The relationship expressed by Eq. (6.4) is usually plotted in the form of a 
coverage diagram showing the variation of F with h\ and d, that is, with i/r 0 , for 
given values of /i, and A 0 expressed as a ratio /?,/A 0 . Note that F is a maximum 
when 


tan 
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Figure 6.2 Elevation angle i// 0 . 

and is a minimum when 

tan<A 0 = “ /i =0,1,2,... (6.5 b) 

h i 2 

A coverage diagram is a plot of the relative field strength as a function of 
direction in space from the transmitting antenna. It is analogous to the 
field-strength radiation pattern of an antenna. In any coverage diagram the 
fixed parameters are the height /i, of the transmitting antenna and the 
wavelength A 0 . The distance d to the location of the receiving antenna and the 
height h 2 of the receiving antenna are variable parameters, and each pair of 
values /i 2 , d determines a point in space. The coverage diagram is a plot of the 
curves Fir = constant in the h 2 d plane. In most situations the direct linc-of- 
sight distance r between antennas is very nearly equal to the horizontal 
distance d. The various curves of Fir that are plotted are usually chosen to 
represent the same signal level that would be obtained at a distance of a 
multiple or a fractional multiple of a convenient free-space reference range r L \ 
for example, F/r = m/r f or F = n\r/r f *» with m = I, \/2. 2... . or I/V2, 

1/2.The difference in signal level between successive curves is then 3dB. 

By using Eq. (6.3) we find that the constant signal level curves are given by 
(we assume that r d) 

F = 2 sin - y 1 - = m y (6.6n) 

d d f 

when the reflection coefficient equals -1. For the flat-earth case it is more 
convenient to use Eq. (6.4) or (6.5) which gives 

2|sin k 0 h x tan »// 0 | =* 2| sin Jc n /i,i// 0 | = ™ T (6.6 h) 

d f 

In this equation d can be treated as the radial coordinate and i/^ 0 as the angle 
coordinate in a polar-coordinate reference frame. However, note that since the 
vertical scale representing h 2 is usually expanded relative to that for d , the 
angle i]/ 0 appears much larger than it actually is. 

Whenever h x t> \ 0 and n is small, tan »// 0 ^ and the above relations show 
that the lobe structure is very fine; i.e., the angular separation between lobes is 
very small. For example, if h x = 100A 0 , then the lobes are separated by 
Ao/2Ji, = 1/200 rad, or by approximately 0.3°. Figure 6.3 shows a typical 
coverage diagram. If r f is the free-space range for a given received signal 
strength, then with interference taken into account the maximum fange is 2 r f , 
which corresponds to a horizontal distance d = 2r f cos i// 0 . For small values of (/' n 
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10' 3 X 10' 3 X 10' 4 X I0' 


it. m 

CM 

4 

Figure 6.3 Coverage diagrams for a Rat earth with reflection coefficient equal to -1. 


we have d **2 r f . The curves corresponding to d ~ 2r f cos •//„ appear ns vertical 
lines in Fig. 6.3 because of the greatly expanded vertical scale. Hie coverage 
diagrams shown in Fig. 6.3 are plotted for a frcc-space propagation distance of 
2 km. Any pair of values of h } and d that lies on the curve describing a lobe 
represents a point in space where the received signal strength is the same as it 
would be at a distance of 2 km under free-space propagation conditions. The 
smaller lobe shown in Fig. 6.36 represents a constant signal level 3dB greater 
than that of the larger lobe and comes from using m = V2 in F.q. (6.66). 

When the coverage diagram has been plotted it is a simple matter to 
determine the field strength at the receiving antenna relative to the free-space 
value. For example, if the receiving antenna height is 10 m. Fig. 6.36 shows that 
the received signal strength at a distance of 3.2 km is the same as that at 2 km 
under free-space conditions. The same figure shows that by raising the antenna 
height to 25 m at a distance of 4 km a maximum signal level will be received. 
This signal level will be the same as that at 2 km with free-space propagation. 

When the angle »// 0 is considerably below the first lobe maximum, Eq. (6.4) 
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can be approximated by 2/c 0 /i,i/' 0 , so 

(6.7) 

which makes the received signal voltage vary as the inverse square of the 
distance, thus reducing the maximum useful range quite severely. 

The coverage diagrams shown in Fig. 6.3 are based on taking p = l, 4> = rr. 
In practice this is a good approximation for the reflection coefficient for both 
horizontal and vertical polarization when the grazing angle t// is small, say, P or 
less. When i// is larger than 1°, p e'* may depart appreciably from -1 for 
vertical polarization but may still be approximated by -1 for horizontal 
polarization for values of i// up to 10° or more. 

f lic reflection coefficient pe'* is given by the Fresnel expressions for the 
reflection coefficients for a plane TEM wave polarized with the electric field in 
the plane of incidence (vertical polarization) and for a wave polarized with the 
electric Reid perpendicular to the plane of incidence (horizontal polarization), 
flic Fresnel reflection coefficients depend on the ground conductivity, permit¬ 
tivity, frequency, and angle of incidence. If the ground conductivity is <t % the 
permittivity e is Ke 0 . and i// is the grazing angle of incidence, then 



(* - jx) sin t/> - V(k - jx) - cos’ ■// 
(k - jx) sin i// + V(k - jx) - cos’ iji 


vertical polarization 

(6.8a) 


. sin «// - \/(« - jv) - cos 7 1 // 

P *=- — . ■ ■■ - ■ ■ horizontal polarization (6.86) 

sin »// 4 \/(k - j x ) - cos 7 .// 


where * = Typical values for the dielectric constant k are around 15, 

while the conductivity <t may range from 10 7 to 3x 10 2 S/m, with 10 7 S/m 
being a typical value for flat prairie land. The conductivity of mountainous 
regions is much lower. In general, k is smaller, around 6 or 7, for soil with poor 
conductivity and will increase up to about 30 for soil with a high conductivily. 

Figuic 6.4 shows the behavior of p and </> ns a function of the grazing angle 
il>. Of particular significance is the Brewster angle effect for vertical polariza¬ 
tion. which causes p to go through a minimum for values of iji below about 15°. 
As p moves through the minimum with decreasing values of i//, the phase angle 
tf> undergoes a rapid change from near 0° to 180°. This effect makes pe'* nearly 
equal to - I for both vertical and horizontal polarizations when the grazing 
angle i/' approaches zero. For a perfectly conducting surface p e’* would equal 
4 1 for vertical polarization. As the frequency <o increases, the effect of a finite 
ground conductivity decreases, since the parameter x ~ decreases. Thus 
for frequencies above 50 MHz, the ground behaves very nearly like a dielectric 
medium, since the displacement current /WE is then much larger than the 
conduction current czE. If the point of reflection occurs over water, particularly 
seawater, the reflection coefficient can be approximated by -1 for horizontal 
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(a) 






(b) 

Figure 6.4 Typical reflection coefficients for the ground as a function of grazing angle <//. « * 15. 
a «• 10~ J S/m. (<i) Vertical polarization and ( b) horizontal polarization. 


polarization but may differ significantly from -1 for vertical polarization, as 
reference to Fig. 6.5 shows. In the case of a rough sea the reflection coefficient 
could be quite small for either polarization. 

Whenever the point of reflection occurs over a rough surface the field is 
scattered in a more difTusc manner, and the specular reflected component, and 
hence p, is reduced in value. A measure of the height of the surface irre¬ 
gularities that constitute a “rough surface” may be obtained by considering the 
effective wavelength of the incident wave in the direction perpendicular to the 
surface. If z is the coordinate perpendicular to the surface and x is the 
coordinate along the surface, the incident wave will have a propagation factor 

Thus in the vertical direction the effective wavelength A 0 is 

given by 

_ 2tt _ A 0 
k 0 sin ifr sin ij/ 


A 


(6.9) 
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When the grazing angle of incidence is small, A„ will be large compared with A 0 , 
often by a factor of 10 to 100. If the point of reflection is raised by an amount 
\J 10 the change in phase of the reflected wave reaching the receiving antenna 
will be (2/c 0 sin'//)A„/I0 = 0.4 tt. This may be regarded as being the boundary 
between what can be considered to be a rough surface and a smooth surface.t 
With this criterion the surface of generally flat land can be considered 
“smooth” whenever the surface irregularities have an average height variation 
of A 0 /1Osin «//. For example, with A 0 = 1 m and «//= 1°, we find that height 
variations of up to 6 m can still be regarded as a smooth surface. At the longer 
wavelengths most surfaces appear to be smooth, but at microwave frequencies 
most surfaces would be rough and the reflection coefficient would be smaller 
than that given by the Fresnel formulas. 

A complication that has not been included in the flat-earth interference 
formulas is the cfTcct of the decrease in the index of refraction of the 
atmosphere with height above the surface.* At greater heights the less dense 
atmosphere results in a smaller index of refraction. This has the elTcct of 
causing the ray that leaves the antenna at a finite angle relative to the ground 
to curve or bend in a downward direction in accordance with Snell’s law of 
refraction. The phenomenon of ray curvature may be readily understood by 
dividing the atmosphere into layers, with discrete values for the index of 
refraction in each layer, as shown in Fig. 6.6. For this staircase approximation 
to the continuous variation in the index of refraction, Snell's law gives 

n , sin 0, = n 2 sin 0 2 = * • • n n sin 0 n = • • • 

Thus since each successive value of n H is smaller than the preceding value, the 
angles 0 n must increase and the ray curves in the downward direction. For 
propagation over a spherical earth this ray curvature extends the radio horizon 
beyond the geometrical horizon. 



\ The Rayleigh criterion allows for an obstruction with a height of leading to a maximum 

phase change of 0.5rr ; 

% The decrease in the refractive index with height is not always monotonic. Inversion layers 
leading to a phenomenon known as ducting can occur. Such effects arc discussed in Sec. 612. 


i 


B 
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The effect of ray curvature can be taken into account in a simple way for 
propagation over a spherical earth by replacing the earth with an earth having 
a larger radius and considering the rays to propagate along straight lines, 
provided the index of refraction decreases linearly with height. By means of 
this artifice the height of any point on the ray above the surface of the earth 
remains the same. For propagation studies a standard index-of-refraction 
profile is commonly chosen such that it is equivalent to increasing the radius of 
the earth by a factor of 4/3. Thus the effective earth's radius a e is chosen to be 
5280 mi (8497 km). With reference to Fig. 6.7, it is seen that (/t,T^) 2 = 
R 2 + a], so R 2 = 2/i,n, + h]^=2h } a e . Since the antenna height /i, is small com¬ 
pared with the distance to the horizon, the slant distance R is nearly equal to 
the horizontal distance d T to the horizon. Thus the distance to the horizon is 
given by d T = (2/i l r7 l> )’' 2 , and if d r is expressed in miles and in feet we have 

d T mi - V2Mi (6.10) 

The maximum linc-of-sight distance in miles between two antennas at heights 
/i, and /i 2 ft above a spherical earth with standard refraction conditions is then 
readily seen to be given by 

d M = V2^i + V2/T 2 mi (6.11) 

Fhe flat-earth interference formulas arc generally not valid for distances 
approaching the maximum horizontal linc-of-sight range. The exact distance 
over which the flat-earth formulas can be used depends on a number of factors, 
including wavelength. It is difficult to establish the range of validity without 
direct comparison with the interference effects based on using a spherical eaith 
model. The evaluation of interference effects over a spherical earth is con¬ 
siderably more complex than that for a flat earth and is discussed in the next 
section. 


6.2 ANTENNAS LOCATED OVER A SPHERICAL EARTH 

For antennas located over a spherical earth, with an effective radius a, to 
account for standard refraction, it is quite tedious to derive the appropriate 
formulas for the interference effects. The complications that arise are due to a 



Figure 6.7 Illustration of horizontal range. 
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number of factors, including the difficulty of expressing the path-length 
difference between the direct ray and reflected ray in terms of the antenna 
heights /i, and h 2 and horizontal distance d shown in Fig. 6.8. In addition, the 
grazing angle •// relative to the tangent plane at the point of reflection must be 
determined in order to evaluate the reflection coefficient. Also for reflection 
from a spherical surface the rays in the reflected flux tube have a greater 
divergence than the rays in the incident flux tube, as pointed out in Sec. 4.5 and 
illustrated in Fig. 6.9. t his increase in the divergence of the rays in a flux tube 
weakens the reflected field at the receiving antenna such that the appropriate 
expression for the path-gain factor F becomes 

/•’ - 11 i /),)/ ;4o4R | 

= (| 1 + Dp cos(<*> - k n AR)\ 2 + [Dp sin(<£ - k 0 AR)] 7 )' n 

= | (1 + Dp) 7 - 4 Dp sin 2 (6.12) 

where D is the ray-amplitude divergence factor and AR is the path-length 
difference. (The divergence factor used here is the square root of that given by Eq. 
(4.59).) 

An examination of Fig. 6.8 suggests that the relationships between the 
geometrical parameters describing the propagation paths would be relatively 
simple. This, unfortunately, is not the case. The known parameters are the two 
antenna heights /i, and /i 2 and the total range d . Hie point of reflection, which 
determines d x% d 2 , the grazing angle »//, and the divergence factor D, is governed 
by a cubic equation. The evaluation of the path-gain factor governing the 
interference region for a spherical earth has been systematized by the intro¬ 
duction of a set of parameters K and 7 that are functions of known parameters 
5 and T related to the antenna heights and total range d. The relevant 
equations arc given below without derivation and include formulas for the 


R 


Figure 6.8 Reflection from a spherical 
earth. 
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e ♦ A 0 


Figure 6.9 Illustration of ray divergence upon reflection 
from a spherical surface. 


path-length difference A R = R x + R 2 - R and the divergence factor D.t 

AR = ^- 2 J(5, T) 

a 

hi + h 2 

Ian <// = ——— 2 K(S, T) 
d 

d = [ 1 + _. 4 ^H i- m 

l S(l-Sj)(l + 7')J 


where S, = 


ns, t )= 

K(S,7') = 


d t 

^2 a,h ; 

d 2 

\Z2a t h } 

_ d_ __ . 

V2 a t h\ + V2a,/i, 

V lijh, < 1 

(1 - Sj)( I - S\) 

(1 - 51) f T\ 1 - S]) 

1 + T 2 


5,7 4-S 2 

i + r 


(6.13) 


(6.14) 


(6.15) 


and d l% d 2 , r/, and i// arc given in Fig. 6.8. Note that 7 must be chosen less than 
unity, so /?, is taken as the height of the lowest antenna. The above formulas 
show that A R and D are functions of S, and S 2 and hence are functions of 5 
and T only, since 5, and S 2 are determined by given values of 5 and T. The 
range d,, which determines d 2 - d- d x and 5,, S 2 , may be found by solving the 
equations given below: 


, a /1>+7r\ 

d, = - + p c Os(-y-J 


(6.16a) 


t D. E. Kerr, Propagation of Short Radio Waves, McGraw-Hill Book Company. New York. 
1951, Sec. 2.13. Note that we have interchanged h\, h 2 and Si, S 2 . 
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where 


2 r dW ' 7 

P = —[«, ( / ,, + /. J ) + 7 ] 


<t> = cos 


V3 L '' 1 

i 2a,(h l -h^d 


hy-sli 


(6.16 b) 


(6.16c) 


The phase angle of the reflected wave relative to that of the direct wave 
due to the path-length difference AR only is given by 


* «AR 


d 

= -Mil - 2 -^ (1 - S 2 )(l - S 2 ) = .’fir 
\Z2a e \ n d/d T 


where 


v - 


4/if _ /if 

\/2^A 0 1030A, 


when /i, and A 0 arc in meters, and 


- s i)0 - s !) 

d/d r 


(6.17n) 


(6.17A>) 


(6.17c) 


with d T = V2a,/i,. The parameter £ depends only on S and T. 


Coverage Diagrams 

Coverage diagrams for a spherical earth are usually plotted on a chart where 
the constant-height contours above the earth’s surface are shown as parabolic 
curves whose derivation is described below. With reference to Fig. 6.10 a curve 
of constant height li 2 above the earth’s surface is given by 

(y > n,y i x ! = (n,+ /i 2 y 

or y 2 + 2 a,y + a J + x 1 = a] + 2n,/i, + h 2 , 



Figure 6.10 Illustration for constant-height curves. 
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Since y a e and h 2 <&a t (his equation simplifies to 

la, 

which describes a parabola. When we divide by /«, we obtain 


(6.1 Kci) 


2a h . 


t-*-* 


(6. IS/.) 


(6.18c) 


where y = y//i, and x = xld T are normalized variables. If the scale length along 
y is increased relative to that for x only the shape of these parabolic curves 
changes. 

It is convenient to plot curves of constant values for the divergence factor 
D and path-length phase-difference parameter ( on a curvilinear grid, in which 
the horizontal coordinate is d/d r and the vertical coordinate is /i 2 //i t . Such plots 
are given in Figs. 6.11 and 6.12. Each parabolic curve is a plot of y//i, = y as a 
function of x = x/d T , with x = d, for a given choice of /i 2 //i,. For example, for 
M»t = 4 we have y//i, = 4 - (d/d T f which gives y//t, - 4 at d - 0. The curves 


0 * 0.99 9.08.07.0 6 


0.95 


4.0 


3.0 0 = 0.9 2.5 


D -- 0 8 
1.5 


n = o ? 

0 7 




0 1 

0 = 0 4 


dld r 

Figure 6.11 Contours showing constant values of the divergence factor D and the path-difTerencc 
phase variable C for h,/h, up to 4. [From C. R. Burrows and S 5. Atlwood ( eds .), Radio Wave 
Propagation . Academic Press. New York, 1949] 
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15 14 D = 0.99 
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6 

D = 0.95 


D = 0.90 


D - 0.80 

D = 0.70 
D * 0.60 

D * 0.40 
D - 0.20 


Figure 6.12 Contours showinR constant values of the divergence factor D and the path-difference 
phase variable { for /i,//i| up to 50. [From C. R. Burrows and S. S. Allwood ( eds .). Radio Wave 
Propagation, Academic Press, New York, 1949] 

are labeled by the parameter h 2 /h v Since D and ( can be expressed as 
functions of S and T, they are functions of /t 2 //t, and dld T only and can be 
plotted as constant-value curves on the /i 2 //t, versus d/d T curvilinear grid. 

If the reflection coefficient is assumed to be equal to -1, then the path-gain 
factor becomes 


F=[(l + Df 

= [(1+D) J 


4 D cos ? 


k 0 Ml 


4 D cos 


'(! *)] 


(6.19) 


For a spherical earth it is conv enient to use the normalized coordinates hjh, 
and dlei T , where d T = \/2a t h v The free-space reference range for a given 
coverage diagram is usually chosen as a suitable multiple of the horizontal 
range d T . Hence a coverage diagram is a plot of 

F=[(1 + D) , -4Dcos 2 (^k)] -mj- 

The following example shows how a coverage diagram may be constructed, 
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Example 6.1 Construction of a coverage diagram In this example we will 
illustrate the procedure for constructing a coverage diagram like those 
shown in Figs. 6.15 through 6.22. Consider the case where /i, = 45.7m and 
A 0 =3m corresponding to a frequency of 100 MHz. This situation could 
represent an FM antenna installation. The. parameter v as given by Eq. 
(6.17/7) has the value 


v = 


45.7- ,: 

3090 


= 0.1 


For a reflection coefficient of -1 the lobe maxima occur when vt, = 

*•3.5 . a "d 'he nulls occur when rf = 2, 4,6.The corresponding 

values of C are 10, 30, 50,.. . and 20, 40, 60. 

The first step is to prepare a blank chart with the constant 
contours as a function of dld T . These contours arc given by Eq. (6.1R/>) or 
(6.18c) and arc parabolic curves. Note that in Eq. (6.186) y and x arc not 
normalized with respect to /», and d T . respectively, but in Eq. (6.18c) they 
are. On this chart the tangent ray starting at did, = I and intersecting the 
/ij/ft, = I contour at d/d T = 2 may be drawn as shown in Fig. 6.14. The 
equation for the tangent ray, which is a straight line, i^ = It , - 2(x/d T )/i,. 
This line intersects the /i 2 //i, curve at dld T = I + Vh,/!,,. It intersects the 
/i 2 //i, = 4 contour at d/d T = 3. 

The path-gain factor is 


F= [(1 + D) J -4Dcos’^] 


and is a function of h,lh, and dld T . since D and ( depend on these 
parameters. If we choose a lobe corresponding to a free-space range of 2 d r , 
then the maximum value x = dld T can achieve will be 4 when D = 1, and 
we are located in a lobe maximum. In general, for other values of D and £ 
we have 


1 - 2F 

while for a frce-spp.ce range of \Jld T and* d T , x = V 2F and x - l \ 
respectively. For given values of /i 2 //i, and d/d r wc find ( and D from Figs. 
6.11 and 6.12 (for values covered by these charts) and thus compute F as a 
function of dld T for various values of /i 2 //i, as shown in Fig. 6.13. Wc must 
also satisfy the relationship 

d d/d T 
F = m —= — L 
d T r f /d T 

which is a series of straight lines with slope d T /r f = m where r f /d T is the 
chosen free-space range parameter. The intersection of these straight lines 
with the other curves of F as a function of d/d T gives those values of d/d T 
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I 2 3 


d/d T 

Figure 6.13 Data for constructing a coverage diagram (or * - 0.1. 


that satisfy the equation 




( 6 . 20 ) 


For values of £ greater than those given in Figs. 6.11 and 6.12 the 
flat-earth formulas apply, so fc n AR = 7k n h x h-Jd = rn(h 2 lh t )l(dld T ) and 
hence £ = {h 7 lh,)l(dld r ). In this range D = I and the path-gain factor 

simplifies to 



= 2 sin - i'f 


. I* ;, A\| 


( 6 . 21 ) 


The various lobes may now be drawn on the blank chart prepared 
earlier and showing the constant hjh, contours as a funct.on of d!d r The 
resultant coverage diagram is shown in Fig. 6.14. ■ 


Precaution must be exercised when constructing coverage diagrams, for the 
interference formulas giving the path-gain factor F become inaccurate as the 
region close to the tangent ray is approached. This region ,s characterized by a 
path-length-difference phase factor less than rr/2 and small values for the 
divergence factor D. As the tangent ray is approached, the divergence factor D 
approaches zero, and the path-gain factor F then begins to increase and 
becomes equal to unity, i.e., the same as for free space at the pos.t.on of the 
tangent ray. This is not what really occurs, since in actual fact the field strength 
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' • d/d r 

FiRurr 6.14 Coverage diagram for v * 0 1 based on dala in Fig 6.13. 


decreases rapidly as the tangent ray is approached and beyond this point. The 
field in this region is governed by diffraction effects, which are discussed in the 
next section. 

With reference to Fig. 6.13, it is seen that one of the plotted curves of F 
versus d/d T increases for values of d/d T greater than about 2. The reason for 
this is because D in this range is becoming small, and at the same time vn( is 
also very small. Hence the points of intersection of the straight lines with this 
curve of F for /i 2 //i, = 4 in the region of dld r greater than 2 do not give an 
accurate expression for the relative field strength and are therefore not 
included in the coverage diagram shown in Fig. 6.14. It is this same efTcct that 
docs not permit the extension of the bottom lobes shown in Figs. 6.12 through 
6.22 beyond the regions shown, since F would begin to increase because of the 
decreasing value of D as the tangent ray is approached. 

A number of different coverage diagrams are shown in Figs. 6.15 through 
6.22 for different values of v. The reflection coefficient equals -1, and an 
equivalent earth radius equal to 4a/3 is assumed. The path-gain factor F is 
plotted as a function of /i 2 //i, and d/d T in these figures for various values of the 
parameter v. These curves arc obtained by using the data in Figs. 6.11 and 6.12 
to obtain D and £ for given values of /j 2 //i, and d/d T . The numbers on the 
curves give the corresponding free-space range for the same signal level as 
obtained taking interference into account. For example, a curve labeled 4 
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d/d T 

Figure 6.15 Coverage diagram for v ■ I. [From C. F narrows anti 5. 5. Attwood (eds.). Ra , 
VVnne Propagation, Academic Press, New York, 1949] 



d/d T * 

Figure 6.16 Coverage diagram for v = 1. [From C. F. Marrows and 5 5. Attwood ( eds .). Rtf 
U'<u>e Propagation, Academic Press, New York, 1949] 
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Figure 6.17 Coverage diagram for */ - 0.5. [From C. F. Burrows and S. S. Attwood {eds ). Radio 
Wave Propagation, Academic Press, New York, 1949] 



Figure 6.18 Coverage diagram for v = 0.5. (From C R. Burrows and S . 5. Attwood {eds ). Radio 
Wave Propagation. Academic Press. New York, 1949] 
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Figure 6.19 Coverage diagram for j* - 0.25. [From C. R. Burrows and S. S. A It wood (eds). Radio 
Wave Propagation. Academic Press, New York. 1949 .] 
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Figure 6.20 Coverage diagram for v = 0.25. \From C. R. Burrows and S. S. Attwood {eds .). Radio 
Wave Propagation, Academic Press. New York. I949.\ 


50 


*sTJm 

nr.emz 


1SSMSS 




Surf «ce of 


m - 0.1 25 


farih 


Jangcnl ray 


d/d T 

Figure 6.21 Coverage diagram for v * 0 125. [From C. R. Burrows and S S. Attwood {eds ). Radio 
Wave Propagation. Academic Press, New York, 1949.) 
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Figure 6.22 Coverage diagram for v = 0.125. [From C. R. Burrows and S. 5. Attwood {eds.). Radio 
Wave Propagation. Academic Press. New York. 1949.) 
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corresponds to a free-space range of r f = 4</ r . There is a 3-dB change in signal 
level between adjacent curves for one-way transmission. 

When the reflection coefficient differs significantly from -1, then a 
coverage diagram describing the path gain factor F for that particular case 
must be constructed, since the generalized coverage diagrams shown in Figs. 
6.15 through 6.22 no longer apply. The parameters D and ( may still be found 
from Figs. 6.11 and 6.12, but now the grazing angle t// must also be found in 
order to determine the reflection coefficient. For this purpose Fig. 6.23 giving 
the function K{S, T) can be used to determine ip by means of Eq. (6.14). 

The formulas for evaluating interference effects for a spherical earth are 
much more involved than the relatively simple formulas that apply to a 
flat-earth model. It is therefore of interest to determine the conditions under 
which the flat-earth formulas will hold with acceptable accuracy. 

The most critical parameter determining the interference phenomena is the 
phase associated with the path-length difference HR. For a flat earth this phase 
angle is given by 2/c 0 /t 1 /t 2 /d {see Eq. (6.3)J, while for a spherical earth it is given 
by Eq. (6.17 a) in the form nv(. If we require that the flat-earth formula be 
accurate to within 0.1 tt, then we need 


2k 0 h | /i 2 

d 


TTl'( ^ 0.1 7T 


By introducing the parameter v into the flat-earth formula this expression can 
be written in the form 




Figure 6.23 Constant K contours 
as a function of 5 and T ( Data 
from D. E. Kerr, Propagation of 
Short Radio Waves, McGraw-Hill 
Book Company, New York, 1951.) 


hy/h 
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or equivalently 

where y - hjh, and S - d/d T , and Eq. (6.17c) is used (o replace (. Since the 
above expression marks Ihe boundary al which the flat-earth formulas will be 
valid, we will use the flat-earth relationship h 2 /h, = d 2 /d, along with d = d, + d 2 
to simplify this expression. We can replace d 2 by yd. and use d = (1 + y)d, 01 
d, = dl (I + y) to obtain 

since d\ - 2a,li,. In terms of the variables i and y Eq. (6.22) becomes 


fi’-ytl + yfft-O+ytSO 


(6.23) 


The regions in which this condition is satisfied are to the left of the v = 
constant curves shown in Figs. 6.24 and 6.25. 

In addition to keeping the phase error less than 0.1 rr we also require that 
the divergence factor D for a spherical earth should be close to unity, since this 
factor reduces the strength of the reflected field and is not present in the 
flat-earth model. In Figs. 6.24 and 6.25 the curves corresponding to D - 0.9 and 



Old, 

Flgur* 6.24 Illustration ot region in which the flat-earth interference formulas are valid. 
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S. 15 

C« 

•*r 


5 


d/,1, 

Figure ft.25 llliislralion o( region in which the llat-earih interference formulas are valid. 

0.8 are shown. For reasonable accuracy we should require D* 0.9, and hence 
the region in which ihe flat-earth formulas can be applied with fair accuracy is 
above the D = 0.9 curve and to the left of a given v = constant curve. For an 
expanded range of applications one could permit D to become as small as 0.8, 

but the resultant accuracy is then poorer. 

The last parameter of interest is the grazing angle >//. since when .// is not 
small it is generally not possible to replace the reflection coefficient by -1. 
According to Eq. (6.14) tan ./< = (/>, + h,)K(S. T)!d. which would be the same as 
for a flat earth if K{S, I) is equal to unity. If we require an error not exceeding 
10 percent for tan then K >0.9. The parameter K is relatively independent 
of the height ratio h 2 /h, and will be greater than 0.9. provided SsO.J.t The 
latter condition can be stated in the form 

*<0.3(1 + y' 12 ) (6.24) 

upon substituting x and y into the expression for S given after Eq. (6.15). 
These curves are also shown in Figs. 6.24 and 6.25 and place a further 
restriction on the range of validity of the flat-earth formulas whenever it is 
necessary to evaluate the reflection coefficient from a knowledge of the grazing 
angle because <l> is too large to allow using -1 for the reflection coefficient. 



t This is deduced from the chart of K versus 5 and 7 given in Kerr. 


• •» I 
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Figures 6.24 and 6.25 show that the hat-earth formulas apply for distances 
d that are gener ally co nsiderably jess than the total horizontal line-of-sight 
range + \/2a e li 2 = d T ( 1 4- Vy), that is, for values of x considerably less 

than 1 4- Vy. The requirement that K >0.9 restricts the maximum range to 0.3 
of the total horizontal range. However, when »// is small so that the reflection 
coefficient can be approximated by -t, then it is not necessary to know the 
grazing angle, and somewhat larger distances are allowed, particularly at the 
lower frequencies where the parameter v is small. However, at the lower 
frequencies A 0 is large and the antenna terminal heights are relatively small so 
/! 2 //!,= y would normally not be large; as Fig. 6.24 shows, the maximum 
distance over which the Oat-earth formulas would apply is less than £ = 1 or rf 7 , 
which is the distance to the horizon from the antenna at height h x , that is, 
d < d T = V 2a t h l . 

Applications of Coverage Diagrams and Interference Formulas 

I he following examples will illustrate the use of the interference formulas and 
the coverage diagrams given in Figs. 6.15 through 6.22. 

Example 6.2 Radar system A radar has its antenna at a height /i, = 15 m 
above the ground. It is tracking an approaching aircraft Hying at a height 
h 2 = 300m. 'Ihe wavelength A 0 =l()cm. The radar uses horizontal 
polarization so that the reOection coefficient will be assumed to be equal to 
-I. The objective is to determine at what range the aircraft can be 
detected when the free-spacc maximum-range capability of the radar is 
40 km. 

This problem is best solved by constructing a plot of relative received 
signal as a function of d/d T as the aircraft Oics towards the radar at a 
constant height h 2 . From Eq. (6.176) the parameter v equals /if/l()30A n = 
0 564. A coverage diagram for v = 0.564 is not available, but the diagram 
given in Fig. 6.17 for v = 0.5 will be nearly correct and will therefore be 
used to illustrate the procedure. If wc changed /i, to 13.85 m we would get 
*’ = _P-5- The horizontal range d T% assuming standard refraction, is r/ 7 - 
V2rt>, = 4122 V/., = 15.96 km. The free-spacc maximum range is thus 
40/15.96= 2.5d r . In a radar the power incident on the target is modified by 
the square of the path gain factor, i.e., by F ? relative to its value under 
free-space conditions. Ihe power scattered by the target back to the radar 
is also modified by this same factor. Hence the received power is modified 
by the factor F 4 from its value under free-space conditions. Thus the signal 
level corresponding to adjacent lobes shown in the coverage diagram in 
Fig. 6.17 differs by 6dB for the purpose of evaluating the performance of a 
radar system; for example, received power varies as r 4 , so an increase in r 
by a factor of V2 corresponds to a signal-level change of 6dB. 

We will let the lobe labeled 2 correspond to a received reference signal 
level S 0 . With reference to Fig. 6.17, if we move along the constant-height 
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contour hjh x = 300/15 = 20 we intersect the lowest lobe labeled 2.8 at a 
maximum range d = 4.15d r . At this point the received signal will be 6dB 
smaller than the reference level S 0 . At d = 4.35d r we intersect the lobe 
labeled 4, which gives a signal level 12 dB below S 0 . At d = 3.6 d T we 
almost touch the lobe labeled 2 corresponding to a signal level S 0 . As the 
target moves in, the lobes labeled 2.8 and'4 are intersected at d- 3.3 and 
3.2 d T , with corresponding signal levels 6 and 12 dB below S 0 . The signal 
level then drops rapidly as the target moves through the interference null. 
At d - 2.85, 2.8, 2.7, and 2.55 d T the signal level goes from 12 dB below S 0 
to 6 dB below S 0 , to S 0 , and to 6dB above 5 0 , respectively, as the target 
moves through the second interference lobe. A maximum signal level 
occurs at 2.45d r , and by using linear interpolation between the 1.4 and 1 
lobes this signal level is found to be about 8dB above S 0 . By continuing to 
move in along the constant-height contour, the signal variation as a 
function of dld r can be determined as the target passes through the various 
lobes. In Fig. 6.26 we show the relative signal level as a function of d/d r 

The maximum free-space range of the radar is 2.5 d r . Since S 0 cor¬ 
responds to the signal level received with a maximum free-space range of 
2 d r we see that the minimum detectable signal S m will be (2/2.5) 4 5 0 = 
0.4I55 0 , or 3.88dB below S 0 because of the r 4 dependence. In Fig. 6.26 a 
horizontal line is drawn at a signal level corresponding to 3.88 dB below 
the chosen reference level S 0 . Whenever the target is located at a distance 
d such that the received signal is above this level it will be detected. Note 
that there arc many blind spots and that as the target comes closer to the 
radar the signal level varies more rapidly and reaches higher peak values. 

When the target reaches a distance such that the grazing angle <// is 
several degrees, then the finite beam width of the radar antenna (which 
might be less than 5°) will prevent any significant radiation from striking 



Figure 6.26 Relative signal strength as a function of dldr - 





the ground. When this occurs the ground interference effects vanish, and 
the signal level will increase monotonically and proportional to d A , the 
same as for free-space conditions. 

If we use the flat-earth formula then 



We will assume that the radar antenna is always pointed at the target and 
that the antenna gain is reduced by 10 dB at an angle of 6° off axis. 
Furthermore we will assume that when the ray incident on the ground is 
reduced by an amplitude factor of VlO we can consider interference 

ejects to be negligible. With reference to Fig. 6.27 we see that this occurs 
when <// -F «//, = 6°; thus 


tan (i// 4- »//,) = 


tan (// + tan t//, 

1 - tan <// tan t//, 


2 h 2 d 




= tan 6 f 


upon using d tan i/>, = h t - h, and d (an = h } + h,. The above equation 
may be solved for d to give d = 5.72 km = 0.36 d ,. Thus the target must get 
quite close to the radar before the ground interference effects become 
negligible. m 


Example 6.3 EM communication link An FM transmitter has its antenna at 
a height h 7 equal to 80 m. The antenna gain is 5, and the transmitter power 
is 500 W. The receiving antenna is at a height /i, equal to 10 m. The 
frequency of operation is 100 MHz. For this system i/= 0.01 and d T = 
4122V10 = 13.03 km, or V2 x 32.8 = 8.1 mi. We wish to find the field 
strength in volts per meter at a distance of 8.1 mi from the transmitter. If 
we refer to Fig. 6.14 we see that at /t 2 /Ji, = 8 and d = d T the field strength is 
the same as it would be under free-space conditions at a distance of 4 d T . 
The power density is 

1 |F .»- P.G 

2 Z, 4 n(4d T f 



Figure 6.27 Illustration of effect of antenna pattern on the field incident on the ground. 
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Hence 


lrl _ / «OXSOOX 3V W = 7 4 mV/m 

|E| - \32irrfv) '32 x 1.3 2 x 10 / 

At the receiving site the value of the path-gain factor is d T IAd T = 0.25. ■ 

Fxample 6.4 Microwave communication link in a microwave communr- 

ca.ion Tink the antennas are mounted on towers a. ' height 
above the ground. The wavelength of opera,.on is 10 cm. It is required to 

find the maximum distance tf that can be used so .ha, the - 

reduced below its free-space value. Thus a path-gam factor Fequal to 1 is 
required. The parameter „ is equal to ft»/1030A.-2.01. If we use the 
flat-earth interference formula [Eq. (6.3)] we have 


= 0.25. 




= 1 


and hence d = 6 d T in order to make F = 1. But since = ft, the maximum 
line-of-sigh, range is 2rf r ; quite clearly the flat-car,h interference formula ,s 

1,01 Acwe«ge diagram for — 2 has not been included in this text. Thus 
we must use the formulas (6.14) to (6.17). Since the parameters S 

and S 2 are equal and T = 1. 5 = dl2d T = S,. Hence the divergence factor D 

equals 

f d 1 T' 1 ’ (X-d'HdSf* 

D = 1 1 + d](T S4) J (1 + ld’l4d\r 

, - hL'h ( , _ --- V 

antl 4 ~ dld T \ 4 d\t 

When we equate the path-gain factor given by Eq. (6.19) to unity we obtain 

. tti’C D + 2 

cos ~T “ - T~ 

This equation can be solved numerically, and it yields r/jl.36rf, . » = 
and ( = 0.21. Thus the maximum range is 4122 x 1.36V35 - 33.16 km. ■ 

Example 6.5 Microwave link with unequal tower heights This example is 
the same as the previous one, with the exception that fc 2 = 50 m. The 

path-gain factor F a, a distance <f = 50km ts ^ 
h, * h 2 we must find d, using Eq. (6.16). From Eq. (6.16b) we obtain 


_L [R497(0.085) 

V3L 


x2,1/2 


= 42.38 km 


By using Eq. (6.16c) we find that 


. 030 x 50 x 8497\ 

-H™ ' 

We now use Eq. (6.16a) to gei 

d, = 25 + 42.38 cos — -? + ” = 22.625 km 

Hence d 2 = 50-d,= 27.375 km. The parameters S |f S 2 , and T given after 
Eq. (6.15) arc 5, = 0.9277, S 2 = 0.9391, and T = 0.8367, while 7 = 0.01646 
and K = 0.1269. From Eq. (6.14) tan ip = 2.16x 10 4 . In this example t// is 
so small that we can assume the reflection coefficient to be equal to -1. 
From Eq. (6.15) we obtain D = 0.262, while Eq. (6.17c) gives { = 0.01147. 
Wc can now compute F from Eq. (6.19); thus 

F = [ 1.262* - 4 x 0.262 cos’( jx 2.01 x 0.01147)] 

= 0.739. 

The received signal voltage will be 0.739 of what it would have been with 
free-space propagation conditions. ■ 


6.3 THE FIELD IN THE DIFFRACTION ZONE 


According to geometrical optics the field strength below the line of sight or 
tangent ray is zero. However, because of diffraction effects the radiated field 
penetrates into the shadow zone below the tangent ray. Although the field 
strength decreases rapidly as the point of observation moves deeper into the 
shadow zone, the field is still finite and often of sufficient strength to produce a 
useful signal. The field strength is also influenced by diffraction effects in the 
region above but close to the tangent ray. 

There is no simple method of calculating the field strength in the near 
vicinity of the tangent ray. However, once the point of observation is 
sufficiently far into (he shadow (diffraction) zone, a simple expression exists for 
finding the path-gain factor F. In the intermediate zone the path-gain factor can 
be determined with acceptable accuracy by drawing a smooth curve connecting 
the values of F in the interference region to those values determined for points 
well into the shadow zone. Thus one should find the values of dld r that 
correspond to the first maximum where ttv£/2 = n/2 and F = 1 + D and the 
point where irv(l2 = 7r/4 and F. = (I + D) u7 and join these by a smooth curve to 
several values of F determined for values of d/d T in the diffraction zont. 

In the diffraction zone F is given byt 

F= V i (X)U i (Z,)C7 i (Z 2 ) 


t ibid. 


(6.25) 





370 PROPAGATION 


where the main attenuation function V,(X) is given by 

V,(X) = 2\ZjtX e~ 2mx (6.26) 

and X is the distance measured in natural units of length L and Z, and Z 2 are 
the antenna heights measured in natural units of height H. These natural units’ 
are given by 

2 m 

F = 2 (^-) = 28.41Akm (6.27a) 

i n 

H = (-—) = 47.55A^m (6.276) 

where A n is measured in meters. In natural units X = d/L and Z 12 = 'I he 

attenuation function V, is shown in Fig. 6.28, while the height-gain function 
UdZ) is shown in Fig. 6.29. 



Figure 6.28 The attenuation function V,(X) 


Figure 6.29 The height-gain function t/,(Z). 


Example 6.6 Path-gain factor for a microwave link In order to illustrate 
the use of F.q. (6.25) we will construct a plot of F versus d/d r for the 
microwave link discussed in Example 6.4 in the previous section. For this 
system /i, - /i 2 = 35 m, A 0 = 10 cm, d T - 24.39 km, and v - 2. The path-gain 
factor F has its first maximum when i/£ = 2£ = I, or £ = 0.5. From Fig. 6.11 
we find that this occurs when d = 1.06 d r and the corresponding value of I) 
is 0.75, so F = 1 + D = 1.75, or 4.86dB. At the point of quadrature 
"£ = 0.5, so £ = 0.25. This point occurs at d= 1.3 d T and D = 0.58 and 
F = (I »- D) ,,2 = 1.26, or 1.97 dB. For the points in the diffraction zone vve 
will choose d = 2.5, 3, and 3 .5d r . T he corresponding values of X are 


2 .5x24, 39 
28.41 x (0.1 ) ,/3 


4.62 



X 3 = 6.47 


From Fig. 6.28 we find that the attenuation function V, equals -64. -80. 
and -96 dB, respectively. The parameters Z, and Z 2 are given by 




35 _ 

47.55 x (0.1 ) m 


= 3.42 


and the height-gain function (from Fig. 6.29) (/,(Z,) = 17 dB, Hence in the 
diffraction zone at the given values of d/d T the values of 20 log F are -30, 
-46, and -62 dB. The path-gain factor is shown in Fig. 6.30. 

If P, is the transmitted power, G is the antenna gain, and d is the 








o: 
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distance to the receiver, then the incident power per unit area at the 
receiving terminal will be 



P,G F ! 

4 nd\{dld T f 


This expression is best evaluated by making a plot of F 2 l(dld T f or of 
20 log F - 211 log dld r . The latter is simply a reduction of the value of 
20 log F by 6dB for every doubling of d beyond the point dld T - 1 and is 

shown as the broken curve in Fig. 6.30. 

In general, for receiving points located below or near the tangent plane 

the path-gain factor should be plotted as a function of dld T The required 
curve is obtained by joining the curve in the interference region to that 
which applies well into the diffraction zone. The error made in this 
extrapolation from the two regions towards the tangent ray is gcncrahy 


small. 


6.4 MIDPATH-OBSTACLE DIFFRACTION LOSS 

I 

It is not always possible to install a communication link so that there are no 
obstructions such as hills or large buildings that block part of the field from the 
transmitting antenna, impeding its arrival at the receiving terminal. F.g^ 6.31a 
shows a ridge or hill that partially blocks the propagation path Hie effect of 
the hill can be modeled as a thin plane or knife-edge having the same clearance 



I 2 3 

d/d r 


Figure 6.30 Palh-gain factor F in decibels for fc, = fc,= 35m. A 0 =!Ocm. Note that F = 1 at 
(l = 1.36 d r . as in Example 6.4. 
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Figure 6.31 (<i) A hill obstructing the pro¬ 
pagation path. ( b ) Knife-edge model for an 
obstruction blocking a reflected ray. (<•) 
Knife-edge model for an obstruction not 
blocking the reflected ray. 

distance h r from the linc-of-sight path, provided there is no specular reflection 
from the top of the hill; that is, the reflected ray shown in Fig. 6.31a is absent, 
f lic knife-edge model is shown in Fig. 6.31/;. We will show that when the 
clearance height li t is zero there will be a 6-dB diffraction loss relative to 
frec-space propagation, provided a specularly reflected field behind the screen 
cannot reach the receiving terminal, as shown in Fig. 6.31 b. If the obstruction is 
such that a reflected field is also diffracted by the knife-edge, as shown in Fig. 
6.31 c, then the compulation of the diffraction loss is more complex. In the 
discussion below wc assume that there is no significant contribution to the 
received field from specular reflection. This is equivalent to saying that the 
received field is modified from its free-space value by the diffraction effect of a 
knife-edge. Thus the appropriate diffraction problem lo analyze is that shown 
in Fig. 6.32. In terms of the path parameters, the height of point P shown in 

Fig. 6.32a is /», + (/t 2 - li^djd = (r/ 2 /t, + d^JId. Hence it is readily seen that 
the clearance heigh! is given by 

(djii + dju \ 

*) cos * 



(6.28) 
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Figure 6.32 Knife-edge diffraction 

model showing propagation-path 
parameters. 


where h is the height of the obstruction. In many practical cases cos 0 ( can be 
replaced by unity, since 0 C is very small. 

The following procedure will be used to determine the diffraction loss: The 
field incident on the surface S shown in Fig. 6.32 will be approximated by an 
expression corresponding to a ganssian-shaped beam. T he free-spacc field at 
the receiving site will be expressed as a field radiated from the effective 
aperture surface S and compared with that in the absence of the knife-edge. 
The ratio of these two fields gives the diffraction loss. Since it is the ratio that is 
being determined, the result is not critically dependent on the expression 
chosen to represent the field incident on the surface S. 

The incident field on S is a spherical wave with a propagation factor e - '* 0 *' 
at the point O. At the point Q, a distance p from O, the corresponding factor i$ 
e' 1 "'* 7 where R 2 = (R] + p 2 )' n - Since R x > p we have 


R 2 -R,+ 
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Hence on the surface S, the propagation factor that determines the phase of the 
incident field is e -**t-*»'**t m The incident field is a beam of finite width in¬ 
versely proportional to the diameter of the transmitting antenna. We will use a 
gaussian function e p? " 7 to describe the amplitude decay of the incident field as the 
point of observation moves away from the bore-sight direction. Thus the electric 
field on the surface S is chosen to be 


c 

jr. — a _9 


(6.29) 


where E 0 is an amplitude constant and we have assumed that the incident field 
is polarized along y. The xyz coordinate system is shown in Fig. 6.32 a and has 
its origin at O. The radial distance p is equal to (x ? -F y 7 ) m . 

The field incident on the receiving antenna can be found by considering the 
surface S as an aperture surface and using Fq. (4.12) to find the resultant 
radiated field. The radiated field is given by 


EM- 4 ^ 2 11 *(*r k r )e-*'-*" dk.dk, 


(6.30) 


where f - a y / y + a,/, and f y is the Fourier transform of E ( ; that is, 


/, = \\ EAx, y) d X dy 


(6.31) 


At the receiving antenna r is very nearly equal to a,z, so only those waves in 
the plane wave spectrum with k, close to zero will be incident on the antenna. 
Thus in Eq. (6.30) we can approximate k, as follows: 

k, = (kl-kT~k n -£ 

ZKq 

Since the field is also predominantly a spherical wave /, is very small. Hence 
the incident field on the receiving antenna can be expressed as 

oe 

F.(r) = e-** | f /,(*„ k y ) dk x dk r 

-or 

where + When we substitute for / from Eq. (6.31) and use Eq. 

(6.29) we obtain 


E(r) = JJ J J 


— ' -*c 


x dx> dkdky 


(6.32) 
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where the aperture coordinates have been labeled with a subscript 1. The 
integral over y, extends from - h c to infinity because of the shadowing effect of 
the knife-edge screen. If the screen were not present, the integral would extend 
from minus to plus infinity. On axis at the receiving antenna x = y = 0. 

The integrals over k t . k y , and x, can be carried out. using the result ' 


‘ U,hu du = xP 
’ a 


After doing the integrals over k, and k y we obtain (we have put x = y - 0) 




*ro| | e‘ ,, W > dx l dy l 


2nzR, 


where 


/ 1 1 \ 1 


The integral over x, is now performed to give 


F.(r ) = 

2nzR, 


•*\l- f e"'i 


dy, 


(6.33) 


The ratio of the integrals over y, in the presence of the screen to that when 
the screen is absent will give the diffraction loss. Hence the path-gain factor 
due to diffraction is 




(6.34) 


where the integral from minus to plus infinity was replaced by ( n/a)' n . When 
h r - 0 the integral equals 0.5(rr/a) ,,J . since it is an even function of y,. Thus 
when the clearance height is zero, one-half of the incident radiation is blocked, 
which results in a 6-dB loss. 

If we let ay] = /7 th 2 /2, then c/y, = (jnlla) 113 du and 


F* = - 


V2 


c du 


(6.35<i) 


\Ta 2(/?j + z) 2 j 
where H, = yj- h, = “ “ 


(63Sfc) 

A n R t z na 2 V V*i <*2 net > 


The integral giving the diffraction loss is a Fresnel integral. For the case of a 
transmitting antenna with modest gain such that the effective beam radius d 
can be assumed to be very large, H c is real and given by (2d/A 0 d,d 2 ) ,,2 /i f . For 
this case F d in decibels, that is. 20 log F d , is shown in Fig. 6.33. The diffraction 
loss is negligible whenever the parameter II C is greater than 0.8. 

If the antenna beam width between points where the field strength has 
dropped by e ' from its on-axis value is then n^d y tan 0 A . In order that 
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Figure 6.33 The path gain factor F 4 caused by knife-edge diffraction loss expressed in decibels as a 
function of the normalized clearance parameter H f . 

Met 2 be very small relative to 2 d/\ 0 d { d 2 we require that 

j 2 4_2 o ^ ^od\d2 


d] tan 2 0 A t> 


d f An _ 


(6.36) 


For most communication links the path length d is so large relative to the 
wavelength that the above condition is satisfied and F, can be determined from 
Fig. 6.33. 

For an obstruction such as a hill, the clearance height h ( should be chosen 
to provide some margin of safety against fading introduced by subrefraction. 
Under standard atmospheric conditions the clearance height can be determined 
by plotting the path profile above an earth with effective radius equal to d/3 (he 
actual radius. However, under some conditions the refractive index can in¬ 
crease with height, and the rays will then curve upward and thereby reduce the 
effective clearance. Typically it is necessary to ensure that // ( is equal to about 
0.8 for refractive conditions corresponding to an effective earth radius equal to 
0.7 of the actual radius.t The path profile should be drawn above an earth with 
this effective radius to ensure that there is adequate path clearance such that 
the probability of fading due to diffraction loss will be negligible. 

6.5 SURFACE-WAVE PROPAGATION 


In. the previous four sections interference effects between the direct and 
reflected field were analyzed. This field is often referred to as the ground wave 

t M P. M. Hall, Effects of the Troposphere on Radio Communication, Peter Pcrcgnnu*: I ondon 
1979. Sec. 4.2. 
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to distinguish it from a wave reflected from the ionosphere and called the sky 
wove. It is also called the space wave to distinguish it from the surface wave. 
When the antennas are located close to or on the ground the space wave 
vanishes because the reflected field cancels the direct wave. For this situation 
the field at the receiving antenna is due to a surface-wave field. Propagation by 
means of the surface wave is the primary mode of propagation in the frequency 
range from a few kilohertz up to several megahertz. The attenuation in signal 
power is nearly proportional to the inverse of the fourth power of the distance 
separating the receiving and transmitting antennas. In this regime the antennas 
are usually large towers, the transmitter power may range from 10 kW upwards 
to 1 MW, and useful propagation distances of several hundred miles are 
achieved. 

In this section we will outline the analytical solution for the radiation from 
an elementary vertical dipole above a fiat lossy earth. From this solution the 
space-wave and surface-wave contributions can be identified. The surface-wave 
attenuation function will be presented in graphical form. Examples of com¬ 
munication link evaluations will be given to illustrate typical power levels, 
propagation distances, and signal levels involved. 

Ihe fundamental problem of radiation from a short current filament 
oriented in the vertical direction and located above a fiat lossy earth was solved 
by Sommerfeld in 1909. Later work by Sommerfeld in 1926, plus that of many 
other investigators, led eventually to extensive numerical evaluation of the 
theoretical formulas by Norton in 1936 and 1937.t 

Figure 6.34 shows a z -directed current element of unit strength located at a 
height h above the surface of the earth. The earth is characterized by a 
complex dielectric constant 

K = k' - jx" - k' - j — (6.37) 

(O€ 0 

where a is the conductivity. The current density can be represented by the 
product of three delta functions, since it is viewed as a localized point source; 


Figure 6.34 A unit vertical current 
element above a lossy flat earth. 

t K. A. Norton, "The Propagation of Radio Waves over the Surface of the F.arth and in the 
Upper Atmosphere.” Proc. IRf% vol 24. 1936. pp. 1367—1387. and vol 25. 1937. pp. 1203-1236. 
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thus 

.1 = a,6(x)f>(y)S(z - h) (6.38) 

The air-earth interface is located at z = 0. The vector potential has a z 
component only and satisfies the equation 


V ? </' + *Ji// = -tinJ = -7t n <$(x)S(y)<5(z - h) z >0 (6.39 a) 

V 2 «// 3 + 0 2 <0 ( 6 . 39 h ) 

where A x = »// in air and A 1 - t// 3 in the earth. The wave number k ,/? /c 0 will be 
denoted by k. We will construct a formal solution of Eq. (6.39) by using Fourier 
transforms with respect to x and y. 

Let the transforms of i// and »/, 3 be •//(/?„ p v . z) and «//,(/?,, ft r z) where 


i(P, P y . z)= // ■/'(*. y, 2) dx dy 


( 6 . 40 , 1 ) 


Pr *) = jj y. 2) dx dy 


(6.40/)) 


The Fourier transform of Eq. (6.39) gives {ft = P\ 1 P y ) 

(^ +k i-p 2 yw..p,.z)=--j~iH*-h) 2 

f 

z * n 

Continuity of the tangential electric and magnetic fields at z 
i//(z t ) * i// t ( 2 -) and 


( 6 . 41,0 


( 6 . 41 /») 


~ 0 requires that 


I <Wfy 
K i)z 


We may choose 


= j', = A e ' M, ' h) z>/i 




-?Yo h 


where y, 2 , = (p ? - k 2 „). This solution is the sum of a downward and upward 
propagating wave, with constants A and V v chosen so that »//, = i// 2 at z = h. \\ 
can be interpreted as a reflection coefficient. For z<0 we let A t = ,// 3 and 
choose <// 3 so that it equals i// 2 at z = 0 and is a downward propagating wave; 
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thus 

, _ *0 -»'.)«* 

«™*(l - r„e" 2y "'’) 

where y J = p 7 - k 2 . At z = 0 the boundary condition k 'dipyldz = Hijijdz must 
hold. At z = h the step change in the derivative is given by 

” = _ Mo. 
dZ *. 4rr j 

These two conditions determine A and f„. It is found that 


y- «ro 
y + «yo 


(6.42) 



Mo_ 

4rr J y 0 Il + (l + r„e- 2 ~*)/(l-r„C- J "*)) 


For z > /i we now get 


,/, = ^ ^0 f f JL 2 — dp, dp t (6.43) 

y 0 ' r + “V 

This represents the solution as a spectrum of plane waves radiated directly 
from the source plus plane waves reflected from the interface and appearing to 
come from the image point at z = -It. V, is the Fresnel reflection coefficient. 

To transform to cylindrical coordinates let 0, = w cos<t>\ P, = w sin 4>\ 
x = p cos <t>, and y = p sin <f>. We then obtain 

-In* e d w d<t>’ (6.44) 

y + xyj 

where now y„ = w J and y = ,VkW. Using the result 

c'-’ dd>'= 2n.U»p) 

'n 

where J„ is the zero-order Bessel function, we obtain Sommerfcld s classical 
result: 

J o ro 

For r„ = 0we must obtain the well-known result: 
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from a current element in free space. Therefore we see that 

r 

■O /Vfcj-W 2 R, 

where R] = p 7 + (z - h) 2 . We arc now able to express i//, in the form 


Mo e ~ ik °* 7 t" e' iYo(lth) J 

(Jf. = —-+2 k -- 

477 l R, R 2 J 0 y + * 


m A(*vp) 


w ci w 


(6.45) 


where R\= p 7 + (z + /t) ? . For infinite conductivity k becomes infinite and the 
integral gives twice the term in R 1 above to yield 


4n V R { R ) 


(6.46) 


which is the expected solution for a current element above a perfectly conduct¬ 
ing plane. 

To examine the problem further, note that J 0 (wp) = \[H 2 0 (wp)+ /•/* (wp)\ t 
where //J and //] are the Hankel functions of the first and second kind. In the 
part of the integral involving H ] 0 we can put w = -Z to get 

f - e^H' 0 (-Zp)(-Z)(-dZ) 

K r + «ro 

and since y, y 0 are even functions of Z and Hj(-Zp)® -H 2 0 (Zp), we obtain 

[" jz 
y + *y„ 

Using this result enables us to express ij/ l as 

.. .--/Mi -“/Mi 


/*~/Mi --/Mi . 

4tt V R, /?, y 


(6.47) 


where 




wH 0 (wp)e * 
2 (y + *y 0 ) 


vot* 'M 


dw 


(6.48) 


Note that there is a pole when y 4 k y 0 = 0, which is the Zen neck surface-wave 
pole. Iliis pole occurs for w = w 0 = k Q V k/(k + 1). There has been considerable 
controversy in the past regarding whether the Zenneck surface wave is 
excited.t In principle the contour of integration, which is the real axis in the w 
plane, can be deformed so that it encircles the pole. If this is done the residue 
at the pole gives the following discrete-mode solution: 

— ■ — ■ ■ ■ t. 

<A, = J— tf 2 (—^=) .(6.49) 

K 2 - 1 V K + 1 Vk + \> <••• | 


% 

11. Kahan and G. E. Eckart, "On the Existence of a Surface Wave in Dipole Radiation over a 
Plane Earth,” Proc . IRE. vol. 38, July 1950, pp. 807-812. 
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which is called the Zenneck surface wave. When the horizontal radial distance p 
is large and z = 0. we find, by using the asymptotic expression for the Mankel 
function, that 




Vp 


(6.50) 


where C is a suitable constant. This field solution decays with distance like p~ m 
instead of the usual p~' for free-space propagation. The surface wave is guided 
by the interface, and its field is confined to the region close to the surface; this 
is why it decays like a cylindrical wave and not a spherical wave. 

However, the residue term is not the dominant contribution from the 
integral in Eq. (6.48). When the integral is evaluated asymptotically for large p 
it turns out that the surface-wave term is cancelled and what is left over is a 
much more rapidly attenuating surface field, which is sometimes called the 
Norton surface wave. This field is not a true surface wave but nevertheless is 

generally referred to as the surface-wave field. 

An examination of the solution given by Eqs. (6.47) and (6.48) shows that 
the space wave, which consists of the directly radiated free-space field plus the 
specularly reflected field, vanishes at the surface z = 0, where R y = R 7 . The 
remaining field, that is, the vector potential A r is given by 2kp 0 1/4tt, where the 
integral / is that in Eq. (6.48). The approximate expression for the z com¬ 
ponent of electric field E t at the surface is (R y = R 7 = R = d) 


r • a ik 
E, - ■ - — ' 




2(k-1) 


(6.51) 


where the surface-wave attenuation factor A, is given by 

A, = l - jV^U e~ n erfcO'Vn) (6.52a) 

n=-o <6.52 b) 

and crfc/Vil is the complement of the error function and is expressed by the 
following integral: 

erfc /Vil = ■— f e u ’du (6.52c) 

vh /n/O 

The field strength differs from its free-space value by the factor 2(« - I )AJk = 
2 A,, since the effective dielectric constant is typically greater than 10. 

In general A, decreases rapidly for increasing values of fi beyond a certain 
minimum value. As R approaches zero, A, approaches a value of unity and 
remains close to unity until R exceeds a few wavelengths. 

The parameter Cl is usually expressed in the form 

Q = ~' knd *2^ = P e '* 


(6.53) 
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where p = |(l| is called the numerical distance . In Eq. (6.53) we have replaced R 
by the horizontal distance d. Since k is quite large for most soils, 


knd 


M 


2\k\ 2Vk ,2 + (frl<D€ o y 


and 


b ~ tan 




(6.54n) 


(6.54 b) 


The term a/(oe 0 can be expressed as 


1.8 x 10 V 

/MHi 


(6.55) 


F or a typical ground <r has a value of 10 ’ to 10 ? S/m, so al<oc 0 is of order 18 to 
180//MH, where / MHl is the frequency in megahertz. The dielectric constant k' is 
usually in the range 10 to 15. With k' of order 10 to 15 we sec that for 
broadcast frequencies (/=» 1 MHz) and good ground conductivity 

k 0 d(oe 0 
P ~ 2cr 

which is proportional to d}\\. Note that p increases rapidly with frequency, and 
thus for a given value of distance d the numerical distance and hence the 
attenuation is much greater at higher frequencies. In Fig. 6.35 we show die 
value of | A t \ as a function of the numerical distance p. When p equals 500 the 
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Figure 6.35 The surface-wave attenuation factor \A,\ as a function of the numerical distance for a 
flat earth. 
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attenuation is 60 dB. For p = 50 the attenuation is 40 dB. This attenuation is in 
addition to that contributed by the 1 Id factor in the expression for the 
surface-wave field. For b s90° the attenuation factor |A,| can be approximated 



|A | = - 2 + 0 3p —-Vp/2e "^sin b 
' 2+p + OV 


(6.56) 


The surface-wave attenuation given in Fig. 6.35 is based on formulas for a 
flat earth. The results are accurate for the surface-wave attenuation over a 
spherical earth out to a distance of the order of 50 mi// Mtu . Beyond this 
distance the surface wave over a spherical earth attenuates much more rapidly. 
Figure 6.36 shows the value of |A,| for a spherical earth with good conductivity 
(o- = |() 2 S/m) at four frequencies, namely 0.5, 1, 2, and 5 MHz. Beyond the 
distance for which the Oat-earth formulas hold, the decrease in the field 
strength is very rapid. For the case of a spherical earth, |A,| depends on the 
frequency and conductivity in a complex way, and a single curve as a function 
of p no longer holds. A procedure for calculating |Aj over a spherical earth 
may be found in Terman’s book.t 

In view of the rapid decrease in signal level for distances greater than 
50 mi//Ji 3 Ht , the practical range at broadcast frequencies is a few hundred miles, 
dropping to 10 mi or so at 100 MHz for surface-wave propagation. At broadcast 



Numerical distance/) 

FiRiire 6.36 The surface-wave attenuation factor over a spherical earth for four different frequen¬ 
cies. k' - 15 and rr - 10 2 S/m. 


t j; p Tcrman. Radio Engineers Handbook. McGraw-Hill Book Company. New York. 1943. 
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frequencies the prevailing noise level in urban areas is so high that a field 
strength of order 1 to 10 mV/m at the receiving antenna is required for 
acceptable reception. In rural areas a signal level an order of magnitude less is 
satisfactory. 

For an antenna located very near to the ground the surface-wave Held near 
the ground is essentially 2 A s times the field that would be radiated by the 
antenna in free space. We will use this result to evaluate the range from 
ground-based antennas at low to medium frequencies. 


Example 6.7 AM broadcasting system We will consider a 1-MHz broadcast 
system. The receiving antenna is a small loop antenna consisting of the coil 
in the tuned input circuit of the receiver, as shown in Fig. 6.37/7. The 
receiving cross section with matched impedance and polarization con¬ 
ditions arc A ( = A jG/4 n. Let the coil have an ohmic resistance r, and let 
the radiation resistance be R a . The efficiency of the loop antenna is 



(6.57) 


The radiation resistance is given by 


R a 


k 4 oZ 0 N 2 A 2 

6 7T 


(6.58) 



Figure 6.37 (a) Receiver input tuned circuit. 
( b) Thevenin equivalent circuit. 
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where A is the cross-sectional area of the coil and N is the number of turns: 
The gain is given by G = 1.5x7. Hence the received power is given by 


P=AP 

' 4(r + R„) " 


(6.59) 


where P jnc is the incident power per square meter. 

The properties of this antenna, in particular the noise problem, are 
discussed in Example 5.8. Let r be at the ambient temperature T n = 300 K 
and R a be at the antenna-noise temperature T A . When the receiver has a 
noise figure F, then the equivalent additional input noise is obtained by 
raising the temperature of r 4- R a by (F-1)T 0 , the receiver-noise tem¬ 
perature. The total noise power that will be delivered to the load R, = 
r V R n is [sec Eq. (5.76)] 

r - K*f['Tt+R m T A +UF-\)(r + R m )] 
n r 4- R m 


- * A/[(l - r;)FT 0 + t)T a -f rjT 0 (F- 1)] 
The signal-to-noise ratio at the receiver will be 

Pf _ _ Xl' Wn c _ 

I\ 4 ttK A/[(I - v)FT n l- ijT a 4- 1,7 n (F - I)] 


(6.60) 


(6.61) 


For the loop antenna we assume that N = 200 and A - 50 cm 2 and then 
find that R a = 1.54x10 'll. We will also assume that L = 200ph and 
O = 100, for which r - 47t il and r, - 1.22 x 10 6 . 

For the loop antenna in our example the thermal noise and antenna 
noise arc comparable. For F = 4, T A - 10° K, and a signal-to-noise ratio of 
100, we will require 


^ = 7-1 -5^= iook a/[(f-t,)f 0 4 i, rj 

4 TT 

-100* A/(FT 0 4-i,rj 

= 10* x 1.38 X 10' 23 (4 x 3004- 1.22 x 10') 
for A/= 10 kHz. Hence the required incident power is 


P... = 


4t r x 1.38 x 2.42 x 10~ M 


(300) 2 x 1.5 x 1.22 x 10 


rr= 2.55 x 10" M w/nv 


which corresponds to a field strength of 43.8 jiV/m. 

If we assume that the transmitting antenna has unity gain, then 


(6.62) 


At 1 MHz and with a good ground conductivity (rr = 10 2 S/m), the 
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numerical distance p is given by 

k 0 dtu€ 0 nd 
P ~ 2 rr “ 180 x 300 

so rf = 17,189p in. or 10.7p mi. From Fig. 6.36 we find (hat = 10 4 at 
P = 18, so for a range of 193 mi we require 




= 7679 W 


This is a realistic power level. If we reduce the range by a factor of 2 to 
96.5 mi, the power requirements are reduced by a factor of (.01/.05) ? x 
0.25 “ 0.01 to 76.8 W because of the large increase in | A t \/d. 

Under adverse atmospheric conditions the antenna-noise temperature 
could be a factor of 10 higher. Also, local noise in an urban area would 
increase the noise power further, so a transmitter power of order 50 kW 
might be required for satisfactory broadcasting service under adverse 
conditions. Power levels of 10 to 100 kW are quite typical for many 
broadcasting stations. As shown by this example a service range up to 
200 mi would be expected. For a range of 278 mi \A,\ 2 is smaller by a factor 
of 10 2 , which would require more than a 100-fold increase in transmitter 
power for only a modest increase in range from 193 to 278 mi. ■ 


Example 6.8 Citizen's-hand communication link In this example wc will 
evaluate the performance of a citizen’s-band system operating at 27 MHz in 
a rural environment. It is assumed that both the transmitting and receiving 
antennas are located on cars, so propagation between the two is by means 
of the surface wave. T he following parameters arc assumed to hold: 

Transmitter power = 5 W 

Antenna gain = unity 

Receiver-noise figure F - 4 

Receiver bandwidth = 5 kHz 


Ground parameters k'= 12 

it = 5 x 10’S/m 

**!•.' 

Figure 5.18 shows that an average value for the antenna-noise temperature 
is \0 4 K. 

The numerical distance p is given by .. 


• •. : - • , « 

Trd! An d .i ... 

P = -- --- 0 = = 0.25 — = 0.0225 d 

Vi2*4 (90/27) 2 
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for d expressed in meters. At the maximum range 50//^ = 50/3= 16.7 mi, 
for which the flat-earth formulas hold p = 601. For this large numerical 
distance \A X \ = (5/6) x 10' 3 = 8.83 x 10 4 . The received power is given by 



5 x (8.33 x IQ' 4 ) 2 
4 tt 2 (4x601) ? 


= 1.52 x 10"' 4 W 


In the calculation we used dl A 0 = 4/;. The noise power at the receiver input 
is given by (we assume that the antenna efficiency is unity) 

P n = KV[T A + {F-\)T 0 ) 

= 1.38x 10"”x 5x 10\10 4 + 3x 300)= 7.52x 10“ ,6 W 

This noise level is considerably less than the received, signal power, so a 
range of 16.7 mi is quite realistic. The signal-to-noisc ratio at this distance 
is 20.2. Beyond a range of 16.7 mi the effect of the spherical earth will 
cause the received signal to attenuate very rapidly. For communication 
over longer distances it is necessary to use elevated antennas, at least at 
one terminal. 


Surface-Wave Attenuation for Horizontal Polarization 

For horizontal polarization the surface-wave attenuation approaches 



where the numerical distance p is now given by 


nd 1.8 x 10 4 cr f l 

P = — --r tan n = — 

An /mu, cos b <rl<oc 0 


Since (r/<o€ n now occurs in the numerator instead of the denominator of p, the 
numerical distance p for a given range d is much larger for horizontal 
polarization than for vertical polarization at low frequencies. Because of this, 
horizontal polarization is generally not used when communicating by means of 


the surface wave. 


6.6 IONOSPHERIC PROPAGATION 

The ionosphere is that region of the atmosphere surrounding the earth that is 
ionized (primarily by solar radiation). During the day the ionized layers exist 
between about 90 and 1000 km above the earth’s surface. The electron density 
is of order 10 ,n to 10 12 electrons per cubic meter. There are primarily three 
layers in which the electron density peaks up. These are called the D, E, and F 
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layers. During the daytime the F layer splits into two layers called the F, and F 2 
layers. Figure 6.38 shows typical electron density curves versus height for 
daytime and nighttime conditions. The D layer vanishes at night. 

We will show that these ionized layers will cause radio waves in the 
frequency range up to 40 MHz to be effectively reflected back to earth. These 
reflecting layers thus allow communication by radio waves to take place over 
distances of several thousand miles, as shown in Fig. 6.39. One or more skips 
may be involved. The electron concentration varies with the time of day, with 
season, and over periods of several years in accordance with solar activity. The 
effective dielectric constant, as will be shown, depends on frequency and the 
electron concentration. Thus for a given electron density there exists a maxi¬ 
mum upper useful frequency above which the radio wave penetrates through 
the ionosphere. Hie ionosphere propagation path is not a very stable one, so a 
considerable amount of signal fading occurs. For highly reliable communication 
links some form of diversity, such as several spaced receiving antennas or 
several different frequencies used simultaneously, must be employed. 

In simple qualitative terms the existence of ionization layers may be 
explained as follows. At great heights the solar radiation that causes the 
ionization of the gas molecules is very intense, but there are very few molecules 
to be ionized, so the electron concentration is small. At somewhat lower 
heights there will be a much greater concentration of molecules, so a peak in 
ionization density occurs. At sufficiently low heights most of the ionizing 
radiation has been absorbed, so the electron concentration again becomes very 
low. On this basis one expects to have a broad layer of ionized gas and high 
free-clectron density at some height above the earth’s surface. Since the 
atmosphere is composed of several different gases, although predominantly 
nitrogen and oxygen, and these gases have different ionization and recom¬ 
bination characteristics, several peaks or layers in the electron concentration 
occur. The E and F layers have a permanent existence, even though the height 
varies on a daily basis. These two layers are the most important ones for radio 
communications in the frequency range of 3 to 40 MHz. Above 40 MHz the 


•r 

j r 



Figure 6.38 Typical varialion of electron density versus height. 
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Ionosphere 



/ Transmitting Skip 

antenna distance 

Surface 
of earth 


Second skip Figure 6.39 Illustration of radio-wave 
or reflection reflection from the ionosphere. 


wave will penetrate through the ionosphere. In the D layer the collision 
frequency is quite high, so even though lower frequency waves (2 MHz or 
below) can he reflected from this layer the absorption is very high. At higher 
frequencies collisions have a smaller cfTcct, since o> is then much higher. 


Dielectric Constant of Ionized Gas 

In an ionized gas only the motion of electrons is important under the action of 
a high-frequency electric field, since the ions arc more than 1800 times heavier. 
The equation of motion for a single electron of mass wi, charge -e, with 
velocity v, and acted upon by an electric field % is 


dv 

m — = -e% 

dt 


(6.63) 


For a sinusoidal field we can write 


jwwiV«-e E (6.64) 

For N electrons per unit volume the induced current in the ionized gas will be 


Ne 7 

.1 r. -e/VV =-F, 

jcom 


(6.65) 


From Maxwell’s equation wc have 


/ N e \ 

V x II = j<oc n E » .1 = /W 0 ( I-5-) E 

\ to n\*J 


( 6 . 66 ) 


from which wc find that the dielectric constant of the ionized gas is 

<o ni€ 0 (o 


(6.67) 


where the plasma frequency a> p is given by <o p = VNe 2 lnt€ Q . 

At the lower altitudes the electrons suffer a relatively large number of 
collisions with the neutral molecules and ions. For this case Eq. (6.64) for 
momentum conservation requires a collisional damping force -vms added on 
the right-hand side. In this term v is the collision frequency. When the 
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collision term is included it is found that the effective dielectric constant k is 
complex and is given by 



(o(w - jp) 


( 6 . 68 ) 


This formula shows that collisions will produce higher absorption of low- 
frequency waves, for which (o is more nearly comparable in value to the 
collision frequency v. Note that for <o><o p k is less than unity. When Cl t ~ Ot p 
we have k =0 and for to < <o p we get a negative value for k. Plane waves 
propagating in an ionized gas will have a propagation constant k = a>V/i 0 K6 ( , = 
\^Kk 0 . Thus when to < k will be pure imaginary for v = 0, indicating that 
the plane wave will become evanescent and decay exponentially with distance. 

Consider first a plane wave incident normally on an ionized layer in which 
the electron density increases with height, as shown in Fig. 6.40. When the 
wave reaches the height at which the electron density is sufficient to make 
x = 0, propagation ceases and the wave is reflected back toward the earth. 

Consider next the case of oblique incidence, also shown in Fig. 6.40. If N 
increases with height then k decreases with height, and the ray is bent 
downward and will be turned around and returned to earth if a height at which 


* r 0. reflerlion Alibis height 



(a) Wave refracled 

back fo earth 
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Figure 6.40 (<?) Normal incidence of a wave on the ionosphere, (fc) Oblique incidence, (r) A 
layered model used to describe the ionosphere. 
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Vk = sin i//• exists. This behavior may be understood by breaking the layer into 
a number of thin layers with a thickness ^z and with a constant value of k(z) 
in each layer, as shown in Fi g. 6.4 0c. Snell’s law requires that sin fa = 
V*(z 0 )sin = VK(2,)sin «A, = V*(z 2 )sin etc. Thus the ray will follow a 
path such that the tangent to the ray satisfies the condition Vk(z) sin <^(z) = 
si n fa. The ray will return to earth if t//(z) reaches tt/ 2. which requires that 
\/*(z) = sin fa at this height. Note that for a given value of fa the requirement 
for the ray to return to earth requires a higher electron density for higher 
frequencies, since k = 1 - to 2 p lto 2 decreases with to. Conversely, for a given 
electron-density maximum the maximum value of t/f, that will result in the ray 
returning to earth decreases with an increase in to. Thus there is an upper limit 
on frequency which will result in the wave being returned to earth. The 
required relationship between electron density to or frequency f = tol2n and 
the angle of incidence is 


^critical 


/ 2 cos>, 


(6.69) 


For example, if i//, = 7r/4 and N = 2 x !<) ,0 /nr then f mn =^81 X 4 x 10' ) = 
18 x 10’ = 1,8 MHz. If we increase i/», to 60”, then = 1.8V2 MHz. 

When N is given in-electrons per cubic meter « = 1 - (81N// 3 ). For normal 
incidence the wave is returned to earth or reflected if N reaches a value that 
makes k = 0. For a given value of N m „ the frequency that makes « = 0 is called 
the critical frequency f, and is given by 


f, = 9 VN, 


(6.70) 


From Eq. (6.69) we can write 

/ = 9Vsec i// ( = f, sec ■//, (6.71) 


This value of / is called the maximum usable frequency ( MUF ) when sec i/», has 
its maximum value. The maximum usable frequency generally does not exceed 
40 MHz. During periods of low solar activity the upper frequency limit is 25 to 
30 MHz. 

If the incident and returned rays are extrapolated to a vertex they meet at 
a height h', called the virtual height of the ionospheric layer, that is in¬ 
strumental in returning the wave to earth (sec Fig. 6.41). T his is the apparent 
height of reflection. The virtual height of the F 2 layer ranges from 250 to 
400 km, while for the F, layer the virtual height lies between 200 and 250 km. 
The F layer at night is at around 300 km in virtual height. The virtual height of 
the E layer is around 110 km. The virtual heights are important in determining 
the maximum value of the angle of incidence i/r, and the maximum skip 
distance, as shown in Fig. 6.42. For radiation leaving the ante nna i n the 
horizontal direction the skip distance d is given by d = 2x \/2aJi'. The 
corresponding maximum value of ip, is given by 



2K_ 

d 



RADIO WAVF. PROPAGATION 393 



I Figure 6.41 Illustration of virtual height 


This maximum angle is about 74° and when used in Eq. (6.71) gives 

MUF = /„„ = 3.6 f r (6.72) 

An electron concentration of 10 l3 /nr will give f t = 9 MHz and f mn = 32.4 Ml Iz. 
If we use h' = 300 km then d m „ is approximately 2500 mi for reflection from the 
Fj layer. For reflection from the E layer the maximum skip distance is about 
one-half of this value, or 1250 mi. If the desired range is less than d m „ then i/', is 
smaller, and a lower frequency must be used in order to satisfy the relationship 
f - ft sec ip,, which must hold at the point in the ionosphere where the ray is 
turned around to propagate toward the earth. Figure 6.43 gives typical values 
of the maximum usable frequency for different ranges. The data is typical for 
winter conditions at Washington. D.C., during a peak period in solar activity. 
Note that daytime conditions must occur at the point of reflection, i.e., midway 
between the transmitter and receiver (1040 mi corresponds to a 1-h time 
difference) if the path was designed on the basis of daytime conditions in the 
ionosphere. 

In order to determine the parameters of ionospheric propagation paths it is 
necessary to know the relationship between the skip distance d, the virtual 
height It', and the angle of incidence i//,. With reference to Fig. 6.44. let 0 be the 
angle subtended by one-half of the skip distance; thus 



(6.73) 


where the effective radius of the earth equals 5280 mi, or 8497 km. The law of 


sines gives 


a . + >•' = a, 
sin </> sin (//, 




Figure 6.42 Illustration of maximum skip 
distance 
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Figure 6.43 Maximum usable fre¬ 
quency (MUF) for wintertime for dif¬ 
ferent skip distances. MUF is lower 
in the summertime. 


where </> is the angle shown in Fig. 6.44 and also equals n-0- <!>,. With this 
replacement for >f> we get sin 4> = sin(»r - 0 - i/>,) = cos(0 + hence 


We now find that 


, + sirKOJ^ = sin cot ^ 4- CO s 0 
a. sin i//; 


(l + — - cos #)csec 0 = cot 1 1>, 


(6.74) 


The transmitted ray leaves at an angle <t> - nil relative to the local horizon 
where 


n n 

( l’~ ~2~ ~2~ ~ l' ! 


(675) 


The application of these relationships will be illustrated in the following 
example. 



i ft v 

Figure 6.44 Relationships between skip distance, 
virtual height, and angle of incidence. 




RADIOAVAVH PROPAGATION 395 



Example 6.9 Determination of radiation angle and frequency for a short¬ 
wave radio station In this example we assume that a short-wave broadcast¬ 
ing station located in Ohio wants to establish a broadcasting service to 
central Europe. The great-circle nominal distance is 4200 mi, or 6760 km. 
For single-skip propagation the reflecting height h' is given by /»* ft = 
d ? /8 = 4.2 ? x 10* x 0.125 = 2.2 x 10* ft, or 670 km, provided the radiation is 
beamed in the horizontal direction at the transmitting site. The required 
reflection point lies above the ionosphere, and.hence the required service 
must be based on a double skip, each of length 2100 mi. The required 
reflection point is now only 167.5 km above the earth. The F, and F 2 layers 
have virtual heights ranging from 200 to 400 km and may be used as the 
reflecting layers, provided the transmitting beam is directed above the 
horizon. We will assume a nominal virtual height of 300 km. From Eqs. 
(6.73) and (6.74) we then find that «//, = 74.44" and (f> - n/2 = 4.16°. The 
transmitting antenna should have its direction of maximum radiation 4.16° 
above the local horizon. 

Figure 6.38 shows that the electron concentration in the F layer under 
daytime conditions is 5x 10 n /m\ The critical frequency f ( is given by F.q. 
(6.70) and is 6.36 MHz. The maximum usable frequency may be found from 
Eq. (6.71), which gives f mtt = 6.36 sec 74.44° = 11.06 MHz. Operation in the 
international shortwave 31-m band (9.2 to 9.7 MHz) would be acceptable. 

Although this example has illustrated the use of the previously derived 
formulas, the sample calculations arc an oversimplification of the real 
problem. In practice it is necessary to consider the time of day that service 
is to be provided, the difTercnce in local time between the two reflecting 
points, the time of year, and the time within the solar cycle. A great deal of 
statistical data on electron concentrations and virtual heights is available, 
so realistic path designs can be carried out. hi general, for 24-h service, 
different frequencies are used at different times of the day. The highest 
possible frequency should be used so as to minimize the attenuation. 
However this frequency should be at least 15 percent below the maximum 
usable frequency because of variations in electron density on a daily 
basis. ■ 

Effect of the Earth's Magnetic Field 

In the discussion up to this point the effect of the earth's magnetic field on the 
motion of the electrons has been neglected. This approximation is reasonably 
good at frequencies above 10 MHz but is generally not valid at frequencies 
below 5 MHz. The earth’s magnetic field causes the ionospheric medium to 
become anisotropic, and the effective dielectric constant must be represented 
by a matrix or dyadic. It is now found that there are two distinct modes of 
propagation called the ordinary and extraordinary waves. An incident plane 
wave entering the ionosphere will split into the above two modes, and when 
these modes reemerge from the ionosphere they recombine into a single plane 


i 
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wave again. However, the plane of polarization will usually have changed, a 
phenomenon known as Faraday rotation. Faraday rotation is a variable effect 
and will result in some loss of signal power at the receiving antenna, since a 
polarization mismatch will occur in most instances. 

A free electron with velocity v will rotate or move in a circular orbit under 
the influence of a steady magnetic field B„ The angular frequency, which is 
called the cyclotron frequency, is given by 

= — 0 (6.76) 

m 

where e is the electron charge and m is the mass of the electron. The earth s 
magnetic field is around 5x KT’Wb/m, so is around 8.83 x 10 and the 
cyclotron frequency f, is 1.4 MHz. 

If wc let B n = B n a, be the magnetic field of the earth, then under the action 
of a high-frequency ac field F. e'”'. II e'“' the force acting on an electron is given 
by 

F= -c(E+ V x B # ) 

Since II is of order V„F. the force due to II is of order (u/c) smaller than that 
due to the electric field F. and can be neglected (c is the speed of light). If we 
also include a collisional damping force, then the equation of motion for the 
electron becomes 

(jto 4 i >)m\ = -e(E4 V x B 0 ) 

For /V electrons per cubic meter the ac current is 

.! = -NeV 

By combining the above two equations we find that .1 is determined by the 
equation 


Ne 3 j 

(/'(.> + r)J + <o,.l x a, = E = <-V„F. 


(6.77) 


In this equation <o e was introduced from Eq. (6.76). Wc can rewrite Eq. (6.77) 
in matrix form by writing out each vector component explicitly; thus 


■ 

(/"> + «’) 




jio + V 
0 


0 

0 

jo) + v 


€ 0<°p 



(6.78) 


This equation is readily inverted to give 


€ n C0 


(o] - to 2 + V + 2 j<OV 


jo) + V - 0 ) ( 
CO c jo) + V 


JO) + V 


(6.79) 
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The presence of a static magnetic field results in a relationship between j and E 
that is not a simple scalar constant. The conductivity is a tensor represented by 
the matrix in Eq. (6.79). It is convenient to associate a pair of unit vectors with 
each element of the matrix so as to obtain the following dyadic: 


ij = 


€ 0 O) 


+ 2 jm» [0 " + '' )a ' a ' “ W ' (a * a ' “ a ^ a ' ) + (i, ° + 


The equation 


J = & • E 


(6.80) 


(6.81) 


where the scalar product between unit vectors on adjacent sides of the dot is 
taken is the same as the matrix product in Eq. (6.79). From Maxwell's equation 

V X II = j( 0 € a E + <r • E 


jioJl + . E 

v /«€„/ 


where 1 is the unit dyadic a,a, + a y a, + a,a„ we see that the tensor dielectric 
constant for the ionospheric plasma is given by 


J(0€ t) 


(6.82) 


Note that I • E = E 

The solution for plane waves propagating in a uniform ionosphere can be 
found using Maxwell's equations and this dielectric constant tensor. For this 
purpose it is convenient to express k in the form 


k = jk 2 
0 


7*2 0 

K. 0 


(6.83) 


where 


*i=l- 


w;(i -jvi<o) 


<o 2 -o>l-i’ 2 


2 j(ov 


{to Jto) 


o ) 2 — o) 2 — v 2 — 2 j<ov 


(6.84 a) 


(6.84 b) 


When the collision frequency v is zero, both k, and k 2 are real. If the frequency 
ai is such that o) 7 = w] + v 7 both k, and k 2 will have large imaginary com¬ 
ponents, which results in high attenuation of a radio wave at frequencies close 
to the cyclotron frequency (approximately 1.4 MHz). ' l ’ ' 

Plane-w'avc solutions to Maxwell s equations are of the form 


E=Eo<r /Vr 
,k r 


(6.85 a) 
(6.85/,) 
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-/k x E„ = -joinjio 
-/k x H„ = jwc 0 * • F-o 

sifter dropping -Ire common propagation factor. A cross product of the first 
equation with k and substitution into the second equation gives 

kx(kxE„) = -a>Wo* -Eo= kk • Eo~ k ! E„ 

This equation may be rewritten in the form 

(fc l !-fciK-kk)E o =0 ( 6R6fl ) 

or in matrix form as 

. V-K.kl-k] jxM-Wy -*»*« IP*" 

-j«,kl-k y k, k'-* y k\-k\ -k,k, E ny =0 

-fe,fe, ~fc,ky k J -K|ko“fcl ®I>I. 

A nontrivial solution for E, will exist only if the determinant of the above 
system of equations vanishes. By setting the determinant equal to zero, the 
equation obtained for the propagation constant k is called the Appleton- 
Uartrec equation. We will not consider the solution for the most general case. 
Instead we will consider three special cases only, which will, however, give 
some insight into the nature of the solutions. 

Case I: Propagation perpendicular to B 0 , E 0 along B 0 Let k = k,a, and 
assume En = /*>,. For this case the electron velocity is parallel to B n , so the 
force term ~eVxB 0 is zero and B n has no effect. The matrix equation 

becomes 



The determinant vanishes when k t = k = Vk.Jc,, which is the same value as 
for the case B 0 = 0. as expected The plane wave is linearly polarized with 
the electric vector along B 0 , as shown in Fig. 6.45a. This solution is called 
the ordinary wave. 


Case 2: Propagation perpendicular to B 0 , E 0 perpendicular to B 0 For this 
case let k = k x a t as in the previous example and let E^= E x a x + E 2 a y . Hie 
matrix multiplying E„ is the same as for the first case, but the F„ vector has 
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Figure 6.45 ( a) Ordinary wave propagating perpendicular to magnetic field. ( b ) Extraordinary 
clliptically polarized wave propagaling perpendicular to magnetic field, (r) Right and left circularly 
polarized waves propagating parallel to the magnetic field 


the components fT |t E 2 , 0. The determinant set equal to zero gives 

(k] ~ x,kl)Hk] - x,kl)K,kl t- 1 - 0 
One solution is k] = x,k 2 0 but requires E, = E, = 0. The other solution is 



For this solution we find that -K.fcjE, + /V,*jE 2 = 0 or 


(6.87) 



Fhis wave is elliptically polarized in the plane perpendicular to B 0 arid has 
a component of the electric field in the direction of propagation, as shown 
in Fig. 6.456, which is a phenomenon that does not occur for plane waves 





in an isotropic medium. The solution described for this case is called the 
extraordinary wave. 


Case 3: Propagation along B 0 , E„ perpendicular to B, For this last case to 
be considered, let k=k, a, and E„ = E.a, + Ep r The matrix equation 
becomes 

k\-K,kl jK 2 kl 0 E, 

-j« 2 kl k)-K,kl 0 E, = 0 (6.89) 

[ 0 0 -K t kl 0 

The vanishing of (he determinant gives 

k . - k> = k 0 v^v, = < 6 90fl > 

k = kl = /c 0 V^r 2 =k 0 jl- - 7—7 —: (6.90*) 

with the last forms being the solutions when v = 0. There are two solutions 
for k,. For the k, = It, solution the electric field is 

E = E,(a, - ja y ) e'* 1 ' (6-91n) 

since E,= -/E,. This is a right-circular polarized wave. The other solution 
has 

E = E,(a,+ /•,)«-**' (6-91*) 

which is a left-circular polarized wave. The right-circular polarized wave 
has an electric field that drives the electron in its natural direction of 
rotation about the magnetic field, and this shows up in the solution for It,, 
which has the resonance denominator term to - to,. When collisions are 
included we get 


0J1-- 

V /•» 


w p _ 

o)(o) - jr “ o» f ) 


which has a large imaginary part at the cyclotron frequency with a 
consequent high absorption of the wave. The left-circular polarized wave 
has an electric field that drives the electron in a direction opposite to its 
natural direction of rotation, and hcncc It, has w + <o c as a denominator 
factor which does not exhibit a resonance effect. 


Faraday Rotation 

Consider an ionospheric layer / m thick along z. Let the incident plane wave be 

E = 2E 0 a I e' ( ‘°'. 

= E„(a, + /«,) «'** + E„(a, - ya y ) e”'*"' 
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after decomposition into left and right circularly polarized waves. This wave 
enters the ionospheric layer at z = 0 and propagates as two circularly polarized 
waves with different propagation constants. Thus at the exit plane the electric 
field is (we are neglecting reflections at each interface) 

E = E 0 (a, - /a,) e"* 1 ' + E 0 (a, + ja y ) e *’ 1 
We can rewrite this expression as 

- 2 F. 0 c cos (k 2 -*,)- + a y sin(fc 2 - *,) ^ ] (6.92) 

which shows that the exiting wave is again a linearly polarized wave but with 
the direction of polarization rotated by an angle <f> relative to the x axis. The 
angle </> is given by 


tan <f) = 


tan(/c 2 -*,)- 




(*93) 


I he phase delay is that associated with the average propagation constant 
(fc, + k 2 )/2. As noted previously, the rotation of the plane of polarization is called 
Faraday rotation. It is most pronounced when w is close to n> c , in which case k , and 
k 2 have the largest difference. At high frequencies /c, and k 2 have almost the same 
value, so the amount of rotation is much smaller. The rotation angle depends on so 
many variables that it is generally not predictable and thus will lead to a loss in 
received signal power at the receiving antenna because of the resultant polariza¬ 
tion mismatch. 


6.7 MICROWAVE AND MILLIMETER-WAVE PROPAGATION 

In the microwave and millimeter-wave region where the frequency ranges from 
1 GHz (A 0 = 30 cm) up to 300 GHz (A 0 = 1 mm) the ionosphere is transparent, 
since to is much greater than the plasma frequency <o p and the cyclotron 
frequency <«? c . The propagation of waves in this frequency range is pre¬ 
dominantly line-of-sight propagation. There will be interference phenomena 
from the ground-reflected wave, but it is not as pronounced as it is at lower 
frequencies because the roughness of the ground is much greatcrrelative to the 
wavelengths involved. Thiis the reflection from the ground is more diffuse with 
a weaker specular-reflccted component. In those instances 'where a belatively 
smooth ground or water surface is present at the reflection point! the inter¬ 
ference phenomena can be significant, and the interference pattern will exhibit 
a lobe structure with closely spaced lobes. 
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The most important factor to take into account at wavelengths of a few 
centimeters and shorter is attenuation and scattering by rain and snow, and for 
the millimeter-wave band attenuation, which can be very high, by fog, water 
vapor, and other gases in the atmosphere. In this section we will present an 
outline of the theory for predicting the attenuation and scattering by rain and 
also data on the attenuation caused by atmospheric gases. Other phenomena 
that affect the propagation of microwaves and millimeter waves are scattering 
by tropospheric irregularities in the index of refraction and ducting caused by 
inversions in the indcx-of-refraction profiles. The latter two topics are discussed 
in later sections of this chapter. 

Attenuation by Rain 

Radio waves propagating through rain are attenuated because of absorption of 
power in the lossy dielectric medium represented by water. There is also some 
loss in the direct transmitted wave because of scattering of some energy out of 
the beam by the rain droplets. The scattering loss is usually small relative to the 
absorption loss. The theory for rain attenuation and scattering is based on the 
calculation of the absorption and scattering cross sections of a single raindrop. 
This calculation is straightforward for the case of a spherical droplet of water 
having a radius no larger than A 0 /10. In this situation the low-frequency 
Rayleigh scattering theory can be applied. Since the radius of raindrops ranges 
from a fraction of a millimeter up to several millimeters, the Rayleigh scatter¬ 
ing theory is generally valid down to wavelengths of order 3 cm or somewhat 
less. The assumption of spherical droplets is not valid since raindrops take on 
an oblate spheroidal or flattened shape under the influence of aerodynamic 
forces and pressure forces as they fall. However, at the longer wavelengths an 
equivalent spherical radius can be assumed. At millimeter wavelengths it is 
important to consider the drop shape, and the determination of the cross 
sections is then much more difficult and laborious. However, with modern 
computer facilities and techniques, the limitation is not in the computational 
aspect but in knowing the drop shape, which depends on drop size and the 
velocity with which the drop falls. We will only consider the case where 
Rayleigh scattcrng theory applies. 

Consider a spherical drop of water with a radius a much smaller than the 
wavelength of the incident plane wave, as shown in Fig. 6.46. The drop is 
characterized as a dielectric sphere with a complex dielectric constant k = 
The incident electric field is chosen as 

E, = E„a, «-** 

Over the extent of the drop the incident field is essentially uniform and equal 
to E 0 a r The polarization produced in the drop is thus the same as would be 
produced in a dielectric sphere under the action of a uniform static electric 
field. This boundary value problem is readily solved (see Prob. 2.7) and shows 
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Figure 6.46 A plane wave incident on a spherical 
water drop 
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v - 3 ^ «*>■ 


(6.94) 


The total dipole moment of the water sphere is obtained by multiplying by the 
volume and is 


P 0 =5JraV= 

K + 2 


(6.95) 


Since a A 0 the far-zone scattered field from the sphere is the same as that 
radiated by a small electric dipole of total strength P„. 

A current element /dl is equivalent to the time derivative of the dipole 
moment, so jat P 0 may be used to replace 1 dl in Eq. (2.29 a) for the fa r-zonc 
radiated field; thus 


t 

E, = ~ioZ„k„P 5 sin 0 -— a„ 

4 77T 


(6.96) 


Hie scattering pattern of a small dielectric sphere is the same as the radiation 
pattern of a small electric dipole. The total scattered power is given by 

P, = \yX \' IE, |V sin 0d0d<b = < ^°|P„| l 

J n J 0 12 7T 


When we substitute for P 0 from Eq. (6.95) we obtain 

P, = 4 ,7rr>*(<c 0 fl) 4 y 0 |E„| J (6.97) 

for the total scattered power. This is the low-frequency or Rayleigh formula for 
the scattered power. 

The scattering cross section rr, is defined as the total scattered power 
divided by the incident power per unit area. Hence we find that 


* ~ i 




(6.98) 


« . ,p 


Ihe radar backscatter cross section (T n ^ is defined such that if scattering 




.101 riml*A<IA IIIIN 


is. >111 V H«<* snim* bmkscnllcicfl power would result. From Fq. 
we liiul ihut the backscntlered power per unit area is 

n - 1 y IF I 3 ^5L 

r,,s “ }Vo|F '- 1 " 32 nV "'" c 4nr 2 


= P, 


P- n/2 


47rr‘ 


where /’ nc is the incident power per unit area. This defining relationship shows 
that 


K - i * 2 

rr BS = 4 na 7 (k 0 a ) 4 ——- = \<r, 

K ' f 2 


(6.99) 


The absorption cross section may be found by first evaluating the power P a 
absorbed by the sphere. The polarization current density in the sphere is 
J r = j<o P and is uniform. The total electric field E in the sphere is related to F 
by the equation P = (k - l)e 0 E. 'Hie time average absorbed power is given by 


a ,2 n 


= 5 Re ( [ [ F.-j;r 3 sin 0d0d<t>dr 

■'o 'o -'o 


= \na' Re E ■ .!* 


= 6na\Y 0 


k- 1 


k"|£ 0 I : 


k + 21 (k’- l) 3 +(*")’ 


By dividing this equation by the incident power density we obtain the ab¬ 
sorption across section a 0 , which is 


(T a = \2na\k 0 a) 


K * 1 


The ratio of the absorption cross section to the scattering cross section is 


( 6 . 100 ) 


4.5 


tr, (k<af - If + Inf 


( 6 . 101 ) 


As a typical example consider the ease when A 0 = 3cm. a = 0.1 cm. k' ~ 65.3, 
and k"= 31.5, for which we find that <r a — 3This shows that the absorption 
cross section is larger than the scattering cross section. For smaller drops the 
ratio is even larger because of the ( k n ay factor in the denominator. 

fhe extinction cross section rr f is the sum of the scattering and absorption 
cross sections; thus 

", = cr, + cr »= [jwa ? (k 0 a) 1 + 127ra 3 (fc 0 a) — _ 1^+ (^ 31^+1 ( 6 - 102 ) 

The ratio c rjcr e is called the albedo of the particle. The total power removed 
from the incident wave as scattered and absorbed power is given by the 
product of the incident power density per unit area with the extinction cross 
section <r t . 
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When an electromagnetic wave propagates through rain it encounters a 
great many water droplets with difTerent radii. Since cr e is a strong function of 
the radius a it is necessary to take into account the drop size distribution. I.ct 
N(a) da be the number of drops per unit volume with radii in the interval a to 
a + da. The total power removed from a wave with power density P = ? V n |E| 2 
by the drops in a volume element of unit cross-sectional area and thickness dz 
along z is (we now assume propagation to be in the z direction) 

dP C 

c r e (a)N(a)da 

= -Pj *,(a)N(a)da (6.103) 

• J o 

As a result of this power loss the power flow decays at a rate 2a where 

A = 2a = I a f (a)N(a)da (6.104) 

-'o 

This equation defines A, the specific attenuation per unit length along the 
propagation path. From Eqs. (6.103) and (6.104) we have 

dP 

- = -A(,)P 

for which the solution is 


P(z)= P(0)e- ,, * A(,)d ' 


(6.105) 


The drop size distribution may vary along the propagation path because of 
nonuniform rain, and hence /t is a function of z, which accounts for the 
integral in the above equation. 

The theory outlined above is generally found to be adequate to describe 
attenuation by rain. The theory does, however, require a knowledge of the 
extinction cross section of each drop, the drop-size distribution, and the 
dependence of the drop-size distribution function N{a) on the rain rate R 
Usually only the rain rate R in millimeters of water per hour can be easily 
measured. A light drizzle corresponds to a rain rate of 0.25 mm/h, light rain 
corresponds to R = I mm/h, moderate rain to 4 mm/h, heavy rain to 16 mm/h. 
and cloud bursts up to many centimeters per hour. The drop-size distribution is 
a function of the rain rate, with a greater concentration of large drops 

occurring for heavy rain. Marshal and Palmer proposed the following empirical 
distribution formula: 

N(a) = N 0 e~ r ' a (6.106) 

where N„- 1 . 6 x 10 4 mm'Vm’ ‘ A ' 

• i •»’ 

A = 8.2R' 03, /mm • 

4 I 

with R being the rain rate in millimeters per hour. This model is widely used 
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for the theoretical evaluation of attenuation. It is in close agreement with the 

distributions measured by Laws and Parsons.t 

Front the point of view of the communications engineer what is needed is a 

relatively simple formula relating specific attenuation to rain rate, frequency, 
and temperature. Fortunately such a formula exists, and it is of the form 

A = aR l dB/knt (6.107) 

where R is the rain rate in millimeters per hour and a and b arc constants that 
depend on frequency and temperature of the rain. The temperature depen¬ 
dence is due to the variation of dielectric constant of water with temperature. 
A detailed review of the theory and experimental data has led to a compilation 
of the values of the two constants a and b by Olsen. Rodgers, and Hodge.t 
These authors established the following empirical formulas for the constants a 


and h at 

a temperature of 0 o C: 




a 

= Gf * f in 

gigahertz 

(6.108a) 

where 

G„ = 6.39 x 10 5 

E„ = 2.03 

/ < 2.9 GHz 



G„ = 4.21 X in ' 

E, = 2.42 

2.9 GHz*?/<54 GHz 



<7„ = 4.09 x 10~ J 

F.„ = 0.699 

54 GHz sf< 180 GHz 



G„ = 3.38 

E„ = -0.151 

180 GHz </ 


and 

b 

= f in 

gigahertz 

(6.1086) 

where 

Cr h - 0.851 

E b - 0.158 

/< 8.5 GHz 



G»" 1-41 

E h = -0.0779 

8.5 GHz </< 25 GHz 



G> = 2.63 

E„ = -0.272 

25 GHzS /< 164 GHz 



G h = 0.616 

E„ = 0.0126 

164 GHz </ 



Some representative curves of attenuation in decibels per kilometer at 
frequencies of Id, 30, and 100GHz as a function of rain rate were computed 
using F.qs (6.107) and (6.108) and arc shown in Fig. 6.47. At 10 Gl Iz and below 
the attenuation due to rain is relatively small. For moderate rain (5 min/h) it is 
only 0.074 ilB/km at 10 GHz. The corresponding attenuation at 30 GHz is 
0.85 dB/km, while at 100 GHz it is 3.42dB/km. Since typical line-of-sight paths 
are 20 to 30 km in length, attenuation rates of 1 dB or more per kilometer can 
lead to large decreases in signal strength. This attenuation must be offset by 

t A very good treaimenl of the theory of attenuation in rain can be found in Kerr. op. cit., 
Chap. 8. A recent review of the efTccts of hydrometeors on radio-wave propagation has been given 
by T. Oguchi, "Electromagnetic Wave Propagation and Scattering in Rain and Other Hydro¬ 
meteors." Tree IEEE , vol. 71. Sept. 1983. pp. 1029-1078. 

t R. L. Olsen. D. V. Rodgers, and D. B Hodge. "The aR h Relation in the Calculation of Rain 

Attenuation." IEEE Trans., vol. AP-26, March 1978. pp 31&-329. 
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Rain rate R, mm/h 

Figure 6.47 Attenuation by rain at 10. 30, and 100 GHz as a function of tain rate. 

0 

increased antenna gain or transmitter power, which is relatively expensive if a 
1000 -fold increase is required. 

Attenuation by Fog 

The attenuation of microwaves and millimeter waves by fog is governed by the 
same fundamental equations as attenuation by rain. The main difference is that 
fog is a suspended mist of very small water droplets with radii in the range 0.01 
to 0.05 mm. For frequencies below 300 GHz the attenuation by fog is essen¬ 
tially linearly proportional to the total water content per unit volume at any 
given frequency. The upper level for w-ater content is around 1 g/m\ with the 
content usually considerably less than this for most fogs. A concentration of 
0.032 g/nv corresponds to.a fog that is characterized by an optical visibility of 
around 2000 ft. A concentration of 0.32 g/m 1 corresponds to an optical visibility 
range of around 400 ft. Hie attenuation by fog in decibels per kilometer as a 
function of frequency is shown in Fig. 6.48 for the two concentration levels 
mentioned above. At a frequency of 300 GHz the attenuation in the more 
dense fog is still only about 1 dB/km. Hence, for communication ilink designs 
with sufficient signal margin built in to overcome the attenuation by rain, the 
attenuation by fog will not be the limiting factor. 


I 
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Frequency. Gilt 


Figure 6.48 Attenuation in fog 
as a function of frequency for 
two different concentrations. 


Attenuation by Snow and Ice 

When water solidifies into snow and ice crystals there is a significant change in the 
complex dielectric constant k = For ice, k ' is nearly constant and equal to 

3.17 for temperatures from 0° to -30°C throughout the centimeter and millimeter 
wave bands. The imaginary part is very small, nearly independent of frequency in 
the microwave and millimeter wave bands, and drops from a value of ap¬ 
proximately 3.7 x 10" 3 at 0°C to 5.2x 10 4 at -30°C.t The small value of the 
imaginary part indicates relatively little attenuation by dry ice crystals. I lowever, 
snow and hail consist of a mixture of ice crystals and water in many instances, so 
the attenuation is strongly dependent on the meteorological conditions. Fur¬ 
thermore the shape of snow and ice crystals is so varied that the calculation of 
absorption by a single typical particle is a formidable task, if indeed a typical 
particle can even be defined. 

Attenuation of microwaves in dry snow is at least an order of magnitude 
less than in rain for the same precipitation rate. However, attenuation by wet 
snow is comparable to that in rain and may even exceed that of rain at 
millimeter wavelengths.t Even in dry snow, measurements have shown that the 
attenuation of 0.96 mm radiation may be greater than in rain with the same 
precipitation rate. Measurements have shown an attenuation of aroiind 
2dB/km at 35 GHz for wet snow and a precipitation rate of 5 mm/h. For dry 
snow the attenuation i$ two orders of magnitude less. Because of the m£ny 
variables involved, in particular the relative water content, it is difficult to 
specify the attenuation in any simple form related to precipitation rate. H£nci 
no further data on attenuation in snow will be presented here. 


t See Kerr. op. cit.. Fable 8.18. 
t Oguchi, op. cit. 


I 


Attenuation by Atmospheric Gases 

Uncondensed water vapor and oxygen both have various absorption lines in 
the centimeter and millimeter wave regions. Consequently, there are frequen¬ 
cies where high attenuation occurs dnd which are separated by windows or 
frequency bands where the attenuation is much lower. Figure 6.49 shows the 
attenuation by oxygen and water vapor (uncondensed) at 20°C at sea level. The 
water content is 1 percent water molecules, which is typical in temperate 
climates. At frequencies greater than 300 GHz the attenuation by oxygen is 
negligible relative to that of water vapor. There are strong water vapor 
absorption lines at A 0 = 1.35 cm and at 1.67 mm, as well as at shorter 
wavelengths. There is strong absorption by oxygen at A 0 = 0.5 and 0.25 cm. At 
A n = 0.5cm, attenuation by oxygen alone exceeds lOdB/km. The attenuation 
by oxygen and water vapor is additive. In those bands where the attenuation 
exceeds lOdB/km the range over which communication can take place is 
severely restricted. By a proper choice of frequencies it is possible to achieve 
much less attenuation; for example, at A 0 = 1.33 mm the attenuation is less than 
I dB/km. For frequencies above 300 GHz the minimum attenuation is still 
large, 6dB or more per kilometer, and places a great restriction on the 



Figure 6.49 Attenuation by oxygen and water vapor at sea level. 7' = 20' , C. Water content is 
7.5 g/m\ 
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application of millimeter- and submillimeter-wave radiation for terrestrial 
line-of-sight paths. However, various specialized applications such as short- 
range secure communication systems and satellite-to-satellite links are suited to 
the use of millimeter-wavelength radiation. The short wavelengths involved 
allow very compact high-gain antennas to be used, and this can compensate for 
some of the attenuation loss. 


6.8 SCATTERING BY RAIN 

The scattering of microwaves by rain is sufficiently high that radar can be used 
to detect the presence of rain cells. This is important for navigational purposes 
and in weather forecasting. Scattering by rain can also have a deleterious cfTcct 
when, for example, a radar system is used to detect and track an aircraft and 
rain in the intervening space obscures the target. A simple theory for backscat- 
tering by rain can be constructed by using the expression derived earlier for the 
radar backscattcring cross section of a spherical drop of water, litis theory is 
developed in this section. 

Consider a single drop of water located at a point defined by the spherical 
coordinates r, 0, </>, where r is the distance from the radar and 0 and <t> are the 
polar and azimuthal angles measured relative to the bore-sight direction of the 
radar antenna, as illustrated in Fig. 6.50. If P, is the transmitted power then the 
incident power per unit area at the location of the water droplet is given by 

P,G{0 y <t>) 

inC " 477T 2 

where G is the antenna gain. The backscattcred power at the radar location is 

(U BS 1 inc A ? 

4 nr 

and the received power dP r will be 

dP, = ^G(0.<f>)dP m 
An 

when we assume that there is no polarization or impedance mismatch at the 


Figure 6.50 Volume of rain cell illuminated by a pulsed 
Rain cell radar system 
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antenna. Hie required cross section is given by Eq. (6.99), and since |*| is 
around 70 we can replace (* - l)/(« +2) by unity with very little error. Hence 
the received power from a single drop is given by 

dP ' = (4 „-)V P,G a Y (6.109) 

Since the cross section depends on (fc 0 a ) 4 the scattering is verv weak at the 
longer wavelengths. The cross section given by Eq. (6.109) is'based on the 
Rayleigh scattering theory, which requires that a A 0 . At the shorter 
wavelengths when the drop radius becomes comparable to the wavelength in 
si7e, the backscatter cross section approaches the geometrical cross section nn , \ 
and the resultant backscattercd power is much greater. 

In order to obtain an expression for the total received power from an 
extended volume of rain, a number of simplifying assumptions are usually 
made. The lirst of these is that the scattered field from the drops is very weak 
compared with the incident field, and thus the polarizing field acting on each 
drop is assumed to be the incident field only. In other words, multiple 
scattering is neglected. The second assumption is that the positions of the drops 
arc random, so (he phase bf the scattered electric field from the various drops 
can be considered to be a random variable uniformly distributed over the 
interval 0 to 2n. For a drop located at r = r, the phase of the received voltage is 
determined by the two-way propagation factor e while for a drop at r = r 
llie corresponding factor is The difference in phase angle is 2<c 0 (r, - r,). 

and when this is averaged over all drop locations the result is that there is no 
coherent in-phase addition of the scattered field at the radar site. Consequently 
•he average received power is simply the addition of (hat contributed by each 
drop. It is, however, necessary to take into account the drop size distribution 
since the cross section is dependent on the drop radii. Wc again let N[a)da he 
the number of drops per unit volume, with radii in the interval a to a + da. The 
average backscatter cross section per unit volume is thus given by 

<Wbs> = f 4 ™ ? (*n a)*N(a) da ( 6 . 1 10) 

J a 

in flic Rayleigh regime. 

The total backscattered power is obtained by multiplying the average cross 
section by P tnc /Anr 7 and integrating over the volume of rain illuminated by the 
radar. In general, the drop-size distribution N(a) may not be the same 
throughout the whole rain cell, since the rain rate is not necessarily uniform. 
Consequently (rr BS > should be regarded as a function of r, 0, and </>. On this 
basis we obtain ■ • , 


■ -iLpf 

' (4*y ' J. 


G (0, <t>)- 


<0bs. 


— sin 0 dG d<f) dr 


(6.1II) 


where we have put dV - r 2 sin 0 d0 d(f> dr for the element of volume. 
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In many radar systems the transmitted signal is a pulsed carrier tone of 
duration r. in this instance the received power at any instant of time comes 
only from an interval in range of length cr/2, where c is the speed of light. This 
range-gating efTect can be understood by reference to Fig. 6.50. Let the leading 
edge of the pulsed signal leave the radar at time i = 0. The return signal from 
drops at a range r comes at a time 2r/c later. The signal that leaves the 
transmitter at time r, will be returned at the same time 2 r/c by drops located at 
a range r - \r - r - c/,/ 2 , since the propagation delay must be f, = 2 Ar/c s 
shorter. The trailing edge of the pulse returns a signal from drops at r - cr/2 at 
the same time as the leading edge of the pulse returns signals from drops 
located at r. The range interval that returns signals at the same instant of time 
is thus cr/2 long. As time proceeds this range interval moves outwards to allow 
for the greater lapse in time. As a function of time the received power P r is 
thus a sample of the return from drops in an interval cr /2 centered on the range 
r ft =cr rf /2 where t d is the time delay between when the pulse was transmitted 
and when the returned signal is being observed. This delay time can be chosen 
by the radar operator and thus allows various range increments of the rain cell 
to be explored. 

For this particular case the integration over r in Eq. ( 6 .111) can he replaced 
hy a factor cr/2 and r can be replaced by r ft . The average received power from a 
single pulse transmission is thus 

P, = 7 T~j P, -7 [ G l (0, <£)sin fldOdtf) ( 6 . 112 ) 

v* 77 ) r o z J n 

where we have now assumed that (fr BS ) is uniform over the limited volume that 
is illuminated and the integration is over the solid angle of the antenna beam. 

The range interval ct/2 is usually quite short; for example, for a l-/xs pulse 
it is 150 m long. Thus the attenuation of the incident and returned signals along 
the range increment is normally small. However, if the range interval that is 
being observed is located deep within the rain cell, it is necessary to take into 
account the two-way attenuation of the incident and returned signal in pro¬ 
pagating through the depth d of the rain cell, where d is the distance from the 
nearest boundary of the rain cell to the range increment that is being observed. 
The expression for received average power as given by Eq. (6.112) should then 
be multiplied by e 2Ad , where A is the one-way power-attenuation constant per 
unit distance. 

An approximate value for the integral in Eq. (6.112) can be obtained by 
assuming that 0(0, </>) is a constant equal to the on-axis gain G( 0) over the 
half-power beam widths of the antenna and is zero outside this interval. For a 
circularly symmetric pattern with a half-power beam width 2 0 U2 , we then obtain 
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for a high-gain antenna. The volume V of rain that is illuminated is given by 


CT f 2n [*'» 

V = ~ | rjsin 0 d6 d<f> 


T r O 7r 01/2 


When V is introduced into Eq. (6.112) we obtain 

r, - P.G’m <2# v 


(6.113) 


F or rain cells that fill the antenna beam, the illuminated volume V is propor¬ 
tional to rj. so the received power varies as the inverse distance squared, which 
is in contrast to the r 4 variation for the returned signal from a localized target. 
I he effect of scattering by rain is thus more pronounced in obscuring the target 
signal at long distances. 

Since raindrops are in motion, the returned signal fluctuates in time and 
has a noiselike characteristic. The theory presented above only gives the 
average received scattered power, it does not provide any information on the 
fluctuation of the received power. The latter has also been investigated but will 
not be dealt with in this text ! 

An estimate of the average hackscatter cross section as a function of rain 
rate may be obtained by using the drop size distribution given by Eq. (6.106) in 
Eq. (6.110). This results in 


(^BS> 


2 V r 

= — "oj « 


6 e~ A ” da 


The integral can be integrated by parts successively to give 6!/A 7 . It is now 
found that by putting N„= 1.6 x 10 4 mm’W and A = 8.2/? ""/mm, 

, , 9.05x10'* ... , , 

<"BS> =--R 1 mVm’ (6.114) 

In (his equation the numerical factor has been adjusted so that A 0 is given in 
meters and R is (lie rain rate in millimeters per hour. The following example 
will illustrate the use of (his formula. 


Example 6.10 Radar return from rain A radar system has the following 
parameters: 

Transmitted power P, = 100 kW peak : ‘ 

Pulse length r = 1 fis ' ' 

Antenna gain G = 30 dB or 1000 ? : ‘ 

Wavelength A 0 = 3 cm 'b 

Antenna half-power semi-beam width 0 m = 0.063 rad 

t Kerr. op. cil., Cliap. f* and Appendix B. 
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Wc wish to determine the received power from a rain ceil located 10 km 
away for which the rain rate is lOmm/h. From Eq. (6.114) we find that 
<<t bs >= 3.3 x 10-m’ per unit volume. The illuminated volume is 

V=J rlrr0] l2 = 1.87 x 10 s m’ 


By using Eq. (6.113) wc obtain P, = 2.8 x 10 9 W. If the radar were observing 
a point target with a radar cross section of 5 m 2 at this same range the 
returned signal would be 



= 2.27 x 10 " W 


The target signal is more than 100 times weaker, since the total rain cross 
section V(rr m ) equals 617 m 2 because of the large volume illuminated. ■ 


Effect of Wave Polarization 

The theory developed above for backscattcr from rain made no reference to 
the polarization of the radar signal incident on the rain. At first thought it 
might be considered that the polarization of the incident field should not be an 
important factor. However, surprisingly it turns out that the polarization of the 
incident wave has a strong influence on the received power at the radar, even 
though it is not important in determining the total backscattcred power. The 
reason for this is that when the drops arc spherical or nearly spherical in shape 
and multiple scattering can be neglected, an incident circularly polarized wave 
is returned as a circularly polarized wave of the opposite sense and is not 
received by the radar antenna. A complete polarization mismatch between the 
antenna and the returned signal will occur. This phenomenon is used in 
practice to reduce the clutter interference produced by rain. The reflection 
from rain essentially returns a circularly polarized wave of the opposite sense 
to that being transmitted because of the rotational symmetry of a raindrop. A 
target such as an airplane will produce a strong returned signal in both 
polarizations because the complex shape of the target causes a large amount of 
oppositely polarized scattered fields to be generated. 

The theory presented at the end of Chap. 5 is readily applied to determine 
the received open-circuit voltage produced by scatter from rain. By looking at 
the received open-circuit voltage instead of power, both polarization and phase 
effects can be included. Thus the formulation of the scattering problem 
presented below is more general than that given earlier. 

Let the radar antenna be an aperture-type antenna. When the input 
current at the antenna terminals is unity let the far-zone radiated field be 

E(r) =f (k Jtky )e^ (6.115) 


where f is related to the Fourier transform of the aperture field as described in 
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Sec. 4.1. k x and k y are equal to k 0 sin 0 cos <t> and k 0 sin 0 sin <f>, respectively. 
When the radar is transmitting let the input current be /. The radiated field is 
then given by Eq. (6.115) after multiplying by /. When multiple scattering 
effects arc neglected the incident field on a drop located at r, 0 , <t> will be /E(r), 
where F is given by Eq. (6.115). In the Rayleigh regime the induced dipole 
moment in the water drop is given by Eq. (6.95) and is 

, K ~ j 

P„= 4jto —— f „l F.(r) 

K Y2 


The equivalent current element is jto P 0 . The application of the reciprocity 
theorem now shows that the contribution to the open-circuit voltage from a 
single drop is 

4V w =-/ w P n .E(r) 


jk J Y 0 cos 2 0 rA t 
-- •• r-r— / 4 IT a lie 

4n r 


2/hflr 


(6.116) 


where we have approximated (k - I)/(k f 2) by unity. When we express f in 
spherical coordinates we have 


, ».(/«cos0 + /,sin <f>) . ,, , , . 

I =-— Z -+ a 4 (f y cos <f) - sin </>) cos 0 


cos 0 


= /.«. + /*»* 

where /„ and f 4 are defined by this equation. For a circularly polarized antenna 

fp = e 0 (O) and f 4 = ±je 9 (0) 

and then 

f» = /Wi = d-d = o 

which shows the complete polarization mismatch between the antenna and the 
scattered field and leads to zero received voltage. 

The approximation of using the incident field as the polarizing field acting 
on each drop is called the Born approximation. To this order of approximation 
the received open-circuit voltage from a volume of drops is obtained by 
summing Eq. (6.116) over all drops to get 





Z (f • f), 


cos 0 , 


aie' 2 * 9 " 


I he subscript i denotes the value of the corresponding parameter for the rth 
drop located at r ( ., 0 /t rf>. at time t. The received power at time t when the 
antenna is impedance-matched to a load K, is (V^ is the RMS value of 
volt .age) 


= k o Y o \>\ 2 yy„ f . (f . . r) COS^ COS^g, 

4R, 4n 2 R, f 4 U M a ‘°' e 


(6.117) 
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The relative phase angle is A. y = 2k 0 (r, - r y ). At a time A t later than t the 
positions of all of the drops have changed by small random amounts, since the 
drops arc in motion. Thus all the A /y take on new values. The various drop 
configurations at successive time intervals A/ can be viewed as new realizations 
of an ensemble of drops. The average or expected received power is then 
obtained by averaging over the ensemble. We can consider the A jy to be 
uniformly distributed over the range 0 to 2tt with a probability density 1/2t r. 
The ensemble average of is given by 



for i * j. For i = j we have A jy = 0, so the ensemble average is 1. We now see 
that when we average Eq. (6.117) the cfTect is to reduce the double summation 
to a single summation; thus 


Pr = 




4ttX 


2 a • o,(»* • n, 


cos 4 0, 


(6.118) 


When there arc a great many drops per unit volume and the volume is large, 
the sum can be replaced by suitable integrals. The sum over a unit volume is 
essentially the sum of the a*, since r r 0 t , </>, can be considered as constant over a 
unit volume element. The sum of a • over a unit volume can be replaced by the 


integral 




where N(a)da is the number of drops per unit volume with radii in the 
interval a to a t- da. The remaining sum over the unit volume elements may be 
replaced by an integral over 0, 4>, and r. Hence we obtain 



N(a)a f ' sin 0 da dO d<f> dr 


(6.119) 


In order to correlate this expression with Eq. (6.111) we note that when the 
antenna is linearly polarized |f • f| ? = (f • f*) 2 , as can be verified by direct evalua¬ 
tion. The input power to the antenna when it is transmitting is P, = \1\ ? R L so 
the gain function for the antenna is 


G(0,</>) = 


]/| 2 kp cos 2 flf • f* V 0 
4n 7 \I\ 7 (R L /4n)~ 


When this expression is introduced into Eq. (6.119) that equation becomes 
identical with Eq. (6.111). However, in general, Eq. (6.119) is valid under 
conditions for which Eq. (6.111) does not hold because it includes the effect of 
a polarization mismatch through the factor f • f. 
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Bistatic Scattering from Rain 

A rain cell will cause scattering to take place in directions other than in the 
backward direction. The theory for bistatic scattering can be developed using 
the differential scattering cross section of each drop. The differential scattering 
cross section is that cross section which, when multiplied by the incident power 
density, gives the scattered power in a given direction. The theory can also be 
developed as an extension of that used to describe polarization effects, and this 
approach is described in this section. Bistatic scattering is of interest in satellite 
communication systems, since it can cause cochannel interference to occur 
whereby the signal in one beam gets scattered and is received by a nearby 
antenna that is serviced by a second beam from the satellite. 

Consider a single drop of rain located at r„ 0,, </>, relative to antenna 
number 1. The incident field from antenna 1 will produce an equivalent 
polarization current j<o P 0 in this drop given by 

; w p 0 = Wt.tfc,,, k yl ) e-**' 

where the subscript 1 refers to antenna 1. In the above equation we have 
replaced (k - 1 )/(* + 2) by unity, since k is very large in the microwave region. 
The received open-circuit voltage at a second antenna, as shown in Fig. 6.51, is 
given by the interaction of the field of this antenna, when it is radiating with 
unit input current, with the polarization current produced by antenna 1. There 
may, of course, also be direct coupling between the two antennas. However, we 
will assume that the antennas are positioned and oriented such that there is no 
direct coupling. The received open-circuit voltage produced by scattering from 
one drop is thus 



jk 0 cos 0 
2 nr. 


- e 


j<olj(k x2 , k y2 ) ■ P 0 




nr.r. 


( 6 . 120 ) 


The coordinates r J% 0 2 , rf> 2 describe the location of the drop relative to antenna 
2, as shown in Fig. 6.51. 

All of the drops in the common volume, which is defined by the volume 



> 


t 1 1 


Figure 6.51 Bisfatic scattering from rain. 
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over which the two antenna beams overlap, will contribute to the received 
open-circuit voltage. The resultant open-circuit voltage is obtained by summing 
Eq. (6.120) over all drops in the common volume, as was done for the 
backscattering problem. When the expression for received power is formulated 
and an ensemble average is carried out, we again find that the average received 
power is the sum of that contributed by each drop. When the sum is replaced 
by appropriate integrals the final result is 


, _ * o YlPj ( r 
' 4tt 7 R] JJ, 


cos ? 0, cos 0 2 


\i r l 2 \ 2 a f 'N(a)dadxdydz (6.121) 


rtf 


In this formula the variables x, >\ and z describe the common volume, and r t , 
r 7 , 0,. etc., must be expressed in terms of x, y, and z. When the rain cell is far 
away from both antennas, r, and r 2 arc nearly constant throughout the common 
volume. Furthermore, for high-gain antennas the maximum values of 0, and 0 2 
are small, so the cosine factors can be replaced by unity. For this situation F.q. 
(6.121) can be replaced by the simplified formula 


'’■‘jMwJ VNWdV 

i7T K,r v J o 


( 6 . 122 ) 


where r, and r 7 arc now the distances to the center of the common volume. In 
both Eq. (6.121) and Eq. (6.122) |/,| ? K,. has been replaced by the total 
transmitted power P, from antenna 1. 

An important modification of Eqs. (6.121) and (6.122) must be included 
when the assumption of spherical drops is not valid. For irregular-shaped 
scattercrs such as flattened drops, snowflakes, etc., the dipole moment P 0 is 
generally not in the same direction as the polarizing electric field. We can 
express Eq. (6.95) in the form 




where a e ~4na'(K - I)/(k + 2) is called the polarizability of the particle For 
irregular-shaped particles o e must be replaced by a dyadic and we then have 

Eo= ‘ (6.123) 

The polarizability will be a function of a size parameter a corresponding to a 
characteristic dimension of the particle. A formula such as Eq. (6.123) is valid 
only for small particles to which the Rayleigh scattering theory is applicable. 
With this generalization the factor f, • f' in Eqs. (6.121) and (6.122) must be 
replaced by f ? -«,-f,. Nonspherical particles will in general produce cross- 
polarized scattered fields, and these will cause cochannel interference between 
communication links operating with orthogonal polarized beams in close prox¬ 
imity.t 

f 

t W. L. Stutzman and D. L. Runyon, “The Relationship of Rain-Induced Cross-Polarization 
Discrimination to Attenuation for 10 to 30 GHz Earth-Space Radio Links.” IEEE Trans., vol. 
AP-32. July 1984. pp. 705-710. 
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Bistatic scattering from rain and other hydrometeors will not be pursued 
beyond the theory outlined above. However, it is noted that the scattering from 
tropospheric fluctuations in the index of refraction and on which tropospheric 
scatter propagation is based is also described by equations similar to (6.121) 

and (6.122). This was one of the primary reasons for outlining this theory in the 
present section. 


6.9 TROPOSPHERIC SCATTER PROPAGATION 

An over-the-horizon tropospheric-scatter communication link is illustrated in 
l ig. 6.52. The two antenna beams overlap in a common volume located at 
considerable height above the surface of the earth (3 to 8 km). The scattering 
comes from the small random irregularities or fluctuations in the index of 
refraction of the atmosphere. These fluctuations are very weak, but when 
sufficiently high transmitted power is used a useful signal, in view of the large 
volume from which scattering occurs, is scattered in the direction of the 
receiving antenna. Tropospheric-scatter-propagation links operate in the 
frequency range of 200 MHz up to 10 GHz. Operation at lower frequencies is 
not attractive because of the cost of building antennas with sufficient gain At 
higher frequencies the transmission loss becomes too large. There is consider¬ 
able fading associated with tropospheric-scatler-propagation links, so some 
form of diversity is desirable for high reliability links. The typical distance 
involved in a tropospheric scatter link is a few hundred miles, usually not more 
than 400. At heights greater than 10 km the troposphere is too rarefied to 
produce sufficient scattering If we assume an effective earth radius equal to 
four-thirds of the actual radius, then the maximum line-of-sight distance to a 
scattering point 20,000 ft above the earth (6 km) is 200 mi. The maximum 
horizontal range is 400 mi for this case. 

There was considerable interest in tropospheric scatter propagation during 
the decade 1950-1960. With the development of satellite communication sys¬ 
tems there is now less need for tropospheric scatter systems. A considerable 
amount of research has gone into the development of the theory and also the 
gathering of operational performance data for tropospheric scatter links. A 
special issue of the IRE Proceedings was devoted to this topic, and the reader is 



Figure 6.52 A troposphcric-scatter-propagation 
communication link for over-the-horizon trans¬ 


mission 
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referred to this for further information.t The discussion in this text will be 
limited to that of the basic theory for tropospheric scattering. 

The model that we will use to describe tropospheric scatter is that of an 
atmosphere in which at a fixed time t the dielectric constant k consists of an 
average value k 0 plus a small random component k, that varies in an un¬ 
known manner from point to point. At a time A t of the order of a few 
milliseconds or less, the variation of k, with position has changed. This new 
system will be viewed as another realization of an ensemble of atmospheres. 
The average of a physical variable will be carried out as an ensemble average. 
In practice one carries out time averages, but if the random process is a 
stationary one and one assumes that it is also an ergodic process, then 
ensemble averages arc equivalent to time averages. In essence we are neglect¬ 
ing the dynamic evolution of the dielectric constant with time, but since the 
time interval over which significant changes occur is very long compared with 
the period of the microwave field, and the time for propagation through the 
scattering volume, the effects are not significant and can be ignored as far as 
determining the average scattered power goes. 

The index of refraction n = k ,/? for the atmosphere is given approximately 
by 

(n-l)xl0‘ = -|(p + y) (6.124) 

where a = 79 K/mbar, b = 4800 K. T = temperature in kelvin, and p = total 
pressure in millibars. For dry air at sea level (n - l)x 10* = 270 at °C. If we let 
n 2 = k 0 + k , = (n 0 + n,) 7 « nj+ 2 n 0 n„ where n 0 is the average value and n, is the 
fluctuating part, it is clear that we can approximate n 0 and k 0 by unity. The 
fluctuations in k, are typically only a few parts per million and are due to 
fluctuations in temperature and pressure. 

Under the action of an electric field the polarization produced in a 
dielectric medium is given by 

P= (€ - e 0 )E= € 0 E(k - 1)= € 0 E(k 0 - 1 + k ,) 

The fluctuating part that gives rise to scattering is *,e 0 E. Since k is very close to 
unity, the polarizing field can be chosen to be the incident field from the 
transmitting antenna, which is antenna 1 (Born approximation). The random 
induced polarization current in the medium is ;wP = /wK,€ 0 E ine or 

J, =j<* P = cos 0 , e-^V, 

The interaction of the field of the receiving antenna with the polarization 

t Special issue on scalier propagation, Proc. IRE. vol. 43, Oct. 1955. See also F. Villars and V. 
F. Weisskopf, “The Scattering of Electromagnetic Waves by Turbulent Atmospheric Fluctuations, 
Phys. Rev., vol. 94. April 1954. pp. 232-240. 


RADIO WAVE PROPAGATION 421 


currents in the common volume gives the received open-circuit voltage; thus 

klY 0 I { f cos 0 . cos 0, , v A , 


V'« = 


r cos 

K 'i 


*t(r 1 )f 1 'f 2 e“ /Wfl) dV 


(6.125) 


The subscripts 1 and 2 refer to antennas 1 and 2, respectively. In this equation 
f, is a function of k t = Jc 0 sin 0 , cos and k y = k 0 sin 0 , sin </>„ while f 2 is a 
function of k x = k n sin 0 2 cos tf > 2 and k y = k 0 sin 0 2 sin <f> 2 . We can regard r 2 , 0 ?> r /> 2 
as functions of r„ where r, is the vector distance from antenna 1 to the volume 
element being considered, as shown in Fig. 6.53. For high-gain antennas, the 
maximum values of 0 , and 0 2 are small enough that cos 0 , and cos 0 2 can be 
replaced by unity with only a small error. Also, in practice, r, and r 2 do not 
change very much throughout the common volume, so these factors in the 
denominator can be replaced by the distances ft, and R 7 to the center of the 
common volume from the two respective antenna sites. If, for simplicity, \vc 
assume that the antenna patterns have rotational symmetry, then f, is a 
function of 0, alone, while f 2 is a function of 0 2 only. With these simplifications 
Fq. (6.125) becomes 

f ( 6 . 126 ) 

4 7 T l<\l< 2 J v t 

The average received power is given by the ensemble average of V^V^/AR, 
and is 


< o 




p. = 


- *o*W f ( , , , . ... 

x lf 1 (fl,)-f2(fl,)]|f 1 («;)Wi)l*f'' M '' , ' , " 1 '' 1, rfVrfV (6.127) 

In order to proceed further in the evaluation of this expression a number of 
additional simplifying assumptions will be made that do not seriously afTcct the 
accuracy of the final result. The first assumption we will make is that K,(r,) is a 



Figure 6.53 Coordinate variables used to describe a tropospheric-scatter-propagation system 
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homogeneous random process for which the correlaiion function (K,(r,)K,(r,)) 
will then be a function of r, - r,, which we denote by C(r, - rj). Associated 
with the correlation function is a three-dimensional Fourier transform that 
gives the spatial spectrum S(P); that is, 


S(P) = \\j C(r, - rj) e' B - r» 


(6.128) 


The correlation function becomes small when |r, - rj| is greater than 50 to 
100 m in the troposphere, since the dielectric constant fluctuations become 
uncorrclatcd at distances of this order of magnitude; that is. *,(r,) is unrelated 
to *,(r',) when r, and rj refer to points more than 50 to 100 m apart. 

With reference to Fig. 6.53 we have 


r, = R, + P 

r 1 = (R? + p , + 2 pR,) 


R, + p • a, 

where a, is a unit vector along R,. Similarly we have 

r\” R, t p a, 
r,« R 2 + p a, 
r J* Rj 4 P' "j 


and 


r, - r', = p - p 


r , » r 7 - r \- r 7 ~ (p - p ) • (a, + a 2 ) 

When we introduce these variables, F.<|. (6.127) becomes 

w)r^‘ ,Mp p)(B, ‘ i?> ^p^p' 

The antenna patterns are almost constant over the small regions for which the 
correlation function has significant values. We can therefore replace 0, and 0, 
by the average “center-of-mass" coordinate 0, c = (0, + 0\)/2 and similarly for 0 2 
and 0 2 . It is convenient to change to the center-of-mass and difTcrence 
coordinate systems defined by 

Pr = !(P + P') PW = P “ P 
This change of variables allows P, to be expressed as 


wl cw,—, «*-'») 

64 tt R ,/< 2 l<[ . J v f v j 
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where V c and V d are the new volumes that become defined by the change in 
the variables of integration. Since C(p w ) becomes very small for large values of 
p d and V d is a large volume, only a small error is made in extending the 
integral over p d to an infinite three-dimensional space. We can then use I2q. 
(6.128) to evaluate this integral and thus obtain S(-/c 0 a,- k n a 2 ) for its value! 
Now k 0 a, is the propagation vector k f for the incident field and -* 0 a 2 is the 

propagation vector k, for the scattered field, so we have S(k, - k,) for the value 
of the integral over p d . 

The above result has the following physical interpretation. The spatial 
spectrum S(P) describes the dielectric constant fluctuations as a spectrum of 
plane waves for which one plane-wave component is shown in Fig. 6.54. A 
plane wave with propagation vector k, incident on this periodic gratinglike 
structure is scattered in that direction for which the Bragg scattering relation 
holds, that is, in that direction for which the scattering from the periodic array 
of peaks in the fluctuations add up in phase. Consider a dielectric medium with 
x = Ae' r . An incident wave En<>-' Vr will produce a polarization current 
~ e k|) ' which will radiate a field with a propagation factor 
e ‘ that matches that of the polarization current. Hence p t k, - k„ which is 
the Bragg condition. ' 

The integral over the center-of-mass coordinate p c in Eq. (6.129) is much 
more difficult to evaluate. The volume V e is approximately that defined by the 
half-power beam widths of the antennas. At this point we will assume that the 
antennas are linearly polarized in the plane of R, and R } , so that f, • f ? = 
/ 1/2 cos ip, where 1 1> is the angle shown in Fig. 6.53. We will also assume that f, 
and f 2 are constant over the volume V r defined by the half-power beam widths. 
We now find that 



W\1,\> 

64rr 4 R}R]R t 


lM0)l%(0)PS(k,-k,)V r cos’./, 



Figure 6.54 Illustration of the Bragg 
scattering condition. 
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If we also introduce the antenna gains 

„ klMOfY* 

o, = -—-— 


G 2 = 


klmfY 0 


ttR l ttR, 

and the transmitted power P, = |/,| 2 /? t< we obtain 

. SIM cos ,, 


4 n 2 d 


2 J4 


(6.130) 


where wc have also put /?, = R 2 = d/2. Tatarskit gives the following expres¬ 
sions for S and the estimate of the common volume V c (the antennas are 
assumed to be pointed along the horizontal direction): 


S(P) = (32tt j )(3.3 X 10-*CiV3 




V. = 


d y 0 


(6.131) 

(6.132) 


where 20 xn is the half-power antenna beam width, «/* = d/a r and a e is the 
effective radius of the earth (5280 mi). The constant C„ is called the structure 
constant for the index-of-refraction fluctuations. The structure constant 
depends on temperature fluctuations and height above the earth. At a height of 
1.5 km, C n ranges from 5 X 10" 7 to 2 x 1(T* m' ,/ \ 

The magnitude of k, - k, is readily shown to be 2k n sin \/i/2. The final 
expression for the average received power becomes 


P,= i s* io”/7< n v 'o',G 2 c :’ n co ~- e\, 


(6.133) 


when wc replace 2 sin i///2 by i// and put »// = d/a t . In Eq. (6.133) C„ is expressed 
as units of m 1,1 and d and \ 0 are in meters. The range dependence comes from 
the behavior of the spatial spectrum S(k, - k,). It should also be noted that at 
longer distances the scattering volume is at a greater height above the earth s 
surface, and C\ will be smaller, which further decreases the received power 
with an increase in the distance d. 

Tried and Cloud, based on data obtained by Hufnagel, give the following 
expression for C 7 as a function of the height h above the earth’s surface* 


c: : = 4.2 X 10' ,4 /i“ ,/3 e' h/h ° 


(6.134) 


t V. I. Taiarski. Wave Propagation in a Turbulent Medium, McGraw-Hill Book Company. New 
York. 1961, Chap. 4. Equation (6.131) differs from that given by Tatar ski by a factor of 32ir\ A 
factor of Rn 1 comes from the definition of the Fourier transform that is used, and an additional 
factor of 4 comes from the fact that 5 is the spectrum of #ci. and not that of n t . 

The formula for received power is sometimes called the Rooker-Gordon formula after the 
authors who first examined tropospheric scatter. Sec U. G. Booker and W. E. Gordon, “Radio 
Scattering in the Troposphere.” Proc IRE, vol. 38. April 1950, pp. 401-412. 

t D. L. Fried and J. D Cloud. “Propagation of an Infinite Plane Wave in a Randomly 
Inhomogeneous Medium." J. Opt. Soc. America , vol. 56. Dec. 1966, p. 1667. 
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where h „ - 3200 m. The range d is given by d = 2\/2a,h. so we can express C 2 
m the form K " 



1.68 x Hr” 
d vi a, m 




(6.135) 


Consequently the rate of decrease of the average received power is expected to 
be greater than d 6 \ A. a height of 3.2 km, Eq. (6.134) gives C = 
3.2 x 10 m , while at a height of 6.4 km, C„ = 1 .73 x 10 * m" 1 ' 3 . 

Hie result given in Eq. (6.133) for received power should only be regarded 
as an estimate. It is based on a particular form for the spatial spectrum S and a 
generally unknown and not easily determined structure constant C„. However, 

, cquatio i n docs focus 0,1 parameters that govern the general behavior 
of tropospheric scatter. The example that follows will illustrate typical 
parameter values that are involved. 


Example 6.11 Troposphcrlc-scatter-propagatlon link An over-the-horizon 
link with the following parameters is to be evaluated: 

P, = 10 ' W 

G, = Gj= 10 5 (50 dB) 
d - 400 km 


A 0 = 10 cm 
C„= 10 " m '' 3 


If wc assume that the ajitenna aperture clficiency is 0.5, wc have rrD’/S = 
G,A„y4 n. so D/A„ = \/20 x W 2 /n and the required antenna diameter I) 
equals 14.2 m (46.7 ft). We can estimate the half-power beam width from 
the relation 4n/n0 in ^ 4/0 } m = G„ which gives fl,^=6.3x HE 3 . Since d is 
small relative to a r , the angle <l> is small and cos 0 « 1. From Eq (6 133) wc 
find that the received power is 8.15x 10 13 W. We will compare this signal 
with that which would have been received under frce-space propagation 
conditions. The Inttcr is given by 

^AS=6.33x,0-’W 

The tropospheric scatter link has 109 dB more loss. 

In order to compare the received signal with the receiver noise we will 
assume a bandwidth of 1 MHz and a system noise temperature of 600 K 
The noise power is then ‘ ’ 

P, = 1.38 x 10“ 13 x 10*x 600 = 8.28 x 10" 15 W 

* r • * \ • 

which gives a signal-to-noise ratio of 20 dB. The signal power needs to be 
increased by about 10 dB in order to be adequate to overcome the fading 
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that will normally occur. If the range is reduced to 300 km, a gain of 
(4/3) 17 ' 3 , or 7dB is achieved. If the antenna diameters are doubled, an 
additional gain of only 3dB is obtained. (Why?) With a smaller range the 
common volume is lower, so C\ could be expected to be 10 dB larger. All 
of these additional gains add up to 20 dB. Further improvement would 
require an increase in transmitted power and/or a reduction in bandwidth. 
However, an average signal-to-noise ratio of 40 dB should be more than 
adequate. ® 


Experimental Results 

In order to compare the results predicted by the theoretical formula with 
results obtained in practice, we will summarize the results of one experiment 
that was carried out over a period of more than 1 yr.t The path loss that is in 
addition to the normal frce-space transmission loss is obtained by dividing Eq. 
(6.133) by 

PiG x Gi\\ 

(4 t r) 2 d 7 

to obtain 



(6.136) 


In the experiment 28-ft-diamcter parabolic antennas were used with a gain of 
31 dB at 505 MHz and 46 dB at 4090 MHz. The other parameters describing the 
systems used are summarized below. 


Frequency, MHz 

505 

4090 

505 

Range d, km 

300 

300 

512 

P,.W 

500 

to 

500 

Gi» Gi. dB 

31 

46 

31 

Frcc-spncc 




loss, cIR 

135 

153 

140 

Transmission- 




line loss, fin 

1 

2 

2 

Measured L, dB 

Mar., 77 

Dec., 90 

June. 68 


Oct., 57 

Nov., 84 

Oct., 75 


June. 58 

June. 77 



A comparison of the measured loss and computed loss using Eq. (6.136) and 
two values of C n is tabulated below on the next page. 

t K. Bullington, W. J. Inkster, and A. L. Durkce. "Results of Propagation Tests at 505 MHz 
and 4090 MHz on Rcyond the Horizon Paths." Proc. IRE. vol. 45. Oct. 1955. pp. 1306-1316. 



This example clearly shows that the theory is generally in agreement with 
experimental results. However, the lack of knowledge of the structure constant 
C„ makes the theoretical predictions subject to at least a ±10-dB uncertainty. 

On the basis of experimental evidence Bullington ct al. predict a decrease in 
received power by 18 dB for each doubling of the distance d in the range 50 to 
300 mi. This corresponds to a range dependence of rT 6 , whereas the theory 
presented above gives a dependence on <T' with an exponent greater than 6.3. 
Part of the discrepancy is associated with the assumed dependence of S on the 
wave number 0, which is not necessarily valid for very small values of ft. If the 
modified von Karman spectrum 


S(P) 


327T 1 x 3.3 x 10 

[/? ? +(27T// n ) ? | ,,M 


(6.137) 


is used instead where l 0 and /, arc the outer and inner scales of turbulence, then 
the increase in S for small values of ft is not nearly as rapid. This reduces the 
inverse dependence of the received power on d. However, in the troposphere / n 
is of order 100 m, so in most cases the effect of using the von Karman spectrum 
is very small. Whenever 0 $> 2n/l 0 the von Karman spectrum becomes equal to 
that given by Eq. (6.131), provided also that 01. is small. Hie inner scale of 
turbulence /, is of order a few millimeters. 


6.10 EXTREMELY LOW TO VERY LOW 
FREQUENCY PROPAGATION 

I he extremely low frequency band (ELF) is the band of frequencies from 30 to 
300 Hz, with a corresponding wavelength of 10,000 km (6210 mi) at the low- 
frequency end and 1000 km (621 mi) at the upper-frequency end. Band 3 covers 
frequencies from 300 Hz to 3 kHz, while band 4, the very low frequency band, 
ranges from 3 to 30 kHz. The wavelength at the upper edge of the VLF band is 
10 km. At frequencies in the above bands, the collision frequency v in the 
ionospheric D layer is much greater Hian a>, and this makes the Ionosphere 
behave like a conducting medium. Tbe earth also behaves like a conducting 
medium. Although the conductivities are many orders of magnitude less than 
those of metals, they are sufficiently large to make the earth and the ion- 
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osphere act like reflecting boundaries, and thus provide a waveguide consisting 
of two spherical shells that guide the waves from the transmitting antenna to 
the receiving antenna. The confinement of the field between these two spheri¬ 
cal shells results in considerably less attenuation due to wave spreading than 
occurs in free space. There is, of course, attenuation due to the poor conduc¬ 
tivity of the earth and the ionosphere, but this attenuation is small enough that 
propagation in the earth-ionosphere waveguide over great distances is possible. 
At frequencies below 50 Hz the attenuation is less than 1 dB/lOOOkm, while at 
20 kHz it is of order 5 to 15 dB/1000 km. 

The earth-ionosphere waveguide provides a very stable propagation path, 
thus making low-frequency waves ideal for the transmission of time signals and 
for navigational purposes. For example, the Omega navigational system 
operates in the 10 to 13 kHz band. The two major disadvantages arc the 
inefficiency of the antennas because of their limited size in terms of wavelength 
and the narrow bandwidth, and hence low data rate. 

The D layer in the ionosphere is the layer closest to the earth. The height 
of the D layer is around 65 to 70 km at midday, rising to 85 to 90 km at 
midnight. The peak electron concentration is in the range 5 x 10* to 2x 10 ,n 
electrons per cubic meter at midday, while that at nighttime is up to an order of 
magnitude less. A model layer at a height of 80 km and a density of 6x 10* 
electrons per cubic meter has been proposed for propagation studies.t 

The dielectric constant of the ionosphere is given by Eq. (6.68) and is 


co(a) - jv) 

When o) is much smaller than the collision frequency r, we find that 


< • p 

K “ \ ~ J — tL 

0)V 

When this expression is used in Maxwell s equation 

V X || = j(0€ n K E 


we obtain 


Vxll = j(i )€ q E + — l e 0 E 

v 


which shows that the conductivity a of the ionosphere is given by 


u p 

a = -* e 0 


(6.138) 


Typical values for tollv in the D region range from 10 5 to 10 6 , which givefc’d 


* 

t A. H. Waynick, "The Present Stale of Knowledge Concerning the Lower Ionosphere." Frocl 
IRE. vol. 45. June 1957, pp 741-749 
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conductivity in the range 10 5 to 10- 6 S/m. The conductivity of the earth is 
larger, being of order I0~ 3 to iO" 2 S/m. 

In the ELF band, the frec-space wavelength is so long that only the 
quasi-TEM mode of propagation is possible, since all higher-order modes are 
cut off. In the VL.F band the guide height h, being around 80 km, is several 
wavelengths in height and thus allows many propagating modes to exist. 

The most satisfactory theory for low-frequency propagation is the mode 
theory. The pioneering work in this field was done by Wait and also Budden.t 
The theory does take into account the feature that the waveguide consists of 
two spherical shells, as in F*ig. 6.55a. However, for simplicity we will ap¬ 
proximate the guide as a parallel-plate waveguide, as shown in Fig. 6 55b 

With reference to Fig 6.55 b we will consider transverse magnetic waves 
(IM waves) propagating in the z direction and having only E x . E t , and H field 
components. For these waves E x and E t may be expressed in terms of // ns 
follows: y 



Ionosphere 



(«) 


t 


Hgure 6.55 (a) The spherical earth-ionosphere 
waveguide, {b) An approximate parallel-plate 
waveguide model. •<" 1 * 

I * * 

t See the special VLF propagation issue. Proc. IRE, June 1957; and also 1 

M. L. Burrows, ELF Communications Antennas. Peter Percgrinus. Ltd., London, 1978. 
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find that 


^ = —=Z„ (6.140) 

H y j(0€ + (T 

which is the mode impedance in the direction of propagation. In the guide a is 
zero and e = e n . Since H y is a solution of Helmholtz’ equation 


^ + £^ + fe? „. = o 


i -y 


(6.141) 


where k] = -(/<*>€, + <?,)(/<»/* 0 )=? jwfi 0 c t, with 0, Vo € o an( * K i ~ € / € o« 

we see that the * dependence is according to e ±yi * and 

ri + y 2 ,4-/cJ = o (6.142) 

Let rr, be the conductivity of the earth and <r 2 be that of the ionosphere. 
The corresponding values of k t will be denoted as k x and k 2 . In the three 
regions *<0,0 <x <h, and x> h shown in Fig. 6.55 b, y, has the same value. 
From Eq. (6.142) we obtain 

y) * -kl-y 2 ,= y 2 0<x<h (6.143) 

-k\-y]=y] x >h 

In the ionosphere e = e 0 , while on the earth € = *€„. Suitable solutions for H y in 
the three regions are 


A e 




* <0 


H - j Be’ v '*~ v,s + Ce vt * my '* 


0 < * < h 


(6.144) 


De 




X> h 


where A , ft, C, and D are amplitude constants. 

For propagation in the * direction the mode transverse impedance is 


,£l = _ y »— (6.145) 

// v j(0€ + (T 

We will denote the mode transverse impedances by Z,, Z, and Z 2 respectively, 
in the three regions according to the use of y,, y, and y 2 for y x and the 
appropriate values of e and <r . In the transverse direction the waveguide may 
be modeled as a transmission line of length h, propagation constant y, and 
characteristic impedance Z. The transmission line is terminated in impedances 
Z, and Z 2 at the two ends, as shown in Fig. 6.56. The propagation constant y t 
may be found by setting the determinant of the system of equations obtained 
for A, ft, C, and D by requiring that H y and E t be continuous across the two 
boundaries at * = 0, h. The eigenvalue equation for y, can also be found from 
the transmission-line model by requiring that the impedance at * = 0 looking 
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Figure 6.56 The equivalent transmission- 
l»ne model of the parallel-plate waveguide 
transverse section. 


towards Z 2 be equal to -Z,. By using transmission-line theory we find that 

7x7 _-7 . rr Z 2 +Z lai,h W' „ 

z 1 + z,,-z, + 2f -__ = 0 (6146) 

The normalized values of the mode impedances are 


Z,= 


Z,_ 


f oY, _I_ 

<y I - (Jtr t /ue) 

Yi 1 

y 1 - (/rTj/wc 0 ) 


(6.147) 


We can solve Eq. (6.146) for tanh yh to obtain 


tanh y/i = - 


z, + z 2 
1 + z,z. 


(6.148) 


By using Eq. (6.143) we find that 


*o r o 


* = 1.2 


(6,149) 


where k - 1 for i - 2. In the F.LF band wc 0 is very small (of order 10 ") 
compared with a, and cr 2 , so Z, and Z 2 are then small. For this case yh is also 
small and tanh yh can be replaced by yh. If we use this approximation and 
neglect Z,Z 2 relative to unity, F.q. (6.148) reduces to 


yh = ~(Z, + Z 2 ) *• -j 


(Y i . y? 


(- + * ) 


■M . )kn Yq 


which gives 




Wo , FjknY, 


= -<? 


in obtaining this result we have used y] **jkfak 0 Y 0 . The above equation 
shows that y, - jk 0i since the term on the right-hand side is small. We can solve 
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for y 2 to obtain 

1/2 

y, = (-*S- 1)'* = i k »(' + j*i) “ + ^ 

<6,50) 

As an example, consider ihe case when / = 300 Hz, /i = 80 km, A„ = 3 x 10* m, 
<r,= 10’S/m. and Oj = 10' 6 S/m. for which Eq. (6.150) gives 

y, = >2.09 x 10‘ 4 + (1 + /)3.4 x 10' 7 

=/2.43 x 10-‘+ 3.4 x 10' 7 

The first-order correction to k B is about 17 percent, so the approximations are 
reasonably well justified. The calculated attenuation is 2.9 dB/1000 km. If wc 
assumed that the conductivities were a factor of 10 larger, the correction to k„ 
would be around 8 percent, and the attenuation would be only 0.9 dB/1000 km. 

In the ELF band where the approximations made are valid, the field is very 
nearly a TEM wave with H y = Be'”', since the constant C turns out to be very 
small. The expression obtained for a has the same value as could be found 
using the standard waveguide power-balance approach to finding o (see Prob. 
6.31). 

If the TEM mode is excited by a vertical dipole in the earth-ionosphere 
waveguide, it will be a cylindrical TEM wave of the form 

E, = -^/A///^-/«)p) p>h (6151) 

4/i 

where M/ is the strength of the vertical current clement, Hl[(P - jd)p] is the 
Hankel function of the second kind, and p is the radial coordinate. In the 
spherical waveguide the main effect of the spherical-shell configuration is to 
change the spreading characteristics of the wave. Thus in place of Eq. (6.151) 
the field is more nearly like that described by the following equation: 

E, = - *# / MHUiP ~ /«)/>, 1 ( 6 - 152 ) 

4/i Vasin 8 / 

where a is the radius of the earth, E, is the radial component of the field,-the 
current element is located along the polar axis, and 0 is the polar angle relative 
to the current clement. In this equation p, is the distance (a + /i/2)0 measured 
along a great circle at the center of the guide, as shown in Fig. 6.57. "Hie 
circumference of the wave front is 2 na sin 0, and since the Hankel function 
behaves like p]' n for large p„ the correction in Eq. (6.152) amounts to 
replacing the circumference 2irp, by 2na sin 0. 

The expressions for the radiated field given by Eq. (6.151) or (6.152) show 
that in practice the coupling between a vertical antenna of practical length 16 
the TEM mode in the spherical earth-ionosphere waveguide is very small, iineg 



Figure 6.57 lllustration of the great-circle distance 
p, in the spherical earth-ionosphere waveguide. 


it is proportional to A///i. For an antenna 100 m long, this factor is 0.00125, 
which would give a coupling loss of almost 60 dB. A similar coupling loss would 
occur at the receiving antenna. The problem of exciting the TEM mode by a 
vertical antenna is further compounded by the extremely high input capacitive 
reactance of an antenna that is very short relative to a wavelength. 

The TEM mode can also be excited by a horizontal antenna. The coupling 
to a horizontal current clement is much weaker, but this can be offset by the 
practical realization of a much longer antenna, which also could be buried 
beneath the surface of the earth. The value of H y at the surface of the earth 
can be used to estimate the horizontal component of the electric field, since 
^i ~ 88 E r (Z,/ZJ. Ihe coupling to a horizontal antenna is reduced by the 

factor Z x /Z w . which is approximately equal to (a* 0 At,) 1 ' 2 , which numerically is a 
factor of around 10 \ Thus a horizontal antenna needs to be at least a 
thousand times longer than a vertical antenna. The much longer antenna docs 
provide for a large decrease in the input reactance also, so a significant further 
improvement in overall efficiency is obtained from this aspect alone. 

In the spherical waveguide the field is refocused at a point diametrically 
opposite to that at which it was generated. At certain specific frequencies a 
condition of resonance will occur for which the total phase change for pro¬ 
pagation around the earth once along a great-circle path equals 2nk 0 a = 
n(\ + n~ ) 1 2tt + n for large n. These resonances arc called Schumann 

resonances and have been observed experimentally.t The first three measured 
resonances occurred at 7, 14, and 21 Hz. 


Higher-Order Modes 

If the conductivities a, and tj 2 were infinite the higher-order modes in the 

tJ. R. Wail, "Earth-Ionosphere Cavity Resonances and Ihe Propagation of ELF Waves." 
Radio Sci., vol. 69D. 1965. pp. 1057-1070. 

J. Galejs. Terrestrial Propagation of Long Electromagnetic Waves, Pergamon Press, Oxford. 

1972. 
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parallel-plate waveguide mode! would have a magnetic field 

nnx v , 
H y -Qcos —e 

for the ti th mode where 



These modes are propagating modes for those values of n for which n <2h/\ 0 . 
At the upper edge of the VLF hand where A n = 10 km. we see that up to 
approximately 16 modes could propagate. When the wavelength is such that a 
given mode is well above cutofT, the wave is composed of obliquely propagating 
TEM waves that are incident on the air-earth and air-ionosphere boundary at a 
relatively small grazing angle, as shown in Fig. 6.58. As a consequence, the 
reflection coefficient at each boundary is close to -1, and relatively little power 
penetrates into the ionosphere or the earth. Wait has calculated the attenuation 
constant for the first few higher-order modes, and some typical results based on 
that work are illustrated in Fig. 6.59. The results are for modes propagating in 
the spherical waveguide.! The conductivity of the ground has a relatively small 
effect, since the ionosphere with its much lower conductivity accounts for the 
major portion of the loss. At a frequency of 20 kHz the attenuation for the 
n = 1 and n = 2 modes is only a few decibels per 1000 km. Thus propagation 
over distances as large as halfway around the earth would result in an 
attenuation of order 40 to 80 dB only. In addition there is the attenuation due 
to the d ~ 1 distance dependence as the power is spread out over a larger 
wave-front surface. In the VLF band the n = 0 or TEM mode attenuates quite 
rapidly because of penetration into the ionosphere. 


6.11 PROPAGATION INTO SEAWATER 

Communication with submerged submarines by means of radio waves is limited 
to the VLF band of frequencies or lower because of the large attenuation in 

X 


Grazing 
angle 

Figure 6.58 Higher-order mode propaga¬ 
tion in the earth-ionosphere waveguide. 

t J. R. Wait, "The Attenuation vs. Frequency Characteristics of VI.F Waves,” Proc. IRE, vol. 
45. June 1957, pp. 768-771. 
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Frequency. kHz 


Figure 6.59 Attenuation as a func¬ 
tion of frequency for the first iluec 
modes in the carth-ionospherc 
waveguide. <r, - 2 x 10' 2 S/m, <r 7 * 
10 ‘S/m. h =80 km. 


seawater brought about by the high conductivity. In the low-frequency bands 
seawater may be characterized as a lossy dielectric medium, with a relative 
permittivity e/e 0 or dielectric constant k equal to 80 and an average conduc¬ 
tivity cj equal to 4 S/m. It is readily established that the displacement current 
fa *E is much smaller than the conduction current a E. At 100 kHz the ratio is 
around 10 \ Hie propagation constant k for seawater may thus he ap¬ 
proximated as follows: 

k = l-fatt^jtoc 4- <r)] m - (—fafi 0 <t ) ,/? 



(*.155) 


where the skin depth 5, is given by 



(6.154) 


The skin depth is equal to 0.8 m at 100 kHz and 2.5 m at 10 kHz. In one skin 
depth the field will decrease by 8.68 dB, so clearly unless very low frequencies 
are used, the attenuation will be excessive at depths of 25 to 30m. The 
attenuation per meter as a function of frequency is shown in Fig. 6.60. 

The factors involved in the design of a receiving system and a transmitting 
system for a submerged submarine are quite different for the following reasons: 
Consider an incident signal wave along with the noise field coming from 
atmospheric noise sources. The noise field corresponds to a noise temperature 
of order 10 14 K in the VLF band. If the signal field is 20 dB stronger, then as 
the noise field and signal field propagate into the seawater both are attenuated 
at the same rate, but the signai-to-nbise ratio remains at 20dB.*‘If we now 
assume that the receiver equivalent input noise temperature is l66o k and a 
total attenuation of 10 11 occurs, then at the receiver the total noise will he 

* • • * • r • r * ' , 
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Figure 6.60 Allenuation in sea¬ 
water: a ~ 4 S/m. 


equivalent to 2000 K, and the signal-to-noise ratio is degraded by 3dB because 
of the addition of receiver noise. The interesting feature is that 100 dB or more 
attenuation can be tolerated without any significant degradation of the signal- 
to-noise ratio at the receiver. The attenuating quality of seawater diminishes 
the signal strength but at the same time shields the receiver from the high 
ambient atmospheric noise that exists above the sea. 

On the other hand, for an antenna submerged in seawater the transmitted 
signal up to the air-sea interface would be severely attenuated. An attenuation 
of 100 dB would have a devastating effect on the power requirements of the 
transmitter. When it is desirable to transmit a signal, the submarine would 
normally be required to be located very close to the air-sea interface in order 
to radiate a useful amount of power into the region above. 

The large value of the conductivity <t relative to to* causes an electromag¬ 
netic wave incident at a finite angle on the air-sea boundary to be strongly 
refracted toward the interface normal. Consequently the field will propagate 
nearly vertically downwards. The propagation between two submerged anten- 



Figure 6.61 Propagation path between two submerged antennas in seawater. 


nas is loosely described as up, over, and down, as illustrated schematically in 
Fig. 6.61. 

The smallest rate of attenuation for the surface-wave field over seawater is 
obtained with vertical polarization, as is the case for propagation over a lossy 

_earth. However, this does not mean that the antennas should be vertically 

polarized. It turns out that the high refraction of the field at the interface 
results in stronger coupling to a horizontal antenna submerged in seawater. 
From another point of view a horizontally polarized wave propagating vertic¬ 
ally upwards will couple to a vertical polarized wave because of the boundary 
conditions that must hold at the air-sea boundary. 

Many of the concepts that apply to an antenna radiating into a lossless 
medium do not apply when the antenna radiates into a lossy medium.t For 
one, the integration of the Poynting vector over a sphere of radius r surround¬ 
ing the antenna will not give the total radiated power, since some of this power 
is dissipated within the sphere because of dissipation in the lossy medium. A 
second effect is that the radiation pattern, which is a plot of the relative field 
strength as a function of direction on a sphere of constant radius, will depend 
markedly on the choice of origin for that sphere. This is because of the strong 
attenuation of the field with distance, as caused by the lossy media. The reader 
wishing to explore some of the properties of antennas in lossy media is directed 
to read the tutorial paper by Moore. 

In this section we will present a summary of the analysis of the field 
produced by a horizontal dipole source in a lossy medium such as the sea. The 
results are based on the work by Hasserjian and Guy.t The analysis neglects 
the effects of the ionosphere and assumes that the field of interest above the 
air-sea boundary is that of the surface wave. For propagation over very long 
distances the effect of the ionosphere should be included, using the earth- 
ionosphere waveguide model treated in the previous section. 

A vertical dipole antenna submerged several skin depths below the surface 
makes a very inefficient radiator.§ The field strength directly above the dipole 
is very small because of the directional characteristics. At an offset point the 
slant distance to the surface is larger, and the high rate of attenuation causes 
the field at some horizontal distance away from the point directly abovfe to be 
small also. In addition, the reflection coefficient at the air-sea surface is close to 
unity because of the large difference in the intrinsic impedance of air and 
seawater. These factors combine in such a manner that a horizontal dipole 
couples more efficiently to the vertical polarized surface Wave held than a 
vertical dipole does. 

A horizontal current element I dl at a depth h is shown in Fig. 6.62. For 

t R K. Moore. “Effects of a Surrounding Conducting Medium on Antenna Analysis.'* IEEE 
Traits .. vol. AP-lt. May 1963. pp. 216-255.* / ' 

tG. Hasserjian and A. W. Guy. “Low-Frequency Subsurface Antennas," IEEE Trans., vol. 
AP-I1, May 1963, pp. 225-231. 

• • § R. K. Moore and W. E. Blair, “Dipole Radiation in a Conducting Half Space," J. Res. NHS. 
vol. 65D, Nov. 1961. pp. 547-563. 
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Figure 6.62 A horizontal current element 
radiating into a sea environment. 

this source the far-zonc radiation Held above the surface at distances p > A 0 is 


iKzjdi y« F0 , )ecos * 

2np y, 

/A 

I Cf 1 

(6.155 b) 

ik,z 0 l dl r p.x 1 _ G <„)1 ,,, 

' 2 np IVy,/ HP) \ 

= iKZ*!£ G(v) e~ yv ’~ y ' h sin 4> 

2np 

(6.155c) 


where </> = angle measured from the dipole axis 

y 0 «/wVVo«o = /*o 

y, " (I + /)/6 f (propagation constant in seawater) 

F(p) % G(v)= Norton surface-wave attenuation functions 

v - (y./y o)V 

p = -(yoP^Xro/y,) 2 = numerical distance 

The radial distance along the surface is p, as shown in Fig. 6.62. 

For the problem of interest the frequency will be below 100 kHz., so the 
wavelength A 0 is greater than 3000 m and the skin depth 6, is of order 1 m. The 
distance p is normally small enough so that the numerical distance p is much 
less than unity in magnitude. For this condition \G\ < |F| and E p = (yo/yOE,* so 
\E p \<\E,\. For a vertical dipole located at the surface but above the sea the 
radiated fields are given by . . • 




jk 0 Z Q Idl 

2np 


F{p)e 



(6.156a) 

, • • ■ •! > 

(6.156ft) 

r •-.* 
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This latter result shows that E x for a submerged horizontal current element 
differs from that for a vertical dipole at the surface by the directional factor 
cos</>, the refraction term yjy,, and the depth attenuation factor e~ y,h . Thus 
for <t> = 0 the coupling factor at the sea-air interface is simply the factor 
Vri = 0 + /)5 ,w/A o, which is quite small. The loss due to this coupling factor is 
shown in Fig. 6.63. 

The attenuation function F(p) for small numerical distance |p| is given by 

f(, ’ ) ' i+ ^© 1 ”” (6i57 > 

Since X 0 ^-S, and p/A 0 will not be large, F(p) can be set equal to unity with 
little error. E t then has a value twice that if radiation occurred in free space 
apart from the coupling loss and depth attenuation. The numerical distance p 
has a magnitude given by (irp/X^ctJcr) = 1.45 x 10' W /V For / = 50 kHz the 
numerical distance equals unity for p = 3.1 x 10" km. This distance is much 
greater than that for which the llat-earth attenuation formulas hold and also 
much greater than the propagation distances normally of interest. For practical 
calculations Eq. (6.157) is acceptable and in most instances F(p) can be set 
equal to unity since |ro/r,l = {o>e 0 /*)' n is a small factor. The following example, 
will illustrate the evaluation of the received power in a horizontal receiving 
antenna when the transmitting antenna is a vertical monopole located at the 
surface. 


Example 6.12 Communication system involving a submerged antenna 
Figure 6.64 shows a vertical monopole antenna transmitting to a sub¬ 
merged horizontal receiving antenna a distance p away. It will be as- 



Frcquency. kHz coupling loss 20 !og|yi/y 0 |. 
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' Vertical 
^ monopole 


Insulated wire 


Figure 6.64 A communication link over seawater. 

sumcc! that the submerged vehicle antenna is an insulated wire of length / 
equal to 25 m. The transmitting antenna is assumed to be a monopole of 
length L. The frequency is very low in order to avoid prohibitive attenua¬ 
tion in the sea. Thus both / and L are very small relative to a free-space 
wavelength. Under these conditions the current distribution on the anten¬ 
nas can be taken as triangular, as shown in Fig. 6.64. 

The received open-circuit voltage is given by 


I(z)E,(z)dz 

6 ) J n 


where I{z) is the current on the transmitting antenna and E x (z) is the field 
radiated by the wire antenna of length / when it is used for transmitting 
with an input current 7 0 . By using Eq. (6.155a) and assuming triangular 
current distributions, we obtain 

y _ /Wo' ?0 g-nft-roP 

4tiy>/ 0 2 y, 


8V27 rp 


(6.158) 


When the receiving antenna is matched to its load termination, that is, 
Z, = Z j*. the received power will be P, = I V' oc | ? /4/? in , where R tn is the input 
resistance of the receiving antenna. 

In order to determine the signal-to-noise ratio at the receiver input, the 
contribution of the lossy sea at temperature T x and the atmospheric noise 
at temperature T 2 to the received noise must be found. The atmospheric 
noise and the sea noise arc uncorrelated, so the received noise from these 
two sources may be added together. When the antenna is submerged to a 
depth of a few meters the power it would radiate is almost entirely 
absorbed in the seawater. The principle of detailed balancing then shows 
that the antenna-noise temperature due to the lossy sea is T v The error 
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made in using this assumption is negligible if the path attenuation up to the 
surface is greater than 20 dB. Even for an attenuation of 10 dB the error is 
no greater than 10 percent. 

The contribution of the atmospheric noise to the received noise can be 
determined approximately on a comparative basis. When the antenna is 
located in free space it would have an antenna noise temperature equal to 
T 2 . The noiselike electromagnetic field incident on the air-sea interface 
from all directions above the sea is partially reflected at the surface. The 
remainder is transmitted down to the antenna and undergoes considerable 
attenuation in the process. The minimum reflection coefficient at the 
surface occurs for normal incidence. The reflection coefficient at normal 
incidence is 

= (MV^) 1 ' 2 - Z 0 _ (y^Mo !<r) m 

(i^Po/^y 7 + Z 0 z 0 

The transmission coefficient is 1 + F~ 2{j(op 0 /(r) m IZ 0 = 2OW 0 /<r) 1 ' 2 . The 
power transmission coefficient is 4(oc 0 /ct. The least amount of attenuation 
of the noise-field power incident on the receiving antenna is 4(ojc 0 I(t) 

Thus the maximum possible contribution to the antenna-noise temperature 
from atmospheric noise is 


7 2 = 47’?(~^) e~ n "' (6.159) 

The effective antenna-noise temperature T A equals 7’, + T 2 . In the VI.F 
band T 2 is of order 10 14 K, while 7', is close to 273 K. If the total 
attenuation due to the low interface coupling and high path attenuation 
exceeds 120 dB, then atmospheric noise can be neglected. A more accurate 
expression for the noise temperature contributed by the atmospheric noise 
field would require a consideration of the integrated effect of all the 
incident noise fields over all angles. 

If we assume that /=50kHz, h - 10 m, and / 2 = 10 M K we find that 
T\ - 23.2 K, which is negligible. 

In order to proceed further with the evaluation of this communication 
link we must know the input resistance of the receiving antenna and the 
properties of the transmitting antenna. An insulated wire submerged in 
seawater may be viewed as a length of open-circuited lossy coaxial trans¬ 
mission line. On this basis its input impedance may be calculated.! When 
/ <£ A 0 then 



40a/?/ 

0 




b 

a 


(6.160a) 

* 

(6.160/7) 


t A. W. Guy and G. Hasserjian. “Impedance of Large Subsurface Arrays.” IEEE Trans vol 
AMI. May 1963. pp. 232-240. 
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where a and p are the attenuation and phase constants for the current 
wave on the insulated wire, a is the wire radius, b is the outer radius of the 
insulator, and €, is the dielectric constant of the insulator. If we assume 
that the antenna is made from 50-0 coaxial cable by removing the outer 
conductor, then from Fig. 2 of the cited reference one finds that p = 
3.5V€ f fc 0 , a = 0.09V€,/c 0 . Thus if we also use e, = 2.56 we get 

R,„ = 105.5(//A 0 ) (6.161a) 

X ln =-4.97(A Jl) (6.161fc) 

Note that R m is very small and AT in is very large. 

The above antenna requires an inductance of 0.066 (A„//)VH (micro¬ 
henry) to tune it to resonance. For example, at 50 kHz an inductance of 
3.8 mil is required. For an unloaded bandwidth of 300 Hz the coil Q 
should be 50,000/300= 167, and thus the coil resistance will be R { = 
(oiL/O)- R in = 7.14 fl, which is much larger than R in when / = 25 m and 
A n = 6 km. 

If the inductor is considered to be part of the antenna and the receiver 
is matched to /? in + R e = R , then R must be used in place of R tn in the 
expression for received power to give 



The loaded bandwidth of the receiver input circuit will be 600 Hz. 

When the receiver-noise figure is F n and the coil resistance is assumed 
to be at the temperature 7'„ the total noise referred to the receiver input 
will be 

P n = (F„ - 1 )KT n Cf + k A /(— *-~ l) + ^j) 


= (F n -l)K7 0 A/ + k7- A/-*A/^=TJ 

R 


’*(F„-l)KT 0 bf+ kT,bf (6.162) 

For F n = 4. A/ = 600 Hz, T, = 273 K, wc obtain P„ = 9.71 x 10 " W. 

The transmitting antenna input current will be found by assuming that 
the required signal-to-noise ratio is 10. By using Eq. (6.158), the expression 
for P„ and Eq. (6.162) we find that 

. 2x(80RPj r2 \lpe hl, ‘ 


For a bandwidth of 600 Hz, / = L = 25 m, /i = 10m, p=10km, and the 
previously assumed parameters, we obtain 7 in = 4.6 x Id’ A. Clearly this 
large input current cannot be realized very easily in practice. The large 
interface coupling loss (61.58 dB) and the depth attenuation loss (76.85 dB) 


1 
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increase Ihe required inpul current by a factor of 8.35 x 10 6 . Without this 
loss an input current of 0.55 MA would have sufficed. 

The radiation resistance of a short monopole antenna is given by 



The antenna will also exhibit a large input capacitive reactance. This 
reactance will depend on the diameter-to-length ratio of the monopole. An 
antenna with a large cross section will have a smaller reactance. An 
inductance is normally used to tune the antenna to resonance, and the 
antenna current is determined by the series resistance of this tuning coil 
when the radiation resistance is very small. This also means that the tuning 
coil must dissipate close to 100 percent of the transmitter power output, 
and the overall efficiency will be low. 

If the antenna has an effective cross-sectional diameter d the ap¬ 
proximate value of the input reactance is 



(6.164) 


The antenna is assumed tuned to resonance, with a base loading coil with 
loaded quality factor Q and total series resistance 2 R. (This includes the 
generator resistance R K , which we choose equal to R.) The tuning coil must 
provide an equal and opposite reactance. For a bandwidth of 600 Hz the 
loaded Q should be //600, and the total series resistance 2 R is given by 

-XJQ or 



Ihe efficiency is RJ{R 4- R n RJR and is given by 


_80t _/Ly 

60(ln(4L/</)- 1)300 VaJ 


If we use L = 25 m, then R a = 6.85 x 10' 3 H. For d = 1 m, rj = 
1-382 x 10 4 , which is very small. The power in R a is I 2 in R a = 1.45 x 10\ and 
the input power is a factor rj~ ] larger, or 1.04 x 10° W. This is a very 
unrealistic power level. The example has shown the great difficulty that 
exists in providing communication to a submerged antenna. The high 
attenuation of seawater requires the use of very low frequencies, Snd if the 
antennas are short in terms of the very large wavelength they are very 
inefficient; the result is a requirement of unrealistically large transmitter 
power. 

If the frequency is reduced to 10 kHz, the interface coupling loss 
increases by 7 dB, but the depth attenuation decreases by a factor of 




444 I’ROI’AOA 1 ION 


RADIO WAVR PROPAGATION 445 


43.7 dB for a net gain of 36.7 dB. However, the antenna efficiencies would 
decrease by a significant amount unless their lengths were increased by a 
factor of 5. Consequently the use of lower frequencies helps, but the 
antenna size requirement remains a difficult problem. ■ 


Near-Zone Fields 


The expressions for the fields at the air-sea surface radiated by a horizontal 
current element arc valid for a distance p greater than the free-spacc 
wavelength. At the low frequency that is often used, the wavelength is very 
long and instances occur where p is less than a wavelength. For short distances 
it is necessary to consider the near-zone fields as well. These include terms that 
vary like p 7 and p \ In the near-zone range the fields are given byt 



■ "" - f (1 + Vof )cos 
2iry x p 

(1 + y„p + y Ip 7 ) cos $ e'"'' 

2ny]p- 

ny t p 


(6.165a) 

(6.165ft) 

(6.165c) 


The notation is the same as that used in Eq. (6.155). These expressions become 
equal to those given by Eq. (6.155) at a range where p is comparable to A 0 so 
that ytf) and yip 7 become the dominant terms relative to unity. At a frequency 
of 10 kHz the near-zone field expressions must be used out to a distance of 
order 30 km. 


6.12 ATMOSPHERIC lHJCTS AND NONSTANDARD 
REFRACTION 

The standard atmospheric model used in propagation studies is the one where 
the index of refraction decreases linearly with height. The decreasing value of 
the index of refraction causes the radio-wave rays to curve downward. Hie 
cflcct is accounted for by increasing the effective earth s radius by a factor of 
4/3 and then assuming that there is no ray curvature for propagation over this 
larger earth. 'Hie standard atmospheric model does not always apply. In certain 
parts of the world it often turns out that the index of refraction will have a rate 
of decrease with height over a short distance that is sufficient to cause the rays 
to be refracted back to the surface of the earth. These rays are then reflected 
and refracted back again in such a manner that the field is trapped or guided in 


* Hasserjian and Guy. op. cil. 


* 

| 



a Ihin layer of (he atmosphere near (he earth, as shown in Fig. 6.65. This 
phenomenon is known as trapping, or ducting. The confined field will propagate 
over long distances with much less attenuation than for free-space propagation 
because of the guiding action, which is somewhat similar to that in the 
earth-ionosphere waveguide at low frequencies. 

Ducts may form near the surface of the earth (surface duct) or at some 
height up to 5000 ft above the surface (elevated ducts). In order to obtain 
long-distance propagation, both the transmitting and receiving antennas must 
be located within the duct in order to couple effectively to the field in the duct. 
The thickness of the duct may range from a few feet to several hundred feet. In 
order to obtain trapping the rays must propagate in a nearly horizontal 
direction and thus, in order to satisfy the conditions for guiding within the duct, 
the wavelength has to be relatively small. Consequently ducting occurs pri¬ 
marily for frequencies above several hundred megahertz (UHF and microwave 
bands). 

The formation of ducts is due primarily to the water vapor content of the 
atmosphere, since this has a stronger influence on the index of refraction than 
temperature gradients do. For this reason ducts most often form over large 
bodies of water such as in the trade-wind belt of the oceans. Ducting over land 
surfaces is much less common. In the trade-wind belt over the ocean there 
appears to be a more or less permanent duct about 1.5 m thick. 

The simplified theory of propagation in ducts will be presented below and 
is based on the ray picture of propagation in a nonhomogeneous medium. The 
index of refraction of the medium is usually described in terms of the 
meteorological data by modified index of refraction curves. These curves are a 
plot of the modified index of refraction on a horizontal scale versus height. The 
modified index of refraction is the difference between the actual index of 
refraction and that which corresponds to refractive conditions in the atmos¬ 
phere that would cause the rays to remain at a constant height above the 
curved surface of the earth. 

Consider an atmosphere for which the index of refraction is a function n(z) 
of the height z above the earth s surface. With reference to Fig. 6.66a, Snell's 
law, as discussed in Sec. 6.6 and illustrated in Fig. 6.40c, requires that 
ft (z) sin i p(z) be constant for a flat earth. For a spherical earth with a spheric¬ 
ally stratified atmosphere Snell's law takes the form (a + z)n(z) sin t/<(z) = 
constant. (For a derivation see Prob. 6.34.) The derivative with respect to z 



Figure 6.65 Ray paths for a surface duct. 
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gives 

dn dip n 

sin (// — + n cos <// — =-sin ip 

dz dz a + z 

dip tan ip dn 1 

or ~r~ - -j-—tan 

dz n dz a + z 

We can relate the rate of change of the angle of incidence ip with respect to 
height to the rate of change of the angle 0, which measures angular distance 
along the earth’s surface, as shown in Fig. 6.66 b. From the figure it is seen that 
dz - {a + 2 ) cot 1 pdO, and hence 

dip a + z dn 
dO n dz 

where a is the radius of the earth. If the initial angle of incidence at some 
height 2 0 is 90°, the ray will propagate along a path parallel to the earth’s 


(6.167) 


(6.166) 




Figure 6.66 (n) Curved ray in an inhomogeneous almosphere above the earth. (6) Ray height as a 
function of dft. (c) The equivalence of a straight ray above an earth with radius a, and the actual 
ray above the earth. 
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surface, i.e., at constant height, provided dip/dO = 0. The required index of 
refraction gradient is 


a + z 


(6.168) 


The average value of the index-of-refraction gradient for the standard atmos¬ 
phere is smaller than this value and is given by 

dn 1 

Tr -~ (6.169) 

where a t = 4a/3. For the standard atmosphere the ray curves downward, and 
its height above the earth’s surface is the same as that which a ray propagating 
along a straight line would have relative to an earth with an effective radius a t , 
as shown in Fig. 6.66c. This is the basis for using an effective earth radius o t 
and for assuming that above the surface of this equivalent earth the index of 
refraction is constant and the rays propagate along a straight-line path. 

The integral of Eq. (6.168) gives 


"(*)«"((>)-- 

a 


(6.170) 


while for the standard atmosphere 


n(z)= n (0)- 

a. 


(6.171) 


With nonstandard refractive conditions the index of refraction may 
decrease with height less rapidly or more rapidly than according to Eq. (6.171). 
When the decrease is more rapid, the ray will curve downward at a greater rate 
and hence propagate to a greater distance without getting too far away from 
the earth’s surface. For this reason the refraction is referred to as super- 
refraction for this case. When the index of refraction decreases less rapidly, 
there is less downward curvature, and we have substandard refraction. 

The modified index of refraction N is equal to the difference between the 
actual index of refraction and that for the equivalent atmosphere over a fiat 
earth. It is obtained by the subtraction of the term -z/a\ thus 


N(z)=n(z) + - 

a 

The gradient of the modified index of refraction is 


(6.172) 


dN__dn J_ 
dz dz a 


(6.173) 


and can be either positive (substandard refraction) or negative (superrefraction) 
with respect to that for the standard atmosphere. The modified index of 
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refraction is used to study ray propagation over a flat earth, since the effect of 
the curvature of the earth’s surface has been removed. The actual index of 
refraction for the standard atmosphere decreases with height, but the modified 
index N will increase with height, since 

dN _ 1 11 

dz a a e 4 a 

.Since the index of refraction differs from unity by approximately 300 parts 
in a million, it is a common practice to describe it in terms of m units given by 

m =(n- l)x 10* (6.174a) 

and for the modified index of refraction in terms of M units given by 

M = (N - 1) x 10* (6.1746) 

The height-versus-M profiles or curves are often plotted as a function of the 
meteorological parameters in order to show superrefraction, substandard 
refraction, and ducting conditions. Similar N profiles may be plotted. Typical N 
profiles are shown in Fig. 6.67. For the standard atmosphere the N profile is a 
straight line with constant positive slope. When the slope is less we have 
substandard conditions, while a greater slope indicates superrefraction. An 
inversion in the profile, such as that shown in Fig. 6.674, e, and /, indicates the 
presence of a surface duct or elevated duct. 

Ray Trajectories in a Surface Duct 

We will assume that the modified index of refraction is given by 

N(z)=N 0 +N t z(h-z) 0 < 2 </t . (6.175) 

A typical value for the constant N, is 1.3 x 10 7 /m 2 . This parabolic index profile 
represents the medium within the ducting region, which extends from the 
surface up to a height h. Consider a ray that leaves a transmitter at height /i/2 


Duel Figure 6.67 Modified index of 
refraclion profiles; (a) standard 
atmosphere; ( b) substandard 
refraction; (c) profile for super- 
refraction; (4) profile for sur¬ 
face duct; (e) profile for near¬ 
surface duct; and (/) profile for 
elevated duct. 
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at an angle <//,-, as shown in Fig. 6.68. At a height z > hi 2 the angle ip is given by 
Snell's law (since N(z) is used the flat earth formula must be used) as 

N( 2 ) sin ip = N(h/2) sin <//, (6.176) 

At the turning point ip = tt/2 and from Fq. (6.176) we obtain N(z)- 
N (h/2) sin ip r By using Eq. (6.175) we can solve for z = z, at the turning point 
to obtain 

2, = ll 1 + ( 1 + ^i) {1 - sin *•>”] < 6177 ) 

If the initial angle of incidence ip, is too small, the ray will penetrate through 
the duct and not be trapped. The critical angle i// c is that angle which makes the 
turning point occur at 2 = h. From Eq. (6.177) we readily find by setting z, = h 
that 


sin ip t 


1 

1 + (/t ? /V,/4/S/ n ) 


(6.178) 


As an example let N a = 1, N, = 1.3 x 10" 7 /m ? and h = 20 m, for which the 
critical angle is 89.708°. This result is a typical one and shows that only those 
rays that propagate in an almost horizontal direction can become trapped. 
When <//, > ip e the turning point is at z, < /i, and the ray trajectory is like that 
shown in Fig. 6.68. In Fig. 6.68 the angle of incidence is shown to be much less 
than 7 t/ 2 at the midpoint for clarity. 

The ray picture suggests that all rays with ip, < ip ( arc trapped. While this is 
true, only certain angles that depend on frequency correspond to guided modes 
in the duct. The waveguiding action of a duct is very similar to that of a 
dielectric slab. A dielectric slab waveguide is shown in Fig. 6.69. For this guide 
wc will consider a TM mode with field components E„ E„ and H y . For H y we 
will assume a solution of the form 



+ € /*x CM* 
n *in 



-/fc* *ln 

W>/i/2 



where k = Vand A and B are constants. In order to match the tangential 



Figure 6.68 Ray trajectories in a 
duct with a parabolic profile for 
the modified index of refraction. 
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Figure 6.69 A dielectric-slab 
waveguide model for a duct. 


field across the surfaces z = ±/i/2 for all values of x we require that 

k 0 sin i/i, - \/k k 0 sin i//, 

which is Snell s law. We have assumed upward and downward propagating 
waves that form a standing-wave solution in the z direction within the slab. 
Such a solution is possible only if there is complete reflection at each dielectric- 
air interface. This requires that the angle «//, be greater than the critical angle 
given by V* sin i// c = I, which makes = 7r/2 and results in complete reflection 
at each air-dielectric interface. When ^ > i]/ f we see that cos t//, = 
(1 - sin 2 1 // ( ) ,/? = (I - k sin 2 i//,) l/? will be pure imaginary. Thus the field outside 
the slab will be evanescent. For convenience let k sin </r, = /?, k cos •//, - y = 
(k 7 - py\ and jk n cos i// f - a = (ft 7 - kl)' n . The solution for H y can then be 
expressed in the form 


2 A cos yz e~ l0x 


h h 

~ 2 <2< 2 


(6.179) 


\ z \>- 

The x component of the electric field is given by 


11ence 


• r- dH y 

l(0€lt ~ - L 

<lz 


2y A 


J(i)€qK 

E - 

aD 


sin yz e 


h h 

~ 2 <Z< 2 


e"' e 


!<•>* o 


h 

x > — 
2 


(6.180) 


When we make // y and E x continuous at z = h/2 we find that a solution for A 
and B is possible only if 


y tan y — = kcx 


(6.181 j 


This characteristic equation, along with the relationship y 7 = Kk\-fi 7 = 
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Kk 2 n - (a 2 + kl) or y 7 4- a 7 = (k - l)kn, determines the allowed values of y and (1 
that will correspond to guided modes in the slab. As an example, let the 
dielectric constant k = 1.002 and A n = 10 cm and assume that a = 2.75. We then 
obtain y = 0.5772, and from Eq. (6.181) we find that the required slab thickness 
h equals 4.72 m. For this mode «//,- = 89.47°. The higher-order modes require a 
larger value of h. 

The propagation of a guided mode in a duct is similar to that in a dielectric 
slab but is more difficult to analyze because the dielectric constant is not 
uniform along the cross section of the guide. There will be an evanescent field 
beyond the turning point in the duct just like there is beyond the boundary in 
the dielectric slab guide. The characteristic values of »// will be very close to 90° 
because the index of refraction is very close to unity. A first approximation to 
the solution could be obtained by assuming that the duct is equivalent to a 
dielectric slab of thickness h and having a dielectric constant equal to N 7 (h/ 2). 

As long as (k - l)(/c 0 /i/2) 7 <£ 1, then y/i/2 is also very small, and Eq. (6.181) 
gives 

a = ~~ (6.182) 


We then find from the relation y 2 + o 2 = (k - 1 )k 2 n that 

. 4 / ^ \ . 2 / .VI 2 


T .(). . <« _ 


(6.183) 


which is readily solved for y. The required value of »//, may be found from 


, r y 

co# *»“;nar-r 

K K n K 0 


(6.184) 


For 1.3 x 10“ 7 /m 2 , N 0 
find that .//, = 89.77°. 


= 1, A n - 10 cm. and a duct thickness h = 50 m, wc 


PROBLEMS 

$ 

6.1 A line-of-sight communication link operating at 50 MHz has the transmitting 
antenna at a height of 20 m. The distance to the receiving site is 15 km. Use the 
flat-earth interference formulas to determine the height of the receiving antenna for 
maximum received signal. 

6.2 A communication system operates at 100 MHz and has its transmitting antenna at a 
height of 50 m. Construct a flat-earth coverage diagram for this system. Plot the first two 
lobes for frec-space range parameters of 5, 10, and 20 km. Sec Eq. (6.6a) and (6.66). 

6.3 A 3-cm radar has its antenna located 3.9 m above ground (v = 0.25). Plot the 
relative received signal strength returned from an aircraft flying towards |he radar at a 
height of 156 m by using the coverage diagram given in Fig. 6.19. See Example 6.2. 

6.4 A communication link operating at 300 MHz has its transmitting antenna at a height 
of 25.5 m. For a receiving antenna at a height of 255 m plot the relative received signal 
power as a function of d for d in the range of 5 to 25 mi. 
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6.5 A microwave relay link is to be designed such that the signal power level will not 
be less than what it would be under free-space propagation conditions. The 
frequency of operation w 10 GHz. The antenna heights at each terminal arc 30 m. 
Determine the maximum distance that can be used between stations. 

6.6 In a communication link the antenna heights are 40 and 60 m. The distance between 
terminals is 30 km. Find the point at which reflection from the ground occurs. Assume 
standard refraction occurs. Find the path-gain factor for this system when A n =lm. 
Assume a reflection coefficient of — 1. 

6.7 An FM station operating at 100 MHz with a transmitted power of 5kW has its 
transmitting antenna at a height of 70 m. Find the field strength in microvolts per meter 
at a receiving site a distance of 60 km away. The receiving antenna is located 10 m above 
the ground. The gain of the transmitting antenna is 5. If the receiving antenna is raised to 
a height of 20 m, what is the new value of field strength? See Figs. 6.28 and 6.29. 

6.8 When h e = -*> show that Eq. (6.33) gives (E 0 e iknd /d) for the field at the center of 
the receiving antenna. Use the approximations R\**d it z ** di. This is the expected 
result in view of Eq. (6.29), which was chosen for the transmitted field. 

6.9 A range of hills 50 m high exists midway between the terminals of a microwave 
relay link operating at 1 GHz. 'Hie distance between the terminals is 15 km. Determine 
the required antenna heights in order to keep the diffraction loss less than 6dB when 
substandard refraction occurs such that the effective earth radius is 0.7 of the actual 
earth radius (a, = 2770 mi). What should the antenna heights be in order to keep 
H ( - 0.8 under substandard refraction conditions? How much lower could the antenna 
heights be if a , = 5280 mi and H e = 0.8? Hint : Plot the path profile above an earth with 
radius a , using straight-line ray paths. 

6.10 An AM broadcasting station operates on a frequency of 700 kHz with a transmitter 
power of 50 kW. The antenna gain is 2. Find the distance at which the surface-wave field 
will provide a field strength of 10 mV RMS/m. Assume that k = 15 and a = 10 ? S/m. For 
a similar station operating at 1.5 MHz, what is the corresponding distance for the same 
field strength? Hint: Find the field strength for d = 100, 125, and 150 km and 
extrapolate between these values. 

6.11 A ship-to-shore communication system operates on a frequency of 300 kHz. At 
what distance will the signal level be 20 dB below its free-spacc value? Assume that 
k' = 80 and a - 4 S/m for seawater. See Fig. P6.11 for |A,|. 

6.12 A small portable AM radio receiver uses a ferrite-core antenna with an effective 
permeability n, = 10. The cross section of the ferrite-rod core is 2 cm 2 . The antenna 
consists of a coil of 50 turns with an inductance of 250 /ill. The O of the coil is 300. The 
receiver has an overall noise figure of 8. An AM broadcasting station operating on a 
frequency of 1.5 MHz with a power of 20 kW and an antenna gain of 2 is to be received. 
If the antenna-noise temperature is 10° K and the receiver bandwidth is 10 kHz, what is 
the signal-to-noisc ratio at a distance of 80 km (about 50 mi)? Assume rr = 10 2 S/m and 
*'= 12 . 

6.13 Determine the distances at which the signal power will be 20 dB below its 
free-space value for the following conditions: 

(<i) / = 50 MHz, *' = 15, rr - 10~ 3 S/m 

(b) f = 50 MHz, *' - 80, cr - 4 S/m (over seawater) 

(c) / = 10 MHz, k' = 15. a = 10’ 3 S/tn : 

(d) /= 100 MHz, *' = 15. rr = 10-\S/m 



6.14 Two individuals use walkie-talkies operating at 50 MHz in a rural environment 
where the ground constants arc *' = 10 , cr = 5 x 10"’ S/m. The antenna gains arc equal 
to unity. The transmitted power is 4 W. The receiver bandwidth is 5 kHz. The receiver- 
noise temperature is 1200 K. and the antenna-noise temperature is 10" K. Determine the 
signal-to-noise ratio at distances of 5, 10, and 20 km assuming surface-wave propagation. 
If propagation took place under free-space conditions, what would the signal-to-noise- 
ratio be at 20 km? 

6.15 Compare the surface-wave attenuation for vertical and horizontal polarization for 
f = 1 MHz. *' = 10. rr = 5 x I0' 5 S/m, and d = 60 km. 

6.16 The electron concentration at a height of 300 km is 10"/m\ What is the maximum 
angle of incidence .//, that can be used at a frequency of 10 MHz? What is the horizontal 
skip distance if the maximum angle <//, is used? 

6.17 A short-wave broadcasting service is to be established covering a distance of 
6000 km in three skips, each 2000 km long. Assume that reflection takes place at a 
height of 250 km and that the electron density is 5x lO'Vm 3 . What frequency and angle 
of incidence should be used? What is the maximum usable frequency? 

6.18 A plane wave at a frequency of 10 MHz propagates through a distance of 200 km 
in the ionosphere. The average electron density is 5 x 10 ,o /m 3 , and the cyclotron 
frequency w c = 8x 10 rad/s. Find the amount of Faraday rotation produced. Assume 
that collisions are negligible. 
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6.19 A plane wave propagates along Bo in the ionosphere with f c = 1.4 MHz. The 
frequency of the plane wave is 1.5 MHz. 'Hie electron density is 10 ,n /irT and the collision 
frequency v = 10 4 . Find the attenuation constants for the left and right circularly 

polarized waves. Repeat for / = 2 MHz. 

■ 

6.20 By using Eq. (6.96) show that the scattered power from a spherical water drop in a 
plane 0 = nil is the same as the backscattered power per unit area. Thus the radar 
bistatic scattering cross section is the same in this plane as the backscattering cross 
section. 

6.21 Use Eqs. (6.107) and (6.108) to calculate the attenuation in decibels per kilometer 
for a microwave signal with / = 20GHz and moderate rain of 6mm/h. What is the 
attenuation at a heavy rain rate of 20 mtn/h? 

6.22 A microwave relay system uses terminals spaced 10 mi apart. The frequency of 
operation is 10 GHz. What additional signal margin is required to offset attenuation by 
rain for a rain rate of 10 mm/h along the whole path? 

6.23 A 60-GHz millimeter communication system uses antennas (parabolic) that arc 
40 cm in diameter and have an efficiency of 0.65. The transmitter power is 2 W. The 
receiver bandwidth is 200 kHz, and the system-noise temperature is 500 K. What is the 
maximum free-space range for a signal-to-noise ratio of 15 dB? What is the maximum 
range possible when attenuation by oxygen and water vapor is taken into account? 

6.24 Two microwave relay systems have their paths at right angles to each other (see 
Fig. P6.24). The antenna gains are equal to 30 dB, and the half-power beam widths are 
7°. The frequency is 10 GHz. Rain at a rate of 10 mm/h occurs in the region where the 
two antenna beams cross, as shown in Fig. P6.24. Estimate the common volume to be a 
cube with sides of length r x BW, where BW is the half-power beam width and r = 5 km 
is the distance to the rain cell. Find the average scattered power received by antenna 2 
when the power transmitted by antenna 1 is 5 W. Hint: See Prob. 6.20. 


Common 

volume 



Figure P6.24 

6.25 For a tropospheric scatter link show that |k, - k<| = 2ko sin tJ/12. Hint : Consider 
(k, - k<) • (k, - k,). 


I 


i 




i 

# » 

T 


6.26 Under ihe conditions stated in the text, why is I. • f 2 = f,f, cos <A? : 

6.2 7 Assume that the antenna beams have square cross sections, as shown in Fig P6 27 
Let 28,n be the half-power beam width so that H in the figure will be equal to d0 u , 
Show that the common volume is BH> and find B in terms of H and * Assume 

5 '"^ f How ,s * ,cIi " ed lo »"gle « and the elevation angle y of the two 
antennas? Answer : </» = <* + 2y. 





Figure 1*6.27 


6.28 In a tropospheric scatter link the antennas are beamed 0.25° above the horizon. The 
range d is 250 km. What is the height above the earth of the common volume from 
which scattering occurs? What are the values of the angles « and *? Assume an 
effective earth radius of a, = 5280 mi to account for standard refraction. Mow should the 
expression (6.133) be modified when o and tj, are not equal? Note that a = d/a, and i/, is 
the angle between k, and k„ as in Fig. P6.27. See also Prob. 6.27. 

6.29 For the tropospheric link described in Prob. 6.28 the antenna gains are 50 dB, the 
transmitted power is 2kW, and the frequency is 2 GHz. If C„ = 5 x 10 "m ,/ \ what is 
the received power? Hint : See Example 6.11. 

6.30 For the 505-MHz tropospheric scatter link described in the text find the received 
power for d = 300 km. Assume 0„j = 2/VC and C, = 3 x 10 ” m 
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6.31 Assume that the magnetic field of the TEM mode in the ideal parallel-plate 
earth-ionosphere waveguide is given by H y = B e The earth and the ionosphere can 
be treated as surfaces, with a surface impedance given by Z, = (;a>/xo/o , ) ,r2 = 
(1 + j)((ofxo/2o , y /7 = (1 + j)/((r8,) y where 8, is the skin depth. The power loss per unit area 
in one surface is given by |f/ y | 2 /(2cr5,). Find the power loss P, per unit length in the 
parallel-plate waveguide and find the attenuation a from the power-balance equation 
-dPJdz « 2 aP - P,, where P is the power flow for the TEM mode. Show that a found 
by this method agrees with that obtained from Eq. (6.150). 

6.32 An atmospheric duct is modeled as a dielectric slab of thickness h = 25 m and with 
a dielectric constant k = I + 1.5 x 10' 6 . Find the critical angle fa. When A 0 = 20 cm, what 
is the value of the angle ip for a guided mode in the slab? 

6.33 Derive the characteristic equation (6.181). 

6.34 Derive Snell’s law as used in the derivation of Eq. (6.166). Hint: From Eqs. (IV. 19) 
and (1 V.21) show that 

ds 

n — = n p n p • Vn 
ds 

The directional derivative of n along s is 


dn 

— « s* Vn 
ds 


From these relationships show that 


dn s 


(n p • Vn)n P + (s- Vn)s= Vn 


Now consider 


dns _ dn 
r x —- = r x Vn = r — a. x ft, = 0 
ds dr 

Expand d(rxsn)/ds to obtain -n$x dr/ds since dtjds is along s. Hence |rxsn| is 
constant along the ray. Thus rn sin ip = constant where «// is the angle between the 
position vector r and the unit tangent s to the ray. When r is set equal to a + z the 
required law is obtained. 
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USEFUL VECTOR RELATIONSHIPS 


VECTOR ALGEBRA 

Lei vectors A and B be expressed as components along unit vectors a,, a ?1 and 
a, in a right-hand orthogonal coordinate system. Then 

A ± B = (A, ± B,)a, + (Aj± B 2 )a, + (A, ± J3,)a, (1.1) 

A • B = |A| |B| cos 0 = A,B,+ A } B 2 + (1.2) 

where 0 is the angle between A and B. 

A x B = a,(A,l?,- A,B,)+ a 2 (A,B, - A,Bj)+ a i (A l B i - A,B X ) (I.3a) 

|Ax B| = |A| |B| sin 0 (1.3*) 

ABxC=AxBC = CxAB (1.4) 

A x B = -B x A (1.5) 

A x (B x C) = (A • C)B - (A • B)C (1.6) 

VECTOR OPERATIONS IN COMMON COORDINATE SYSTEMS 


Rectangular Coordinates (Fig. 1.1) 


V<f> = 


div A = 


d<!> 
' x dx 


d<i> d<t> 

+ a — + a, — 
y dy dz 

(17) 

^ £+ ^ + M i 

dx dy dz 

(18) 
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rdr\ dr ) r 2 dt)> } dz 2 

V’A = VV • A - V x V x A 


(1.15) 

(1.16) 


Note that V J A * a.V’A, + a,V J A, + a,V J A, since V 2 a,A r * a ,V 2 A„ etc., because 
the orienlalion of the unit vectors a„ a 4 varies with the coordinates r, </>. 


Spherical Coordinates (Fig. 1.3) 


Vi> - a, “ + a, 1 —+ —— — 
Sr r dQ r sin 0 d<f> 


l d 


V-A = ^ — (r A,) + —— (sin 0 A.) + 
r dr r sin 0 <90 ' " 


1 SA. 


r sin 0 d<f> 


Vl< A“[^(^ sin 0 )-£*£l + ?i(_i\ 
rmelM 94> 1 r \sin 0 d<b dr * I 


r Vdr ,90 ) 


V’d> = l—(r*—\ 4-- 1 1 a 1 * 

r ? r)rl dr) r 1 sin 0 dd d0 ) ' r 2 sin 2 0 dd> 2 


V’A = VV • A - V x V x A 


(1.17) 


(1.18) 


(1.19) 


(I 20) 
( 1 . 21 ) 



FlRiire 1.3 Spherical coordinalc system 


VECTOR IDENTITIES 


V(<f>i/') = + <f>V <l> (1.22) 

V • t//A = A-Vip + ipV ■ A (1.23) 

V • (A x B) = (V x A) • B - (V x B) ■ A (1.24) 

V x i/«A = Vi/« x A + ipV x A (1.25) 

V x (A x B) = AV • B - BV • A + (B • V)A - (A • V)B (1.26) 
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V(A - II) -- (A ■ V)ll + (II ■ V)A I A X (V x II) i II x (V x A) (127) 

= (128) 

V • V x A = 0 (1-29) 

VxV<f> = 0 (1.30) 

V x V x A = VV - A - V : A (1.31) 


If A and <l ) arc continuous functions with at least piecewise continuous first 
derivations in V and on S (or on 5 and the contour C bounding 5) (Fig. 1.4), 



V<I>dV = 




V-A dV = 



A • dS 


divergence theorem 



V x A dV 


-l 


n x A dS 


d S = n dS 


(1.32) 

(1.33) 

(1.34) 



n xV<t>dS 


-l* 


(I 35) 


| V x A • = | A ■ dl Stokes’theorem (1.36) 



Figure 1.4 Surface S wilh commit C 


RELATIONSHIP BETWEEN UNIT VECTORS IN RECTANGULAR 


AND SPHERICAL COORDINATES 

a, = a, sin 0 cos (f> + a„ cos 0 cos </> - a^ sin <f) (1.37) 

a v = a, sin 0 sin </> + a„ cos 0 sin 4> + a^ cos </> (1.38) 

a f = a r cos 0 - a„ sin 0- (1.39) 

a r - a r sin 0 cos rf» + a y sin 0 sin </> + a, cos 0 (1.40) 

« , ' r % 

a„ = a t cos 0 cos 4) + a y cos 0 sin </> - a, sin 0 (1.41) 

? a^ = ~a r sin </> + £ y co?i <f> (1.42) 
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SUMMARY OF TRANSMISSION-LINE THEORY 


Figure 11.1 shows the distributed parameter-equivalent network model of a 
differential length dz of a two-conductor transmission line. By applying Kir- 
chhoff’s law to this network we can write, to first order in dz, 

‘-('* 7 z d ‘)~( v0 + c %) d ‘ 





Figure n.l Equivalent,, circuit 
( for a section of ^transmission 
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—--(iR + L-) 

az v at) 

— = -(i»G + C—) 

az V ai ' 


(II la) 


(III/)) 


where R is ihe series resistance per meter, L is the series inductance per meter, 
O is the shunt conductance per meter, and C is the shunt capacitance per 

meter. 

For the sinusoidal steady state we can use phasor analysis to obtain 

— = -{R+j<oL)l (H2 a) 

A ^ 


^=-(G + jwC)V 
dz 


(11.26) 


By forming d'V/dz 1 and using Eq. (11.26) to replace dl/dz we obtain 

——r = (R + ja>L)(G + j(t>C) v (II 3) 

dz 7 


This equation has the following solution: 


V = V'e~ yI 4 V~e 


- ~y* 


(114) 


where ___ 

y ** jP + a * V(R + j(oL)(G + jo>C) 

The coefficients V 4 and V' are the complex amplitudes of waves propagating 
in the + z and -z directions, respectively. For most transmission lines, R ^ <»L 
and G o>C so that 


y «;cuVLc|(l+^-)(l + 2/wC )] 


jo, VLC + - (R VC/L + G\)L/C) 


(11.5) 


LOSS-FREE LINE 

When R = (7 = 0 we have y = jP - /'wVLC. This also equals /aiV'/z 0 < 0 = 
ju>lc = ;fe n for an air-filled line. From Eq. (Il.2a) we find that 

/ = — «*” - —e*' (H.6) 

z, z, j.. , 

where Z f = VZTC and is called the characteristic impedance of the trans¬ 
mission line. For a coaxial line and a two-wire line, as shown in Fig. IL2, Z t is 
given by the formulas shown in the figure. 


V~ 

— e”’ 


( 11 . 6 ) 
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M 

O O 



Z f - I 20 cosh ‘ 1 j 


Figure II. 2 Two common 
transmission lines: (n) a coaxial 
line and (6) a two-conductor 
line. 


TERMINATED TRANSMISSION LINE 

Figure II.3 shows a transmission line with characteristic impedance Z r ter¬ 
minated in a load impedance Z L . The voltage and current waves on this line are 
given by Eqs. (II.4) and II.6); thus 

V = V* e’*' 4 V e ift * 


V- V e m 


At 2 = 0, the load end, we must have 


Y c = -~ V CIL 

S'* 


v« v t = v*+ r 
/ = /, = n ( - v n = 

*-‘L 

These terminal relations can be solved for the ratio V /V\ that is, the 
amplitude of the reflected wave relative to that of the incident wave. This ratio 
is called the load voltage reflection coefficient and is given by 


(11.7) 


If Z L = Z c , then 1 L is zero and the load is said to be matched to the 
transmission line. When f L is nonzero, we will have a partial standing wave on 



Figure 11.3 A terminated transmission 
line. 
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the line. Hi is manifests itself as a variation in the magnitude of the voltage 
along the line. The maximum voltage on the line will be |V‘| + |V“| f while the 
minimum voltage on the line will be |V*|-|V“| and occurs when the incident 
and reflected voltage waves add in phase or out of phase, respectively. The 
voltage standing wave ratio (VSWR) is given by 


v .. vn M-Hn . 1 + 1V^/V‘I _1 + \r L 
I v*| -1 v~| \ — \v~ /v*\ l-l r L 


(H8) 


At a distance / from the load, that is, where z = - I, the line voltage and 
current are given by 

V(/) = V * e m ‘ + V~ e~ IBI 
= V* (e*" + r L e' 01 ) 

1 ( 1 ) = 

The reflection coefficient at this point on the line is 


/-(/) = 


V* e IBI 


r L e 


-w 


(II.9) 


The ratio V(/)//(/) gives the input impedance Z |B looking toward the load and is 


_ _l_t Ly LLD-1^7 

Zin "i-r ‘ i -r L e-w ‘ 

which can also be expressed in the form 

Z L + jZ e tan fil 
in ‘ Z, + jZ, tan pi 


(II.10a) 


(H.lOfr) 


by using Eq. (II.7) to replace I\ in terms of Z, and noting that e 
cos fll - j sin pi. 


APF>ENDIX 

____III 

CYLINDRICAL DIPOLE ANTENNA MODELS 


I he purpose of this appendix is to examine briefly various mathematical 
models that are used to represent a dipole antenna and the transmission-line 
feed system. The objective is to introduce a mathematical model that is easier 
to analyze than the real physical system is and yet will give reasonably accurate 
results for the input impedance, current distribution, and radiation field 

F igure 111. I a through d shows four different ways of connecting a dipole 
amenna to a transmission line. The first arrangement is the use of a two- 
conductor transmission line. The electric field lines of the TEM mode on the 
transmission line are also shown. This applied field is highly concentrated near 
the center of the dipole antenna. The induced current on the antenna will 
produce a scattered electric field that cancels the tangential component of the 
applied field along the assumed perfectly conducting surface of the antenna. 
The antenna current flows from the two halves of the antenna onto the 
transmission-line conductors at the feed points. 

In Fig. Ill.lfc the antenna is the continuation of the center conductor of a 
coaxial transmission line above a ground plane. In the absence of the antenna 
the applied electric field is again highly concentrated near the input to the 
antenna, as shown in the figure. 

In Fig. III.lc the dipole antenna is excited by a source and coaxial line feed 
that is placed internally to the dipole outer surface. The fringing electric field at 
the gap opening constitutes the applied electric field. 

In Fig. Ill Id the dipole antenna is coupled to the transmission line by 

mutual inductance. A variation of this feed system is to connect the antenna, 

which is a continuous rod, directly to the transmission line as shown. For 

impedance-matching purposes the transmission line may be flared into a delta 

section or a tee section which gives rise to the so-called dclta-imatch and 
tee-match feed systems. 
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: 



Delia match Tee match 
6 /) 


Figure III.I Various methods of coupling a dipole antenna to the transmission line: (a) two- 
conductor transmission line: (h) coaxial-linc-drivcn monopolc antenna; (r) intcrnal-coaxial- 
linc-drivcn antenna; (</) inductive coupling, including the delta-match anil tec-match feed systems. 

The various arrangements described above have the general property that 
the applied electric field is highly concentrated near the center of the antenna 
and that there is a path for the antenna current on each half of the antenna to 
flow cither onto the feed line itself or continuously along the antenna, as in the 
inductive coupling arrangements. A mathematical model of the dipole antenna 
should preserve these two general features. 

From a practical point of view the antenna input impedance is the* input 
impedance measured on the transmission line several half-wavelengths away 
from the antenna, so that the voltage and current on the line are those due to 
the incident and reflected TEM modes. This impedance is generally somewhat 
different from the ratio of the voltage across the transmission line to the 
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current on the transmission line at the feed point because of the perturbation 
of the I EM mode fields caused by the antenna. The mathematical models that 
are used to replace the antenna and feed line by an antenna excited by means 
of some other simpler source or an idealized applied field do not take this 
perturbation of the field into account. 

The arrangement shown in Fig. Ill 16 is readily formulated as a boundary- 
value problem that can be solved to as high a degree of accuracy as desired 
The unknown radial electric field at the coaxial line opening can be though, of 
as equivalent to a magnetic current sheet J m , = -a, x a ,E r in the coaxial line 
aperture. By using m.age theory the field above the ground plane can be found 
Iron, the electric currents flowing on the full antenna as excited by the disk of 
magnetic current 2J mj located at the center, as shown in Fig MI.2a. The field in 
the coaxial line can be expanded in terms of the incident and reflected TEM 
modes, plus higher-order TM modes in the coaxial line. The amplitudes of 

l 


I 



(b) 


(C) (d) 

2 Equiva,cnt dipo,e an,cnna excited by a disk of magnetic current. (6) Antenna 
exc.ted by a short cylinder of magnetic current, (c) Antenna excited by a single-turn magnetic 
current loop, (d) Antenna excited by a uniform applied electric field. 
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these modes can be expressed in terms of the magnetic current J mt . The 
unknown electric current on the antenna is determined by solving an 
integral equation obtained by setting the tangential electric field obtained from 
equal to the negative of that produced by the magnetic current J m , on the 
antenna surface. An integral equation for J m , can be obtained by requiring that 
the total magnetic field H* above the ground plane be equal to that in the 
coaxial line at the aperture opening. These two integral equations are coupled. 
In order to simplify the problem it is usually assumed that the higher-order 
modes in the coaxial line have a negligible amplitude. In this case the field in 
the coaxial line is that of the TEM mode alone and at the opening has the form 
E r = V/(r In b/a), where V is the total voltage and a and b are the inner and 
outer radii, respectively, of the coaxial transmission line. With this assumption 
the magnetic cu-rent J mj is known, and the resultant mathematical model is 
that of a continuous antenna rod driven by a disk of known magnetic current 
2,1 mr The electric field produced by the magnetic-current disk-shaped loop can 
be calculated as though the current acts in free space and is highly concentrated 
along the center of the antenna. 

The electric field produced by the induced antenna currents J„ on the 
antenna is made to cancel the tangential component of the applied field along 
the surface of the antenna. The imposition of this boundary condition leads to 
the integral equation for J„. The integral equation is often simplified by 
neglecting the current on the end caps of the antenna and by assuming that the 
current is concentrated along the axis. These approximations are not necessary, 
although they are often useful and valid for the case of thin antennas. The 
antenna impedance is taken as the ratio of V to the total antenna current at the 
center, and V is equal to / m , the total magnetic current on the disk. This is an 
approximate value for the impedance, since it does not include the effects of 
the higher-order modes in the coaxial line. A thorough investigation of the 
effects of these higher-order modes on the antenna impedance does not seem 
to have been carried out even though this would not be very difficult to do with 
the currently available high-speed, high-capacity computers. 

The theory shows that the computed antenna impedance is not sensitive to 
the actual nature of the applied field as long as it is concentrated over a small 
region near the center of the antenna. Thus, instead of a disk of magnetic 
current, a short cylinder of magnetic current of length b or even a single loop 
of magnetic current coaxial along a circle, as shown in Fig. III.26 and c, could 
be used as a source to excite the antenna. The applied field from these loops of 
magnetic current is very nearly the same as that from the disk of magnetic 
current. The total magnetic current /„ is considered equal to the applied 
voltage, as in the case of the disk of magnetic current. 

A further simplification is obtained by assuming that the antenna is excited 
by an applied electric field that is uniform and in the axial direction and acts 
along the surface of the antenna over a band of length b at the center, as shown 
in Fig. II1.2d. If E 0 is the applied electric field, then the applied voltage is bE 0 . 

This model has the advantage that the applied field itself is specified, so the 

* 
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step of calculating the applied field from a magnetic current loop is eliminated 

The disadvantage of the model shows up if the band length ft is made 

vanishingly small and the applied field is assumed to be a delta-function field 

V^(z), since the integral equation will then give a current with a logarithmic 

singularity at the source point if the integral equation is solved exactly. 

However, as long as b is kept finite, this model is just as valid as those based on 

magnetic current loops and gives essentially the same values for the antenna 

impedance. The uniform applied field model is the one used in the text in 
Chap. 2. 

Some care must be exercised in formulating the integral equation for the 
induced current on the antenna so that it conforms with the model being 
analyzed. For example, with the antenna driven by a cylinder of magnetic 
current of length b and adjacent to the antenna surface, as in Fig. 111.2ft, the 
total tangential electric field equals J mt over the region -ft/2«z s ft/2 on the 
exterior of the magnetic current sheet and equals zero along the remaining 
surface of the antenna. The total electric field is produced by J mj and the 
induced electric current J„ flowing on the antenna. Thus it is incorrect to 
impose the above boundary condition on the partial electric field produced by 
J„ alone. If the latter is done, the resultant integral equation applies to the 
model in which the excitation of the antenna is due to an applied uniform 
electric field of strength -J ml and acting over a band of length b. This model, as 
noted earlier, is acceptable, but it is not that of an antenna driven by a cylinder 
of magnetic current. 

Some authors model the dipole antenna as an antenna with a physical gap 
of length ft, as shown in Fig. III.3. It is then assumed that somehow a uniform 
applied electric field can be made to act across this gap, say, -E 0 a,. The 
applied voltage is V = ftE 0 . This is a well-posed boundary-value problem, since 
it corresponds to knowing the tangential electric field everywhere on a closed 
surface S adjacent to and surrounding the antenna. This field is zero every¬ 
where on the perfectly conducting antenna surface, and, on the cylindrical 


Figure ni.3 A dipole antenna with a specified electric field applied across the 
gap. 
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surface of the pap, it equals the given applied field. The problem is now that of 
solving for the total electric field subject to these boundary conditions and a 
radiation condition at infinity. The problem has a unique solution. 

The tangential magnetic field at the antenna surface is related to the 
induced electric current .1,, by the relation n x II = J,„ where n is a unit normal 
diicctcd away from the antenna surface. At the gap, n x II has some value 
which cannot in general be related to an electric current, which, of course, 
cnnnol Mow iktoss the g:ip. 

II a vri im pnlrnliiil function A, is found in terms of the tangential values 
ol II by means of the usual formula (n x II is equivalent to a current source) 


Mr) - £ l » X IKO 


a corresponding electric field may be found using 

VV-A,(r) 

E(r)=-/wA,(r) + —- ^ 

/<** oMo 

If the boundary conditions on the surface enclosing the antenna and gap 
are imposed on this electric field, then the resultant integral equation for the 
tangential values of II (induced current) is not the correct one for the 
postulated model. The integral equation is, in fact, that for a solid rod to which 
an applied electric field f: n a, has been imposed over a cylindrical hand of 
length b. 

The electric field can be found in terms of its tangential values on the 
closed surface S by first finding an appropriate Green’s dyadic function that is a 
solution of the equation 

VxVxG -*;f.= -I«(r-r') 

where I is a unit dyadic and G satisfies the radiation condition at infinity and 
the boundary condition n x G = 0 on S. ITe solution is given byt 

F,(r) = - n x E(r') ■ V' x (1 dS' 

The determination of G is difficult, except for special situations such as 
when the surface 5 is a spherical surface. In this case G can be found in terms 
of an eigenfunction expansion involving vector wave solutions in spherical 
coordinates. 

The field-equivalence principle states that the field outside S can be found in 
terms of equivalent currents J a - n x H and J m , = -n x E placed on the closed 
surface S and radiating in free space. This problem can be formulated and the 


t R. E. Collin, Field Iheory of Guided Waves, McGraw-Hill Book Company, New York, 
I960. Chap. 2. Eq. (70) 
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unknown quantity n x H must then be determined by solving an integral 
equation obtained by requiring that nx E satisfy the prescribed values on the 
closed surface S. But this problem is now fully equivalent to that of a solid 
antenna rod driven by a cylinder of magnetic current, so the physical gap 
originally postulated has no real relevance to the boundary-value problem as 
posed. The specified total electric field across the gap can be viewed as being 
maintained by a cylinder of magnetic current placed just outside a solid 
continuous antenna rod. A model with a real physical gap present requires 
some condition or statement to be made about the nature of the field within 
the gap volume. An example of an antenna that presents a gap structure is that 
shown in Fig. III.lc. The field from the coaxial line feed within the gap would 
have to be included if the physical effects of the gap arc to be properly taken 
into account. When the electric field across the gap at the outer radius is 
specified a priori, then the existence of the gap is irrelevant. The author is of 
the opinion that the gap should not be introduced at all since it tends to 
confuse the mathematical nature of the boundary-value problem that is being 
posed. 

Wu and King develop a mathematical model that is equivalent to exciting 

the antenna by a concentrated loop of magnetic current, as in Fig. II 2c. 

However, they express the electric field from the magnetic current loop in 

terms of the field produced by an equivalent disk of uniform 2 -directed electric 

current elements.t The equivalence of these two sources is demonstrated 
. below. 

Consider a disk of radius a and thickness b in which a uniform distribution 
of z-directed electric current J r a, exists, as in Fig. III.4o. The electric field 
outside the source region can be expressed in terms of the vector potential A, 




Figure III.4 (oj A dislc of uniform 
z-dirccted electric current, {b) 
Equivalent cylinder of rhafcrifetic cur¬ 
rent. ' if* • •* 




by means of the relation 


Hence we have 


where 


ya>c 0 M 0 E(r) = V x V x A,(r) 


E(r) = V x V x J,(r')g(r, r ) dV 


e ->*o« 


Now 


VxJ < (r')g = -VxgJ < ( r )+gV'xJ,(0 
= -V'xgJ t (r') 

since V’x J,(r')= 0 because .1, is constant. We now find that 


;W nMo F.(r) = - V x V x gj,(r') dV 


Vx 


^gJ.xndS' 


by using a standard vector integral transformation. When we compare this 
expression with the electric field from a surface layer of magnetic current, that 


E(r) 55 —V x <t> g J ml (r') dS' 

J s 

we see that the field outside the source region is the same, provided 

b x n = 

For the postulated current J f wc find that .1, x n - 0 on the two faces and 
equals J f along the outer cylindrical surface, as shown in Fig. Ill.46. Hence a 
cylinder of azimuthally directed magnetic current is equivalent to a disk of 
uniform z-directcd electric current. There is a surface of positive and negative 
electric charge that terminates the current J, on the two faces. This double 
layer of charge gives rise to the discontinuity of the scalar potential in the 
Wu-King theory. When the above equivalence is taken into account the 
Wu-King theory can be interpreted as that of an antenna excited by a 
magnetic current loop. 
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GEOMETRICAL OR RAY OPTICS 


Ray tracing and the transport of the electric and magnetic fields along ray tubes 
are important concepts in the analysis of waves propagating in an in¬ 
homogeneous atmosphere or ionosphere and also in determining approximate 
values for the aperture held in reflector- and lens-type antenna systems. 
Geometrical optics is generally a valid approximation when the index of 
refraction changes very little over a distance that is large compared with the 
wavelength and when the antenna apertures are many wavelengths in size 
Geometrical or ray optics theory can be derived from Maxwell's equations as an 
asymptotic solution obtained in the limit as the frequency approaches infinity 
The theory is developed by assuming that the fields can be expanded as a 
power series in inverse powers of the radian frequency «. The basic elements 
of this theory are presented in this appendix. For a more detailed treatment, 
the book by Kline and Kay is recommended.t 


RAY OPTICS FORMULAS IN ISOTROPIC MEDIA 


Wc assume that a monochromatic field has an asymptotic series expansion in 
terms of inverse powers of w as follows: 


E «- X ^ 

" 1-0 \}< 0 ) 

ll(r) = £ 

m-tl (/ w ) 


(IV. I«) 


(IV.Ifc) 
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where k„- wV/i„f 0 but (he medium is allowed to have electrical parameters e. 
// which arc functions of x , y, and z. Maxwell’s equations V x E = -j<o/x I!, 
V x H = ja)€ E, V • I) = 0 t V • R = () give 


VxE - , ;*qE,*VL 1 /ioI _ ~ - A»»M H, 


y [l2i 

„ I (/<*>) 


(A")' 


_ y 

(/***)' 


y I VxH " ,. i k o ll ~ xVL M = y A»*E. 

^ I / • vw / : ^ 


J (A*»y 


(A") 


“o (A-)' 


y fV • E - j k*K m -VL f E„-Ve ^ = () 

(A»r (/«r (A-r 


JVII.-VL 


\r» I f __- 

(/«) 


(/«y 


, ‘ 1 
F«r I 


-/w. _ 


= 0 


(IV.2r?) 


(IV.2/>) 


(IV.2c) 


(IV. 2d) 


We now equate coefficients of like powers in u>. From Eq. (IV. 2a) the equations 
obtained by equating the terms in to and the constant terms arc 


The Oth order equations describe the geometrical optics field. These are 


E 0 xVL = -^H„ 

*0 


H,xVL = — E„ 

*0 


(IV.7u) 


(IV.76) 
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Eo • VL = 0 (IV.7r) 

H„VL = 0 (IV.Til) 

The vectors E„. H 0 , and VL are mutually perpendicular. The phase fronts are 

g.ven by the surfaces L = constant, if L is real, and by Re L = constant for 
complex L. 

Ilie complex Poynting vector is given by (we use Eq. (IV.7n) for H 0 ] 

E o x HJ e -wt-f) = p oX (__ho_ E , xVL .\ 

' w/x * / 




T (E n F.;)VE* e 


* „-/Mt-f) 


(IV.R) 


and is in the direction ofVL*. The power Row is in the direction of VL when 
/- IS real and this is the ray direction. For lossy media let € = €*-/«?", 
M = ti'-jfi", and L= L, - jL,. Then the real part of Eq. (IV.R) is 


RC F '° X = ^T(Ea- E ;)e* ,M '(M’VL r - /t'V/.,) 


(IV.O) 


which serves to define the ray direction in lossy media. Front Eq. (IV. la), 
VL x (E 0 x VL) = (VL • VL)E„- (VL • F„)VL 

= (VL.VL)E,= - W 1VLX„„ = ^ K „ 


upon using Eq. (IV.7c) and (IV.76). Hence 


VL-VL=u’ = — (IV.10) 

I his is called the eikonal equation , and L is called the eikoital function. A 

solution of Eq. (IV. 10) determines the eikonal function and hence the rav 
directions and the wave fronts. 

I he transport equations for E„. H 0 cannot be found front Eq. (IV.7); these 
lead only to the eikonal equation. The equation for E is obtained as follows: 

V x V x E = W • E - V 2 E = V x H) 

= -jatfi V x II + jio 11 x V M = F. + j<o II x V M 

= n J koE+ —xVxF. 

A 

or V J E-VV-E + n J k^E+ V In n x V x E = 0 (IV.II) 

We now use the expansion (IV.I) and equate coefficients of like powers of 
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We then get 


* f r F VF 1 

V’E = V • VE = X l-ik 0 VL ■ - jKVL jf- + — 

-,-n 1 L (/") 0«*») J 


_ v J Z ■ - ikVl ■ 7E - + - V -1 

' 0 r,vr / o ffa,r («rr 


(/«) 


(>»r (><")■ 


vv-e = X l-/*«VLf-y* 

m-0 ' 


VL ■ E m V ■ E„ 

•1 m I 


■K- l _ _ / 

Jo)) m (it 


(jtor (jtoT J (joy) 


V(VLE m ) 


+ Y.y e -j>«)L 

(jtoT J 


and V x E is given by the left-hand side of Eq. (IV.2n). By using these 
expansions in Eq. (IV.11) we find that the terms in to 2 give 


-k' 0 (VL- E»)VL - k 2 0 (VL • VL)Eo+ n’fcfo = 0 


or VL•VL = n 7 

while the terms in to yield the result 

ik 2 ik 2 

—’ (VL • VL)E, - jk„VL ■ VF, - jk'P'LEv - jk n VI. • 7E„- V/.VL • E, 

(0 (I) 

+ jk'VLV • Ed + jk 0 V(VL • F,) -° E, t jk 0 V In M (F, x VL) = 0 

ft) 

By using Eq. (IV. 5b) this expression can be written as 

jE 0 V 2 L + VL • VE„ - jV In fix( E„x VL) + Je„ • V In eVL = 0 
which may also be written in the form 

(VL • V)E„ + 3(V7.)F, n + (F,• V In n)VL - {(VL • V In m)E« = 0 (IV. 12 ) 

upon using V In /x x (E n xV/ ( )=(Vln/i • VL)Eq - (F^ • V In /x)VL and V In /x 4- 
V In e = V In /i 2 = 2V In n. In a similar way we find that II n satisfies the equation 
(replace Eo by Il n and /x by e) 

(VL • V)H 0 + !(V 2 L)H„ + (H„ • V In n)VL - J (VL • V In «)H 0 = 0 (IV. 13) 

Later on we will cast these equations into a more meaningful form. 

From this point on wc will call the direction of VL the ray direction, 
even though in lossy media it may not coincide with the direction of the 
Poynting vector. Wc now define a unit vector s by 


VL 


VL 


VVL-VL n 


= s 


(IV. 14) 
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Hfl = - i wsxE 0 = Y sxEo 

ton 


£ 


(IV. 15) 


Thus the geometric optics field satisfies the usual plane-wave relationship 
between E H, and s, since from Eqs. (IV.7c), (IV.7rf), and (IV. 14) we also have 
s * Eq s • H 0 - 0. However, in lossy media s may be complex. 

In the preceding derivations we have assumed that e and M are not 
functions of < o. In physical media this is not true. We can circumvent this 
difficulty by replacing the physical medium by a fictitious medium having 
constant (<o independent) values of e, with the latter chosen to have values 
corresponding to those for the physical medium in the vicinity of the frequency 
10 , for which we are evaluating the geometrical optics field. 

RAY OPTICS FORMULAS IN HOMOGENEOUS, ISOTROPIC 
LOSSLESS MEDIA 


For homogeneous, isotropic, lossless media the equations to be solved 


are 


where s = 


VL • VL = n 1 = 

e oM 0 

(VL • V)Ed + }(V J L)Eo * 0 
H 0 = Ys x Ed 
VL/ n. For lossless media 


(IV. 16a) 

(IV. 16/i) 
(IV. 16c) 


En XHJ=-J (E„ • EJ)VL = Y(E„ • E;)s 

Now VL • V = /i(VL/u) • V = ns • V = ndlds is the directional derivative 
along the ray. Hence Eq. (IV. 16a) and (IV.16/>) become 


dl 


dE 0 . , 

* + ! (VL)e ° =0 


The integration of Eq. (IV. 17) along the ray path gives 


L(.r) = L(s 0 ) + f nds - L(.?„) + n(s- s„) 

F -o( s ) = En(s 0 ) exp - j f — ds 

■L n 


(IV.17 a) 


(IV. 17 b) 


(IV.lSa) 


(IV.I86) 
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From Fig. IV. 1, we find by similar triangles that 

\ds\ _ ds 
ds o 


ds n 

-= —£ = s • vs 

ds n 


(IV.19) 


where p is the ray radius of curvature and n 0 is a unit inward normal to the 
ray path. Consider s x (V x s) and use A x (V x B) = V fl (A • B)~ A • VB = 
^VA ? - A • VA, when A = B to obtain s x (V x s) = ^Vs • s - s • Vs = -s* Vs, since 
s's “ 1. 1 bus 


"£ , _ 


s x (V x s) 


(IV. 20) 


which shows that n r is perpendicular to s. We also have 

n e= - s x (v x —) = -sx (7^xV/,j = -sx (“^x V In ;i) 

= - (s* V In m)s 4- V In n 
Consequently, since n r *s = 0, wc get 


1 ds 


(IV.21) 


This equation shows that when /r is constant Up = 0; that is, the rays have zero 
curvature (are straight lines). 


Evaluation of V 2 /, 

At each point of the surface L = constant there arc two principal radii of 
curvature ft,, ft 2 . The gaussian curvature K is given by K = 1 /ft,ft 2 for the 



Figure IV.I Illustration for determining the ray curvature. 
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surface, with s the unit normal. Consider two closely spaced constant-phase 

surfaces L - L, and L= L, + AL„ as in Fig. IV.2. For the ray tube illustrated 

the elements of area on the two surfaces are <M,= R^dudv = MK.dudv 

and dA 2 - (R, + AR,)(R 2 + AR 2 ) dudv = l/K 2 dudv, where u and i> are angular 
measures. 

Consider the vector F = kns for which 

j A F ' d A = F ' alt,.*,., dA 2 - F • s| t , dA , = 0 

where /I is the surface bounded by the sides of the ray tube and the surfaces / 
and L, + AL,. Since F • dA = f v V • F dV - 0 we conclude that V ■ F = 0. Tims 
V • Kn% - 0 = KnV • s + s • VKn or 


„ -1 dKn 

v • s -- 

Kn ds 

Now V’L = V ■ VL = V ■ ns = nV ■ s for n 


d In nK 

~dT~ 

constant, so 


d In nK d In K 

V L = -n -—--- -n - 

ds ds 


(IV.22) 


Our equation for E„ becomes 


, f' dlnK 


En(.s) = Ej(j 0 ) exp - | J - - 


(IV. 2.1) 


The power density in a ray tube at s„ is 


P(-«.) 


while that at s is 


P(s) 


|E 0 (.t 0 )|' 

2Z 


|Eq(j)I ; 

2 Z 



L, • &L, 


Figure IV.2 A flux lube. 
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which upon using Eq. (IV.23) is also seen to be equal to P(s 0 )[K(s)/K(s 0 )]. 
Since the cross-sectional area of the flux tube varies as 1 IK we find that the 
total power flow in a flux tube is conserved. Our final result is 


F-otO = E 0 (5„) e-* 1 **-**-’ 


[K(s) 
V K(s n ) 


(1V.24) 


RAY OPTICS FORMULAS IN LOSSLESS, ISOTROPIC, 
NONIIOMOGENEOUS MEDIA 

Ray Trajectories 

Let 5 = 5(r) where r is a parameter that establishes points along the ray, with s 
being the arc length along the ray. Then x(t), y(r), z(r) are coordinates of a 
point on the ray. The components of the tangent along the ray are proportional 
to dx/dr , dytdr , dz/dr and also to dL/dx y dL/dy y dL/dz. Hence we must have 


dx dL 
--AW-.AL, 


dy dz 

i- XL > 7r- XL - 


(IV.25) 


where A is a proportionality constant that may be a function of r. Now 

d 1 dx _ dL x _ dL g dx ^ dL x dy + dL x dz 
dr A dr dr fix dr dy dr dz dr 

= A(L„L, + L My L y + L„L,) = lA ^ (Li + L\ + L\) 


, <l/i J 

= 5* — 

dX 

by using the eikonal equation. We now see that the equations for the rays are 


d 1 dx i dll 7 
dr A dr ‘ dx 


d 1 dy y dn 2 
dr A dr 7 dy 


d I dz , dn 7 

-=lA-(IV. 26 ) 

dr A dr dz 


along with the condition 




(IV.27) 


obtained by squaring and adding the equations in Eq. (IV.25). 

Since r is still arbitrary we can choose it so as to make A(r) 
ray equations become 


= 1; then the 


d\ 




(IV.28) 


GEOMETRICAL OR RAY OPTICS 481 


7 " ^ 

.2 ~ U " 0 


where r is the position vector along the ray. This equation is the same as that 
for a unit point mass moving in a potential field - \n 7 . 

Exa mp|e IV 1 Ray trajectories in an inhomogeneous medium Let the ray 
enter a medtum having the index of refraction a , the oril 

Wl h a " a "8'e ^ as in Fig. IVJ. Our equations are ' gm 

d 7 x _ i d}y d 7 z 

dr 2 d?~d?=° 

which yield 2 aT 

x = ±n I ~+/A T + B 
4 

y = Ct + D 
z = Er + F 

At the point of entry let r = 0, then B = D = F = 0 Also at r-0 

A vA'rl T° {d . yldT)l ^ dxldT 'f = ,an °o = CIA at r-0. Hence 
Eq. <[V 27) to obl.in d J ^ T ° 

• w 

(± | r + a)’ + A 2 ,an’0 o = = („J ± „, x) 


[-8* 


".(i^r’+Ar)] 


cr A - n n cos 0 O . Consequently 


x = n 0 r cos 0 n ± r 2 

4 

y = n 0 T sin 0 0 
z = 0 


n ~ n, 




Incident. 


Figure IV.3 An inhomogeneous medium in the half 
space x=*0. 


Il 
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Figure IV.4 Ray trajectories in an inhomo¬ 
geneous medium with n J =* rt|X. 


specifies the ray path. From these equations dx/dr = n 0 cos 0 0 ±(nJ2)r and 
equals zero for n 0 cos 0 O = n,r/2 when the lower sign is used. For this case 
the ray turns around and emerges on the x < 0 side. For the other case 
(upper sign) the ray path eventually becomes parallel to the x axis, as in 
Fig. IV.4. ■ 


Fermat’s Principle 

Consider two points P, and P 2 and a family of possible ray paths connecting 
these points, as in Fig. IV.5. Fermat’s principle states that the actual path taken 
by the ray will be that which makes the optical path length an extremum 
(usually a minimum). Thus we have 

sCnds-Q (IV.29) 

J Pi 

We may describe each possible curve in parametric form as x = x(r), y = y(r), 
z = z(t). Then n = /i(x(t). y(r), z(r)| and ds = ( ds/dr)dr = [(dx/dr ) 7 + ( dy/dr ) ? 
4- (dz/dr? ]' n dr, so Eq. (IV.29) becomes 





Figure IV.5 A family of possible ray paths. 
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which is of Ihe form (x' = dx/dr. etc.) 


( r > 

S F (x. y, z, x', y', 2 ') dr = 

J Pl 


By a Taylor series expansion 


dF dT 

SF Sx 4- — Sx' -f • 
dx fix' 


tf’rdx^f’^Sx + fsy+fsz+f'Sx'+^S y' + *8 2 ')* 

J r, j r, 'Jx fly fli flx’ ,7 y - y az‘ ) 




( aF 9 dF \. , /<»- a 6F\ 1 


* r, 'p, ■- 

dF d dF' 


\ay flr fly') y \flz ~ Hr ~dz') ° Z J ” T 

SiE5 a , !i 7 b - par n ° nC f- SinCe a " poSsible P a,hs unc * cr consideration arc 
constrained to begin at P, and end at P 2 we have Sx = Sy = Sz = 0 at P, and P, 

fence in order for the variation in the integral to vanish for arbitrary and 
independent variations Sx, Sy, Sz we must have 


— -JL? F = 0 dF _ _ 

flx At Ax' Ay drily' 


AF fl AF 


= 0 


flx Ar Ax' Ay At Ay' flz At flz' 

Now^F/a "->7? EU,Cr ' Lagrange e< « ua,ion8 from ,hc calculus of variations. 
Now dF/dx - dn/dx, etc., so the ray equations become 

d nx' ._—_. . _ , 7 .. 

and similarly for Ihe other two equations. We now let A(r) = VP"+ V ' J + 2 *In 
which is the same condition as Eq. (IV.27), and then obtain 

£n _ 1 An 2 
dr A At ” flx } * flx 

and so forth, the same as Eq. (IV.28). Hence Fermat's principle is an 
equivalent statement of the ray equations. It corresponds to the principle of 
least action in mechanics. 


Transport EqUa,ions for ^ ant * 1,0 in Inhomogeneous, Lossless, Isotropic 

Hie equation for E„ is [note that VL • VE„ = n(dFVd.s)l 

” ^ + J V2jLE ° + VLE o' V ln n ~ jE fl VL • V In n = 0 
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Introduce VeE n and note that 

d s dV7 ,-dEo „ VL-W7 ,-dEo 

since VL • V = n(dfds). We now obtain 

■ 7 - (V7e„) + • sKVlEo) + (V7 e„) • V In ns - i(s • V In nX^E,) = 0 

as 

(IV.31) 

since V 2 L = V • VL = V • ns = wV *s + s• Vn. The vector V/x H 0 also satisfies this 
equation. Now introduce two new vectors 


p - 


’21V' ' V2W 

where W(s) is still to be specified. We now use 

dP Id. d 


d I* 1 d x d 1 

— =-— (VeF,,,) + Vf E„-— 

ds V2 W ds ds \/2 W 


to obtain 


dV / d 


^5 Ws 

Let us choose W so that 


(IV.32) 


+ p(-~ ln\/2 W + 1V • s - Js • V In nj + (P - V In n)s = 0 (IV.33) 


- 7 -In V2W = -j-lnVW , = -}V-s + jS'Vlnn 
ds ds 


or equivalently 

d W 



— In — = -V • s 
ds n 

(IV.34) 

The latter gives 


(IV.35) 

' 

n(5) n(5 0 ) 

and Eq. (IV.33) becomes 

— + (P VIn n)s = 0 
ds 

(IV.36) 


The vector Q satisfies this equation also. Since E^-VL 
P*s = 0. A scalar product of Eq. (IV.36) with P gives 

dP^,dP-P =l rf|Pl 2 
** ds 5 ds 5 ds 


= 0 we must have 
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,P|1'iq"?, |P| d ° eS n °' Cha " Re al °" 8 "' e ray Consequently we can choose 
The energy density in the field is 


l/,+ (7 m =t/ = i|E 0 p + ^|H o P 

Since |H 0 | = | Ys x E 0 | = T|E 0 | we find that U e = U m% so V 
|P| = 1 the normalizing factor W is 


- |E 0 | 2 6/2. Hence with 


W ~ 2* E °* 2= U (IV.37) 

To further simplify the equation for P and Q note that 
V(VL) 2 = V,, 2 = 2nVn = V(L] + L\ f L\) 

-2 


since 


VL ' = v T = f VL 

dX fa 


Hence 


n Vn = (VL • V)VL = n -7- VL 

ds 

or Vn - (d/ds )VL. Therefore Eq. (IV.36) becomes 

d P 1 1 jv1 

— = -(P-Vlnn)s=-~p.Vns=--p.~ s 

«5 n n rfj 


But 


dVL dn s 
ds 


</s dn 

n T + s T“ 


and since P • s = 0 we obtain 


^C + p.^ 
</$ ds 


s = 0 


Frcnet's formulas for a space curve are (see Fig. IV.6) 


ds p 


p - principal radius of curvature 


(IV.38) 


dn p _ s |f .. 

“ “~ + y 7 = lorsion (more corectly called the radius of torsion) 
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Figure IV.6 Orientation of unit tangent, unit 
principal normal, and unit binormal vectors along 
a ray. 


s = unit tangent vector 

dslds ..... 

n ~ ;-- = unit principle normal 

uts/ds] 


i\ h -• s x n p — unit binormal 

Note that for any unit vector a defined on s, da/ds is perpendicular to a 
because 

d a , da •a 

since a • a = 1. Hie third formula above follows from 

dn h d d n_ d s n_ 

—-»—sXn »sx - n x — = — £ 

ds ds p ds p ds T 

upon using the first two formulas for dslds and dn p lds . 

Since P is a unit vector perpendicular to s we can write P = 
n r cos 0 4- n h sin 0. The equation for P then gives 

d cos 0 rin_ d sin 0 . d n b 1 

n -f cos o —£ + n -4- sm f) —- 4- - cos 0 s = 0 

r ds ds ds ds p 

Using Frcnct’s formulas and noting that d cos 0/ds = -sin 0 dOlds, etc., and 
equating vector components we find that dO/ds = -1/7'. Hence 


= 00 - | 


• ds 


= 00-0 


(IV.39) 


I hus if P( 5 ft ) = n p cos 0 Q + n 6 sin f ? 0 we have 

P( 5 ) = n p co$(0 n - 0) + sin(0 o - 6) (1V.40) 

The vector Q is given by (see Fig. IV.7) 

Q = s x P (IV.41) 

The angle of rotation of P away from n p is given in terms of the torsion of the 
ray path by Eq. (IV.39). 
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Figure IV.7 Illustration of rota¬ 
tion of the vectors P and 0 
along a ray with torsion. 


Evaluation of V • s 


I he polarization property of the field is determined by the torsion of the ray in 
that it causes P and Q to rotate about s. The intensity of the field is determined 
by the function W(s) introduced earlier [Eq. (IV.35)) since 



I he evaluation of W(s) requires us to find V s. 

Frenet’s formulas for a space curve may be written in the form 



by introducing the Darboux vector = s /7 + (n„/p). With reference to Fig. 
IV .8 let the point P move along the ray with unit speed. Then the motion of (lie 
trio of vectors s, n p , n b can he described as a rotation about some axis. The 
form of Frenet's equations written above shows that fi is the angular velocity of 
•he vector trio as it moves along the ray. 

Consider now a curve drawn on a surface and let s, N. and R he the unit 
tangent, principal normal, and hinormal to the curve. Let n be a unit inward 
normal to the surface and let p = sx n, as in Fig. IV.9. Let the angle between N 
and n be 0. As the point P moves on the curve the motion of the trio s, n, p is 
Ilia! of the trio s, N, B, plus an additional rotation about the common vector s. 
Hence the angular velocity of the trio s, n, p, as P moves with unit speed along 



r 


Figure IV.8 Illustration of the Darboux 
veclor 6. ; 
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Figure IV.9 Curve located on a surface. 


5, IS 


e d0 

CO = 5 + — s 
ds 

Now B * n sin 0 + p cos 0, so we can also write 


/ 1 d0\ sin 0 cos 0 

(7 + t) s + - n + - p 

>7 ds/ p p 


■ Is + yn + kp 

where f, y, k are defined by this equation and called the geodesic torsion , 
geodesic curvature , and normal curvature , respectively. As P moves on 5 wc can 
now write 

dn 

— = wXn=/p-fcs 
ds 


With reference to Fig. IV. 10 let $, and j 2 be two arbitrary curves intersec¬ 
ting at right angles on a surface. Let co, and oj 2 be the associated angular 
velocity vectors. Also let 5 3 be a curve perpendicular to the tangent plane to the 
surface at the point of intersection P. In the orthogonal curvilinear coordinate 
system we have thus constructed, the divergence of a vector field f is given by 


„ di di 

Vf = s,- —+ Sj—+ s 


d( 

ds-* 


If we let f = s 3 , the unit tangent to s 3 , then since dsjds 3 is perpendicular to s 3 
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Tangent 
plane 

Figure IV.10 Two curves on a surface 

wc have 



= k, + k, 

where we have assumed that s 3 corresponds to the outward normal to the 
surface. Since V-s 3 is an invariant quantity we see that the sum of the normal 
curvatures for two orthogonal directions on a surface is a constant. If we rotate 
s, and Sj about s 3 at P, one of the curvatures will take on a maximum value and 
the other must then be a minimum. Hence V -s 3 = /c m „ -f Jc, nin = sum of principal 
curvatures. The surface curves which yield k mBM and k min are characterized by 
having zero geodesic torsion t. 

Our final result for Eq. (IV.35) is 


W(5)_ 

n(s) n(s 0 ) 


(IV.42) 


where /?, and R 2 are the principal radii of curvature of the eikonal surface 
L - constant. 


This equation is obtained by letting the surface be the eikonal surface 
L = constant for which s 3 is then the unit vector s along the ray that intersects 
the surface at right angles to it. When the eikonal surface is convex, the 
principal radii of curvature are positive, and the field intensity decreases as it 
propagates along the ray because of the diverging characteristic of the rays. A 
knowledge of the eikonal function L is needed in order to determine the 
principal radii of curvature, and from these the function W(5). If the family of 
rays and their unit tangent s have been found and expressed in terms of the 
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coordinate variables and unit vectors in a suitable coordinate system, then V ■ s 
can also be found directly without knowing the eikonal function. Equation 
(IV.35) may be used to find W(s), and Eq. (IV.42) serves to provide a physical 
interpretation of that equation. 

Example IV.2 Plane wave incident on an inhomogeneous medium This 
example will illustrate the application of some of the formulas derived 
above. Consider a medium in z >0 for which n 2 = nj+ n,z. A plane wave 
E 0 a y e is incident on the interface at z = () from below. This 

incident wave launches a field in z >0, with all rays having an initial angle 
0 n with respect to the z axis, where (see Fig. IV.11) ;i 0 sin 0 0 = sin 0 t . The 
ray trajectories may be found as in Example IV. 1 and arc given by 

- n. 

z = rn 0 cos 0 n 4- r l 

4 

x = x, + rn 0 sin 0 o 

The initial point x = x,, z = 0 determines each ray in the family of rays. At 
z = 0 the eikonal function L is given by L(0) = /i 0 jt sin 0 0 . All the rays arc 
plane curves with zero torsion. Hence the electric field remains polarized 
along the y axis as the field propagates along the ray. 

I he phase of the field at a distance z above the interface is given by 
Eq. (IV. 18 a) as 



me 


Figure IV. 11 A plane wave in¬ 
cident on an inhomogeneous 
medium in z > 0. 
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for the ray beginning at * = x„ z = 0. From Eq. (IV.27) we have dx 2 + 
dy 7 + dz 7 = ds 7 = n 7 dr 7 , and hence ds/dx = n and 


L(r) = L(0) + j n 2 dr 


When we substitute the expression for z in terms of t into the expression 
for n and carry out the integration we obtain 


H T ) = ” 0*1 sin 0 ft + n 2 0 t + n,fi 0 y cos 0 O + ~y 

A given value of t determines a corresponding value of z, which may be 
used to determine L as a function of z. 

The amplitude of the field is determined by the function W(s) In 
order to evaluate W(t) we must first find V s. The unit vector along a ray 
is given by 


s = 


a z (dz/dx)+ a, 
[1 +(dz/dx) 7 ) m 


We can eliminate the parameter r in the parametric equations for x and z 
to obtain 

z = (x - x,) col + ~ (x - X,) J CSC 1 0 a 
= b(x- X,) 2 

where a and b are defined by this equation. F'rom this equation we get 

dz 

— « a + 2b(x - x.) 


From Fig. IV. II it is seen that the unit tangent vector is a function of z 
only, since all rays are similar. We can express x - x, in terms of z to 
obtain 

a I a 2 z 
x - x. = — + \/—r + - 
2b V 4h> b 


and 


= Vo 2 + 46z 


When we substitute this expression into the equation for s we have an 
expression for s that applies for all values of x and z. The divergence is 
readily evaluated to give 


V • s = 


(a 7 + 4bz) m (\ + a 2 + 4b Z y 
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Equation (IV.35) gives W(.c), which we can express as a function of z in 
the form 

^( 0 ) 

«(*) >m 

Now 

* = [ , + = [1 + (dz/dx?] m 

dz I. \dz) J dz/dx 

so we obtain 


ds 

Vs —= 


b _ = 2b ( _!_i_\ 

+ a 7 + 4bz) \a 7 + 4bz 1 + fl 7 + 4&7/ 


dz {a 2 + 4bz)(\ + a 7 + 4bz) \a 7 + 4bz 1 + r 
I he integral of this expression is readily carried out to give 


K dz l a 2 (l +V + 4/>z) J 


We now find that 


W(z) _ W(0) | a\l + g } +4bz) iw 
n(z) n„ 1(1 + a 2 )(rt 2 + 4/)z)l 

Wc can show in a more direct way that this is an expected result. With 
reference to I-ig. IV.11 it can be seen that for two rays with a spacing d 
along x at z = 0 the perpendicular spacing d, at a height z is given by 



d sin 0 = 


d tan 0 
(1 + tan 2 (9j T " 


The conservation of power in a flux tube requires that n 0 |E„(0)| , d l (0) = 
"(^)|£o( 2 )l J ^i( 2 ). a "d hence upon using tan 0 = dzldx we get 


\ K n Uf _ >h_ / l + a ? + 4 bz _ (S _\ 1/2 _ W(z) n‘ 

|E„(0)| 2 h(z)\ 1 + a 2 a 2 + 4hz) ~ n 1 W(0) 


in agreement with the earlier result. Note that ( WI2n 7 eJf n gives the 
magnitude of the electric field as shown by Eq. (IV.37). ■ 
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Adaptive array, 150-151 
Albedo of scattered 404 
Antenna in seawater, 439-443 
Antenna array (see Array) 

Antenna gain (see Gain, antenna) 
Aperture antenna: 

circular, with uniform field, 171 — 

173 

beam width, 172 
radiation pattern for, 172 
and field-equivalence principle, 
179-182 

Fourier transform method for, 
164-175 

asymptotic evaluation of, 284-286 
radiated power from, exact equations 
for, 215-216 

rectangular, with linear phase 
variation, 173-174 
beam width for, 173 
rectangular, with tapered field. 
174-175 

rectangular, with uniform field, 
169-171 

beam width for, 171 
(Sec also Horn antenna; Paraboloidal 
reflector) 

Aperture efficiency for paraboloidal 
reflector, 201-210, 225-227 
Aperture field: 

for microwave lens, 196-199 
for offset paraboloidal reflector, 
248-249 


Aperture field (Coni.): 
for paraboloidal reflector, 201, 
212-215 

Appleton-Hartree equation, 398 
Array: 

adaptive, 150-151 
and array polynomial, 124-128 
binomial, 123-124 
Chebyshcv, 128-139 
feed networks for, 139-141 
and Butler matrix, 141-143 
line, broadside, 111-115 
beam width for, 112 
directivity for, 112-115 
line, end-fire, 115-118 
beam width for, 116 
directivity for, 117 
Hansen-Woodyard condition for, 
117-118 

line, uniform, 109-111 
field pattern for. 110 
log periodic, 146-148 
parasitic, 143-145 
Yagi-Uda, 143-145 
pattern-multiplication principle for. 
108-109 

phased, 119, 148 
retrodirective, 148-150 
superdirective, 133-134 
synthesis of: with Chebyshev 
polynomials, 128-139 
with Fourier series method, 
121-123 
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Array (Cont.): 

two-dimensional, uniform, 118-121 
beam width for, 119 
directivity for, 120 
with linear phase change, 118-120 
waveguide slot (see Slot array) 

Array factor, 108-109 

Array polynomial, 124-128 

Array synthesis (see Array, synthesis of) 

Attenuation: 

in earth-ionosphere waveguide: for 
ELF waves, 431-432 
for VLF waves, 433-434 
in ionosphere, 390-391, 397, 400 
of microwaves: by atmospheric gases, 
409-410 
by fog, 407-408 
by ice and snow, 408 
by rain, 402-407 
in seawater, 435-436 
of surface wave: for horizontal 
polarization, 388 
for vertical polarization, 382-384 
for transmission line, 462 


Baiun, 104 

quarter-wave choke, 105 
transmission line, 105-107 
Basis functions, 46-48 
Biconical antenna, 87-93 
characteristic impedance for, 90 
Binomial array, 123-124 
Boltzmann’s constant, 312 
Booker-Gordon formula, 424/*. 

Bom approximation, 415 
Boundary conditions: 
at dielectric interface, 18-19 
for dipole antenna, 41, 72, 74-75, 
467-471 

for imperfect conductor, 16-18 
for perfect conductor, 16 
Bow-tie antenna, 93 
Bragg condition for scattering, 423 
Brewster angle, 345 


Butler matrix, 141-143 


Capacitive loading of dipole antenna, 
100-102 

Cassegrain antenna, 200, 256 
Characteristic impedance: 
of biconical antenna, 90 
of short cylindrical dipole antenna, 
91-92 

of transmission line, 462-463 
Chebyshev array, 128-139 
Chebyshev polynomials, 128-139 
Circular polarization, 300-301, 
399-401 

Circular waveguide, 185-187 
cross polarization for, 227-236 
directivity for, 186 
as feed for paraboloidal reflector, 
229-232. 251 
efficiency for, 232 
radiation pattern for: approximate, 
231-236 
exact, 227-231 
Clearance height: 
of midpath obstruction, 373 
normalized value for, 376 
Collision frequency, 390 
Conductance: 
of slot antenna, 264 
of slot in waveguide, 266 
Constitutive relations for free space, 15 
Corporate feed, 140/*. 

Corrugated horn, 241-244 
Corrugated surface, 242 
Cosmic noise, 324-325 
Coverage diagram: 
applications of, 365-369 
construction of, 355-356 
for flat earth, 342-345 
for spherical earth, 355-361 
Critical frequency for ionosphere, 392 
Cross polarization: 
of aperture field, 214, 248-249 
for circular waveguide, 227-236 
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Cross polarization (Cent.): 
definition of, 216-218 
for dipole field, 224 
for Huygen’s source, 224 
loss of: in offset paraboloidal 
reflectors, 250-253 
in paraboloidal reflector, 204, 
222-223, 226 
of radiated field: for offset 

paraboloidal reflector, 250-252 
for paraboloidal reflector. 222-223 
Cross section: 
absorption, 404 
extinction, 404 
radar, 306, 403-404, 413 
for rain scattering, 411-413 
scattering, 403 

Cyclotron frequency for ionosphere, 396 
Cylindrical antenna {see Dipole antenna, 
cylindrical, modeling of) 

D layer, 388-389, 427-428 
Darboux vector, 487 
dBM, 311 
dRW, 311 

Demagnetization of ferrite core, 

309-310 

Dielectric constant: 
of Delayer, 428 
of ice, 408 
of ionosphere, 390 

with magnetic field, 396-397 
of lossy ground, 383 
of rain, 404 
of seawater, 435 
Diffraction by midpath obstacle, 
372-377 
Diffraction zone: 

attenuation functions for. 370-371 
field strength in, 369-372 
Dipole antenna: 
biconical, 87-93 
boundary conditions for. 41, 72, 
74-75, 467-471 


Dipole antenna {Cont.): 
bow-tie, 93 

cylindrical, modeling of, 38-41, 
465-472 

boundary conditions for, 40-41, 
467-471 

excitation methods for, 465-466 
integral equation for, 41, 43 
dual-band, 102 

elementary: directivity for, 25-27 
radiation pattern for, 25 
radiation resistance of, 27-28 
equivalent line current for, 70-71 
folded, 93-97 
impedance for, 94-95 
half-wave: current on, 32 
directivity for, 34 
effective receiving area of, 
304-306 

effective receiving length of, 
304-306 

power loss in, 36 
radiation pattern for, 33-34 
radiation resistance of, 34-35 
impedance of {see Impedance, of 
dipole antenna) 
mutual impedance for, 75-79 
short: capacitive loading of. 100-102 
current on, 99-101 
impedance of, 91-92 
with inductive loading, 97-100 
radiation resistance of, 92 
Dipole moment of spherical particle, 

332 

Directivity: 

for aperture antenna, 206-207 

for broadside line array, 112-115 

for current filament, 27 

definition of, 26 

for E-plane horn, 189 

for elementary dipole antenna, 25-27 

for end-fire line array, 117 

for //-plane horn, 188 

for half-wave dipole antenna, 34 

for loop antenna, 30 
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Directivity {Cont.): 
for paraboloidal reflector: with 
circular waveguide feed, 232 
with dual-mode feed, 239-241 
for pyramidal horn, 189-190 
for two-dimensional array, 120 
for waveguide: circular, 186 
rectangular, 185 
Divergence factor: 
for reflector, 194 
for spherical earth, 350-351, 
353-354 

Dolph-Chebyshev array, 128-139 
Doppler effect, 307 
Dual-band antenna, 102 
Dual-mode coaxial feed: 
aperture scattering parameters for, 
237-238 

optimum moding ratio for, 236, 

237 

performance of, 239-241 
Dual-reflector antenna, 253-259 
cassegrain-type, 200, 256 
equivalent focal length for, 259 
gregorian-type, 256 
shaped, 260-261 
Ducts: 

in atmosphere, 444-449 
dielectric-slab waveguide model for, 
449-451 


E layer, 388-389 
E-planc horn antenna, 189 
E-plane radiation pattern. 25 
Earth-ionosphere waveguide: 
attenuation in: for ELF waves, 
431-432 

for VLF waves, 433-434 
excitation of fields in, 433-434 
transmission-line model for, 430- 
431 

Edge condition: 

for solid cylindrical antenna, 74-75 
for tubular dipole antenna, 72 


Effective area: 

for half-wave dipole, 304-306 
of loop antenna, 308 
of receiving antenna, 293, 298-299 
Effective earth radius, 349, 447 
Effective isotropic radiated power 
(EIRE), 27, 311 
Eikonal equation, 475 
Electron density in ionosphere. 388-389 
Ellipsoidal reflector, 254, 256-257, 

259 

Elliptical polarization, 300-301, 399 
Extraordinary wave in ionosphere, 
395-401 

F layer, 388-389 

Faraday rotation in ionosphere, 

400-401 

Fermat’s principle, 482-483 
Field-equivalence principles, 176-179 
and radiation from apertures, 

179-182 

Flux tube for ray optics, 190, 479 
power density in, 193-194, 479, 
485-487, 489 

Frec-space propagation loss, 311 
Frcnet’s formulas for space curve, 485 
Frequency bands, 10-11 
microwave, 12 

Fresnel reflection coefficients, 190, 197, 
345-347 

Friis transmission formula, 303-304 

Gain, antenna: 
definition bf, 27 
of elementary dipole, 27 
of horn antenna, 188-190 
of loop antenna for receiving, 

307-309 ' ' 

of paraboloidal antenna, 201-210 
and receiving area of antenna, 293, 
298-299 

{See also Directivity) 
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Galerkin’s method, 49 
Gaussian curvature of wave-front 
surface, 193 

Geodesic curvature of ray, 488 
Geodesic torsion of ray. 488 
Geometrical optics (see Ray optics) 
Grating lobes, 121 
Ground constants: 
conductivity, 345, 383 
dielectric constant, 345, 383 
Ground wave, 377 

//-plane horn antenna, 187-189 
//-plane radiation pattern, 25 
Half-wave antenna (see Dipole antenna, 
half-wave) 

Hallcn's equation: 
asymptotic behavior of solution to, 
67-75 

for dipole antenna, 41-43 
Hansen Woodyard condition for end-fire 
array, 117-118 
Horn antenna: 

corrugated conical, 241-244 
dual-mode, 239, 241 
E-plane, 189 
//-plane, 187-189 
directivity for, 188 
phase error in, 187-188 
pyramidal, 189-190 

directivity for optimum gain of. 
189-190 

Hyperboloidal reflector, 200 -201, 
254-259 

Illumination efficiency for paraboloidal 
reflector, 205-210, 226 
Impedance: 

characteristic: of biconica! antenna, 90 
of short cylindrical dipole antenna, 
91-92 

of transmission line, 462-463 
of dipole antenna: convergence of, 

63, 68 


Impedance, of dipole antenna ( Cont .): 
experimental, 35-38 
numerical solution for, 55-67 
theoretical, 38-46, 59-67 
input, of transmission line, 464 
intrinsic, of free space, 23 
of microstrip antenna, 282 
mutual, for dipole antennas, 75-79 
skin effect of, for round wire, 18 
surface, of imperfect conductor, 17, 18 
Impedance mismatch factor, 314 
for receiving antenna, 299 
Index of refraction: 
of atmosphere, 420 
and m units, 448 
modified, 447-448 
and substandard refraction, 447 
and superrefraction, 447 
Intensity of radiated field, 26 
Interface coupling loss for propagation 
into seawater, 439 . 

Interference effects for antenna: 
over fiat earth, 157-159, 341-344 
over spherical earth, 349-354 
Invisible space, 118, 133-134 
Ionospheric propagation: 
critical frequency for, 392 
effect of magnetic field on, 395-401 
maximum usable frequency for, 392, 
394 

skip distance for. 393-395 
virtual height for, 392 

Lens, microwave, 194-199 
aperture field for, 198 
equation for surface of, 195 
Line array (see Array) 

Line current, equivalent, for cylindrical 
antenna, 70-71 ■ 

Line-of-sight distance, 349 
Log-periodic antenna, 146-148 
Long-wire antenna, 151-154 
and ground interference effects, 
157-159 




Long-wire antenna (Cont.): 

with traveling wave current, 156-157 
Loop antenna: 
directivity for, 30 
with ferrite core, 309-310 
radiation from, 28-31 
radiation resistance of, 30 
receiving properties of, 307-309 

m units, 448 
M units, modified, 448 
Magnetic charge density, 175 
Magnetic current, 175 
and aperture radiation, 179-182 
and boundary conditions, 177 
and dipole excitation, 40, 465-466 
and field-equivalence principles, 
178-179 

for microstrip antenna, 282-283 
radiation from, 176 
in reciprocity theorem, 330 
in scatterer, 331 
in slot antenna, 261-263 
Main lobe. 110-112 
Maximum usable frequency (MUF) for 
ionospheric propagation, 392, 

394 

Maxwell’s equations, 15 

boundary conditions for, 16-18 
generalized, with magnetic sources, 
175 

Method of moments, 46-55 
and Galerkin’s method, 49 
geometrical interpretation of, 49-52 
Microstrip antenna. 273-283 
cavity model for, 275-282 
impedance of, 282 - 
radiation from, 282-283 
types of, 273-274 
Microwave lens, 194-199 
Modified index of refraction, 447-448 
Monopole antenna, 102 
and ground screen, 103-104 
Mutual impedance for dipole antennas, 
75-79 


Natural units: 
of distance, 370 
of height, 370 
Noise: 

in AM broadcast receiving system, 
325-327 

in antennas, 319-323 
atmospheric, 323-324 
shielding of, by sea, 435-436 
cosmic, 324-325 
in microwave system, 327-329 
in radar system, 329 
from sun, 325 

thermal: available power of, 313 
in cascade amplifier system, 
318-319 

from lossy transmission line, 
316-318 

Nyquist's formula for, 312 
root-mean-square (RMS) value of, 
312 

(See (rlso Noise figure; Noise 
temperature) 

Noise figure: 

for cascade system. 318-319 
definition of, 313 
for lossy transmission line, 316- 
318 

for nonstandard conditions, 314 — 

315 

Noise temperature: 
of amplifier, 314 
of antenna, 319-324 
of cosmic noise, 324-325 
of sun. 325 
of system, 315 
Normal curvature of ray, 488 
Norton surface wave, 382 
Numerical distance, 382-383, 

388 

Numerical integration: *" ,r 1 

and Newton’s 3/8 rule, 54-55 
and Simpson's rule, 52-54 
Nyquist's formula for thermal noise, 

312 
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Offset paraboloidal reflector (see 

Paraboloidal reflector, offset) 
Ordinary wave in ionosphere, 395-401 

Paraboloidal reflector: 

aperture directivity for, 206r-210 
aperture efficiency for, 201-210. 
225-227 

aperture field for, 201, 212-215 
cross-polarized field, 214 
beam width for, 210-211 
cross polarization for, 222-223 
cross-polarization efficiency for, 
204-205. 226 

directivity for, 232, 239-241 
equation for surface of, 199 
illumination efficiency for, 205-210, 
226 

induced current method for, 

219-223 
offset, 244-253 
aperture field for, 248-249 
cross polarization for, 250-253 
and phase-error loss, 205, 226 
side-lobe level for, 210-211 
spillover loss for, 202 
{See also Dual-reflector antenna) 
Path-gain factor: 
for flat earth, 342 
for spherical earth. 350, 354-356 
Permeability, 15 
Permittivity, complex. 15 
Phased array, 119, 148 
Planck’s constant, 312 
Plasma frequency, 390 
Pocklington’s equation for cylindrical 
antenna, 41 
Polarization: 

circular, 300-301, 399-401 
of electromagnetic wave, 300-301 
elliptical, 300-301, 399 
in ionospheric wave, 399-401 
and Faraday rotation. 400-401 
(See also Cross polarization) 


Polarization current in spherical particle, 
331 

Polarization mismatch for receiving 
antenna, 300-303 

Power density in flux tube, 193-194, 
479, 485-486, 489 
Power loss: 

in half-wave dipole antenna, 36 
in imperfect conductor, 17 
in microstrip antenna, 275-282 
(5ee also Attenuation) 

Poynting vector, complex, 26 
Principle of detailed balancing, 312 
Principle radius of curvature for ray, 

194, 485, 489 
Propagation: 

into seawater, 434-444 
near-zone fields for, 444 
(See also Interference effects for 
antenna; Ionospheric 
propagation; Surface-wave 
propagation; Tropospheric scatter 
propagation) 

Pyramidal horns, 189-190 

Radar, 306 

received power in, 306-307 
Radar cross section, 306 
for rain, 413 * 

for spherical drop, 403-404 
Radar system, 329 
Radiation: 

from aperture, 164-175, 179-182 
from arbitrary current distribution, 
31-32 

from current filament. 20-25 
far-zone fields, 23 
near-zone fields, 24 
from current loop, 28-31 
from magnetic sources, 176 
from microstrip antenna, 282-283 
Radiation pattern, 25 
for elementary dipole, 25 
for half-wave dipole, 33-34 
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Radiation pattern (Coat.): 
for short dipole, 25 
(See also Aperture antenna; Array; 
Circular waveguide, radiation 
pattern for; Horn antenna) 
Radiation resistance: 
of elementary dipole. 27-28 
of half-wave dipole, 34-35 
of short dipole, 92 
of slot antenna, 264 
of small loop antenna, 30 
Radio horizon, 348 
Ray optics, 190-199 

and aperture field in paraboloidal 
reflector, 201, 213-214 
and dual-reflector antenna, 253-259 
flux tube for, 190, 479 
power density in, 193-194, 479, 
485-486, 489 

and gaussian curvature of wave-front 
surface, 193 

in homogeneous media, 477-480 
and microwave lens, 195, 198 
and offset paraboloidal reflector, 
245-250 

and rays: divergence factor for, 194 
equations for, 480-482 
and Fermat’s principle, 482-483 
geodesic curvature for, 488 
normal curvature for, 488 
radius of curvature for, 194, 478, 
485, 489 
torsion of, 485 
transport equations for: in 

homogeneous media, 478-480 
in inhomogeneous media, 483-489 
Ray trajectories: 
in atmosphere, 348-349 
in atmospheric duct, 448-449 
equations for, 480-482 
and Fermat’s principle, 482-483 
ionosphere, 291-292 
(See also Ray optics) 

Rayleigh criterion for rough surface, 
348n. 


Rayleigh scattering theory, 402-403 
Reciprocity theorem: 

for antenna and scatterer, 329-333 
Lorentz, 294-295 
with magnetic sources, 330 
for receiving antenna, 295-297 
Rectangular waveguide: 
radiation from, 182-185 
directivity for, 185 
slot array in, 265-273 
Reflection coefficient: 
for antenna, 299 
for dual-mode feed, 237 
for microwave lens, 197 
for seawater, 346-347 
for transmission line, 463 
for typical ground, 345-346 
Refraction of rays: 
in atmosphere, 348-349 
in ionosphere, 391-392 
Resistance: 

ohmic, of half-wave dipole, 36 
radiation (see Radiation, resistance) 
surface, for imperfect conductor, 

17 

Retrodirective array, 148-150 
Rhombic antenna, 151, 155 

Satellite communication system, 
310-311 

Scalar potential, 19 
equation for, 20 
and Lorentz condition, 20 
for magnetic sources, 175-176 
Scatter propagation (see Tropospheric 
scatter propagation) 

Scatterer, interaction of, with antenna, 
329-333 

Scattering by rain, 410-419 • . 
bistatic, 417-419 . . . 

cross section for, 411-413 
effect of polarization on, 414-416 
Schumann resonances, 433 
Side lobe, 111 
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Skin depth, 16 
in seawater, 435 
Skip distance, 393-395 
Slot antenna, 261-265 
magnetic current for, 261-263 
radiation conductance for, 264 
radiation field for, 263 
Slot array in rectangular waveguide, 

265- 273 

conductance of longitudinal slot in, 
266 

nonresonant array, design of, 
268-273 

beam angle for, 270 
resonant array, design of, 

266- 268 
Snell's law: 

for flat earth, 348 
for spherical stratification, 445 
Spillover loss, 202 
Structure constant, 424 
Substandard refraction, 447 
Superdirective array, 133-134 
Superrefraction, 447 
Surface current: 

for imperfect conductor, 17 
for perfect conductor, 16 
Surface impedance, 17, 18 
Surface wave: 

Norton, 382 
Zcnncck, 381-382 
Surface-wave propagation, 377-388 
attenuation of, for horizontal 
polarization, 388 
attenuation of. for vertical 
polarization, 382-384 
formula for, 384 
numerical distance for, 382-383, 
388 

over spherical earth, 384 
System-noise temperature, 315 


Testing functions in method of 
moments, 49 

Thermal noise (see Noise, thermal) 
Transmission line: 

characteristic impedance of, 462-463 
equations for, 461-462 
loss-free, 462-463 
propagation constant for, 462 
terminated, 463 -464 
input impedance of, 464 
reflection coefficient for, 463 
VSWR for, 464 

Tropospheric scatter propagation, 
419-427 

and Booker-Gordon formula, 424 n. 
Bragg condition for, 423 
experimental results for, 426-427 
and link calculation, 425-426 
range dependence for, 425, 427 

V antenna, 154-155 
Vector potential, 19 
equation for, 20 
and Lorentz condition, 20 
for magnetic current, 175-176 
solution of, point source, 21-22 
Virtual height of ionosphere, 392 
Visible space, 111 
Voltage, open circuit, for receiving 
antenna. 297-298, 302 
von Karman spectrum, 427 

White-noise spectrum, 312 

Yagi-Uda array, 143-145 

Zenneck surface wave, 381-382 
excitation of, 381 


